Symbolic dynamics for the geodesic
flow on locally symmetric good
orbifolds of rank one

Dissertation

zur Erlangung des Doktorgrades
der Fakultéit fiir Elektrotechnik, Informatik und Mathematik
der Universitit Paderborn
vorgelegt von

Anke D. Pohl

Januar 2009



Betreuer und Gutachter: Prof. Dr. Joachim Hilgert,
Universitat Paderborn

Gutachter: Prof. Dr. Manfred Einsiedler,
The Ohio State University,
Eidgenossische Technische Hochschule Ziirich

Prof. Dr. Dieter Mayer,
Technische Universitat Clausthal

Tag der miindlichen Priifung: 19. Marz 2009

ii



Abstract

We present a geometric construction of cross sections for the geodesic flow on
a huge class of good orbifolds with the hyperbolic plane as covering manifold.
Further we realize first steps towards a generalization to other locally symmetric
good orbifolds of rank one.

In the first part of this thesis we consider an arbitrary rank one Riemannian
symmetric space D of noncompact type and a group I' of isometries of D. Under
weak requirements on I we prove the existence of isometric fundamental regions.

In the second part we specialize to orbifolds of the form I'\H where H is the
hyperbolic plane and T is a geometrically finite subgroup of PSL(2,R). Further
we require that oo is a cuspidal point of I' and that I" satisfies an additional weak
(and easy to check) condition concerning the structure of the set of isometric
spheres of I'. We construct cross sections for the geodesic flow on I'\ H for which
the associated discrete dynamical systems are conjugate to discrete dynamical
systems on the finite part R of the geodesic boundary of H. The isometric
fundamental regions from the first part play a crucial role in this construction.
The boundary discrete dynamical systems are of continued fraction type. In
turn, the transfer operators produced from them have a particularly simple
structure.

For each of these cross sections there is a natural labeling in terms of certain
elements of I". The arising coding sequences of unit tangent vectors belonging
to the cross section can be reconstructed from the endpoints of the associated
geodesics. In some situations, the arising symbolic dynamics has a generating
function for its future part. In this case, the generating function is also of
continued fraction type.
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Zusammenfassung

Wir stellen eine geometrische Konstruktion von Poincaré-Schnitten fiir den
geoditischen Fluss auf einer grofen Klasse von guten Orbifolds, deren Uber-
deckungsmannigfaltigkeit die hyperbolische Ebene ist, vor. Des Weiteren fiihren
wir erste Schritte bzgl. einer Verallgemeinerung dieser Konstruktion auf andere
lokalsymmetrische gute Orbifolds vom Rang 1 durch.

Im ersten Teil dieser Dissertation betrachten wir einen beliebigen riemannschen
symmetrischen Raum D nichtkompakten Typs vom Rang 1 und eine Gruppe I
von Isometrien auf D. Wir beweisen die Existenz isometrischer Fundamentalbe-
reiche fiir I in D unter der Voraussetzung, dass I' einige schwache Bedingungen
erfiillt.

Im zweiten Teil beschrinken wir uns auf die Betrachtung von Orbifolds der
Form I'\H, wobei H die hyperbolische Ebene und I" eine geometrisch-endliche
Untergruppe von PSL(2,R) ist. Weiterhin fordern wir, dass oo ein Spitzenpunkt
von I' ist und dass I' eine schwache (und einfach zu iiberpriifende) Bedingung
erfiillt, die die Struktur der Menge der isometrischen Sphéren von I' betrifft.
Wir konstruieren Poincaré-Schnitte fiir den geodétischen Fluss auf I'\ H, deren
assoziierte diskrete dynamische Systeme zu diskreten dynamischen Systemen
auf dem endlichen Anteil R des geoditischen Randes von H konjugiert sind.
Die isometrischen Fundamentalbereiche aus dem ersten Teil haben eine tragen-
de Rolle in dieser Konstruktion. Die diskreten dynamischen Systeme auf dem
Rand sind verallgemeinerte Kettenbruchabbildungen. Daher haben die zu ihnen
gebildeten Transferoperatoren eine besonders einfache Struktur.

Jeder dieser Poincaré-Schnitte 148t eine natiirliche Markierung mit Hilfe gewisser
Elemente aus I' zu. Die auftretenden Kodierungssequenzen der Einheitstangen-
tialvektoren im Poincaré-Schnitt kénnen aus den Endpunkten der zugeordneten
Geoditen zuriickgewonnen werden. In manchen Situationen besitzt die so kon-
struierte symbolische Dynamik eine erzeugende Funktion fiir ihren Zukunftsteil.
In diesem Fall ist die erzeugende Funktion ebenfalls eine verallgemeinerte Ket-
tenbruchabbildung.
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Introduction

Symbolic dynamics is the subfield of dynamical systems which is concerned with
the construction and investigation of discretizations in space and time and sym-
bolic representations of flows on locally symmetric spaces, or more generally,
on orbifolds, and conversely, with finding a geometric interpretation of a given
discrete dynamical system. The idea of symbolic dynamics goes back to work
of Hadamard [Had98] in 1898. In the following fourty years, this idea was de-
veloped by Artin [Art24], Martin [Mar34], Myrberg [Myr31], Nielsen [Nie27],
Robbins [Rob37], Morse and Hedlund [MH38] (among others). Since then sym-
bolic dynamics evolved into a rapidly growing field with manifold influence and
applications to other fields in mathematics as well as to physics, computer sci-
ence and engineering.

A relatively recent relation between classical and quantum physics is provided
by the combination of the work of Series [Ser85], Mayer [May91], and Lewis
and Zagier [LZ01], which we will describe in the following. Suppose that H
denotes the hyperbolic plane and consider the geodesic flow on the modular sur-
face PSL(2,Z)\H. Series [Ser85] geometrically constructed an amazingly simple
cross section! for this flow. Its associated discrete dynamical system is naturally
related to a symbolic dynamics on R. The Gaufl map is a generating function
for the future part of this symbolic dynamics. In [May91], Mayer investigated
the transfer operato Lz with parameter 3 of the Gaufl map. His work and that
of Lewis and Zagier [LZ01] have shown that there is an isomorphism between
the space of Maass cusp forms for PSL(2,Z) with eigenvalue 5(1 — 3) and the
space of real-analytic eigenfunctions of L3 that have eigenvalue £1 and satisfy
certain growth conditions. A major step in the proof of this isomorphism is to
show that these eigenfunctions of Lz satisfy the Lewis equation

fla)=fla+1)+ @+1)f(sL),

more precisely, that they are period functions. Then Lewis and Zagier establish
an (explicit) isomorphism between the space of Maass cusp forms and the space
of period functions. In the language of quantum physics, Maass cusp forms are
eigenstates of the Schrodinger operator for a free particle moving on the modular
surface.

To date, a complete generalization of the Lewis-Zagier isomorphism could only
be achieved for finite index subgroups of the modular group (see [DH07]). Chang
provides symbolic dynamics for these groups and discusses the arising transfer
operators in his dissertation [Cha04] (see also [CMO01]). The symbolic dynamics

!The concepts from symbolic dynamics are explained in Sec. 5.
2The notion of transfer operator is introduced in Sec. [7]
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for such a subgroup of PSL(2,7Z) is given as a covering of the symbolic dynamics
for PSL(2,Z). It seems reasonable to expect that there is an isomorphism, as
in the case of the modular group, between certain spaces of eigenfunctions of
the transfer operator in [Cha04] and certain spaces of solutions of the functional
equation used in [DHOT7].

A striking feature of the cross section in these examples is that the arising dis-
crete dynamical system not only has a very simple structure but is also naturally
conjugate to a discrete dynamical system of continued fraction type on the finite
part R of the geodesic boundary of H. In other words, the discrete dynamical
system on the boundary is locally given by the action of certain elements of
PSL(2,Z) resp. the finite index subgroup. The existing examples suggest that,
in order to achieve an extension of this kind of relation between the geodesic flow
on the orbifold I'\H and Maass cusp forms for I" for a wider class of subgroups
I of PSL(2,R), a cross section for the geodesic flow has to be constructed in a
geometric way, and its associated discrete dynamical system has to be conju-
gate to a discrete dynamical system of continued fraction type on parts of the
boundary of H.

It turns out that both existing methods for the construction of cross sections
and symbolic dynamics for the geodesic flow on the orbifold I'\H are not well
adapted for this task. The geometric coding consists in choosing a fundamental
domain for I' in H with side pairing and taking the sequences of sides cut by a
geodesic as coding sequences. The cross section is a set of unit tangent vectors
based at the boundary of the fundamental domain, more precisely, based at the
image of this boundary under the canonical projection 7: H — I'\ H. In general,
it is very difficult, if not impossible, to find a conjugate dynamical system on the
geodesic boundary of H. In contrast, the arithmetic coding starts with a discrete
dynamical system or symbolic dynamics related to I'" on parts of the boundary
of H and asks for a cross section of the geodesic flow on I'\H that reproduces
this system. Usually, writing down such a cross section is a non-trivial task. For
an arbitrary discrete dynamical system (even if of continued fraction type), the
symbolic dynamics does not reflect the geometry of the geodesic flow. Moreover,
arithmetic coding is a group-by-group analysis and not a uniform method. A
good overview of geometric and arithmetic coding is the survey article [KUQ7].

In this thesis we develop a method for the construction of cross sections which
do satisfy the demands mentioned above. This method can be applied to a
large class of subgroups I' of PSL(2,R) acting on H. More precisely, I" has to
be a geometrically finite subgroup of PSL(2,R) of which oo is a cuspidal point
and which satisfies an additional condition concerning the structure of the set
of isometric spheres of I'. The cusps of T, in particular the cusp 7(c0), play a
particular role, for which reason we call our method “cusp expansion”.

The starting point of this method is the set of isometric spheres of I', more
precisely, a subset of “relevant” isometric spheres. Once one knows the relevant
isometric spheres of I', each step in the construction is constructive and consists
of a finite number of elementary operations. The cross section has a natural
labeling by the elements of a certain finite set L of I". The discrete dynamical



system associated to the cross section is conjugate to a discrete dynamical system
on a subset of R x R. The boundary discrete dynamical system is locally given
by the action of the elements of L, and hence directly related to the symbolic
dynamics arising from the natural labeling. In turn, the coding sequence of a
geodesic on I'\H (more precisely, of a unit tangent vector in I'\SH) can be
reconstructed from the endpoints of a corresponding geodesic on H without
reconstructing this geodesic. Further, the transfer operator of the boundary
discrete dynamical system is of a particularly simple structure: it is a finite sum
of a certain action of the elements of L. The method is uniform for all admissible
groups I'. Some steps in the construction involve choices. To some extent these
choices allow to control properties of the symbolic dynamics and the transfer
operator.

If T is the modular group PSL(2,Z), then the arising transfer operator, more
precisely its future part, is the two-term operator

Lof(x)=flz+1)+ (x+ 1) f(:5)

and therefore the functional equation

fx) = Lsf(x)

is exactly the one used by Lewis and Zagier in their proof of the isomorphism
between the space of Maass cusp forms for PSL(2,Z) and the space of period
functions. A more detailed description of cusp expansion is given in the intro-
duction to Part [II] the case of the modular group is worked out in Sec.[8 The
method of cusp expansion for a simple class of sample groups is published in
[HPOS].

It is desirable to generalize the method of cusp expansion to other classes of
locally symmetric good orbifolds of rank one and noncompact type. These are
orbifolds of the form I'\ D, where D is a rank one Riemannian symmetric space
of noncompact type and I" is a subgroup of Isom(D). We will realize the first
steps towards this generalization. In the series [CDKR91], [CDKR98]|, [KR05],
[KR], Cowling, Dooley, Koranyi and Ricci resp. Kordnyi and Ricci provide a
classification-free construction of all rank one Riemannian symmetric spaces of
noncompact type. Using their work we will provide a uniform definition of the
notion of isometric spheres, which essentially subsumes the existing definitions
in literature for real, complex and quaternionic hyperbolic spaces and extends
it to the Cayley plane. Moreover, we prove the existence of so-called isometric
fundamental regions for subgroups I' of Isom(D) which satisfy some (weak)
conditions.

This thesis is structured as follows: Part [ is concerned with the existence of
isometric fundamental regions for certain subgroups I' of Isom(D), where D
is a rank one Riemannian symmetric space of noncompact type. As already
mentioned, we will not make use of the classification of these spaces. Therefore,
in Sec. [1, we summarize the classification-free constructions from [CDKR91],
[CDKR98], and [KRO05], [KR]. The proof of the existence of isometric spheres
as well as the uniform definitions of isometric spheres and Cygan metric is
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the content of Sec. 2. Sec. 3 discusses the relation to existing definitions and
results in literature. In Part [II we specialize to D being the two-dimensional
real hyperbolic space H and the geodesic flow on good orbifolds I'\ H for a wide
class of subgroups I' of the group of orientation-preserving isometries of H. In
Sec.[5lwe introduce the necessary notions and concepts from symbolic dynamics.
The cusp expansion method for the construction of cross sections and symbolic
dynamics is carefully expounded in Sec. [6. Sec. [7 briefly treats the transfer
operators associated to the arising symbolic dynamics. Finally, in Sec. [§] we
review the cross section constructed by Series and show how it is related to our
construction.

A guide for the reader

This document need not be read in strict linear order. Its most important
section is Sec. [6] in Part [II. If one is willing to accept Thm. [2.3.4 and the
characterization of isometric spheres in Prop. and Lemma [3.5.2, one can
read Part [II independently from Part I. Moreover, Sec.[3.2| mainly serves the
purpose to compare Thm.[2.3.4/to already existing results in literature. Only the
statements of Prop.[3.3.4 and Lemma [3.5.2] are needed in Part [II. To simplify
non-linear reading, there are comprehensive lists of notations and terminology
at the end of this document.

Sec. [4]

Sec. T Sec. [5]

Sec. 3 Sec.2 T B340 g 6/
characteriz;tio_n of isgm;;ric spheres

Sec. [7]

Sec.
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Isometric fundamental regions






A Riemannian manifold D is called homogeneous if its group Isom(D) of (Rie-
mannian) isometries acts transitively on D. A Riemannian symmetric space is a
connected, homogeneous Riemannian manifold which has an involutive isometry
with at least one isolated fixed point. In the following we give some background
on Riemannian symmetric spaces and their connection to Lie groups. The ma-
terial is taken from [Hel01] and [Ebe96].

Each Riemannian symmetric space D decomposes uniquely into a direct product
of Riemannian symmetric spaces (the de Rham decomposition)

D:RHXDLlX---XDL]CXDQJX---XDQJ

where n € Ny is maximal, the spaces D; ; are irreducible (that is, they are not
themselves non-trivial Riemannian direct products), each D ; has nonnegative
sectional curvature and each Dj; has nonpositive sectional curvature. The
component R is called the flat factor of D, the spaces D1 ;j are the noncompact
factors and the spaces Do ; are the compact factors of D. The space D is said to
be of noncompact type if its de Rham decomposition only contains noncompact
factors.

The rank of the Riemannian symmetric space D is the maximal number rr € N
such that D contains an r-dimensional connected, totally geodesic, flat sub-
manifold. We will be interested in rank one Riemannian symmetric spaces of
noncompact type.

Riemannian symmetric spaces can be identified with quotients of connected Lie
groups by certain closed subgroups. This we explain in the following.

Suppose that D is a Riemannian symmetric space and endow G := Isom(D)
with the compact-open topology. Then there is a unique differential structure
on G compatible with the given topology such that G becomes a Lie group. Let
p be any point in D. If Gy denotes the connected component of the identity
element in G and if K is the subgroup of Gy which stabilizes p, then K is a
compact subgroup of Gy and Gy/K is isometric to D.

Conversely suppose that Gg is a connected Lie group and that K is a closed
subgroup of Gg such that (G, K) is a Riemannian symmetric pair, i.e., the
group Adg, (K) is compact and there exists an involutive smooth automorphism
o of Gy such that (KU)O C K C K., where K, is the set of fixed points of o
in Gy. Then there is a Riemannian metric on Gy/K such that Gy/K is a
Riemannian symmetric space.

E. Cartan, in his magnificent work on Lie groups and symmetric spaces, ob-
tained a complete classification of all Riemannian symmetric spaces by listing
all Riemannian symmetric pairs. According to Cartan’s classification, there are
only four types of rank one Riemannian symmetric spaces of noncompact type,
namely the hyperbolic spaces over the real numbers, over the complex numbers,
and over the quaternions, and one exceptional space, often considered to be
the two-dimensional hyperbolic space over the Cayley numbers. The classical
geometric construction of these spaces is based on the classification. The first
three types are easily constructed and handled together (see, e.g., [CGT74]). The



classical (explicit) construction of the exceptional space is much more involved
(see, e.g., [Mos73]) due to the non-associativity of the Cayley numbers.

Despite the fact that these spaces are well known and widely studied, a classifica-
tion-free construction has been provided only recently by Cowling, Dooley,
Koranyi and Ricci resp. Kordnyi and Ricci in [CDKR91] and [CDKR98]| resp.
in [KRO05] and [KR]. Both constructions are amazingly easy to work with. The
approach in [CDKR91] and [CDKR98] constructs the spaces from so-called H-
type algebras with J2-condition. The H-type algebras are intimately connected
with the restricted root space decomposition of the Lie algebra of the isome-
try group of the constructed symmetric space. The construction in [KR05] and
[KR] reflects the geometric side of the spaces. Its basic objects are so-called
J2C-module structures. However, there is a bijection between H-type alge-
bras with J2-condition and J2C-module structures, which means that one can
translate effortless insights and advantages from one construction to the other.

In Sec.[1 we present these two constructions of rank one Riemannian symmetric
spaces of noncompact type, show how to change between them and discuss their
isometry groups. The material of this section is mainly contained in the articles
[CDKR91], [CDKR98]|, [KR05] and [KR]. In Sec.[2 we prove, in a uniform way,
the existence of isometric fundamental regions for groups of isometries which
satisfy some weak properties. The component “isometric” in the naming of
isometric fundamental regions derives from one of its building blocks, namely
the common exterior of the so-called isometric spheres of I'. In our definition,
an isometric sphere is a certain sphere w.r.t. Cygan metric.

For real, complex and quaternionic hyperbolic spaces, there already exist sev-
eral (different) definitions of isometric spheres in the literature. Moreover, for
certain subgroups of the isometry group of real and complex hyperbolic spaces,
the existence of isometric fundamental regions is already known. In Sec. (3|
we will investigate which definitions of isometric spheres are subsumed by our
uniform one, and we show that the known isometric fundamental regions are
special cases of Theorem [2.3.4. The name “isometric sphere” (more precisely,
“isometric circle”) goes back to a suggestion of Whittaker (see [For72, Preface]).
It is motivated by the fact that the isometric spheres of an isometry g of real
hyperbolic space is the set on which g acts as a Euclidean isometry. The first
investigation of the existence of isometric fundamental regions goes back to Ford
in [For72]. Therefore, isometric fundamental regions are sometimes called Ford
fundamental regions in the literature.

Throughout we will use the following notation. If T' is a topological space and U
a subset of T, then the closure of U is denoted by U or cl(U) and its boundary
is denoted by OU. Moreover, we write U° for the interior of U. The complement
of U in T is denoted by CU or T\U.

For two arbitrary sets A and B, the complement of B in A is written as A\ B.
If ~ is an equivalence relation on A, then A/. denotes the set of equivalence
classes. Likewise, if I' a group acting on A, then we write A/T" for the space of
right cosets.



1. Classification-free constructions

In this section we briefly expound the two classification-free constructions from
[CDKRI1] and [CDKR98] resp. [KRO05] and [KR] of rank one Riemannian sym-
metric spaces of noncompact type.

In Sec. [1.1] we introduce the notion of H-type algebras, the J2-condition and
the definition of isomorphisms between H-type algebras. H-type algebras are
special Euclidean Lie algebras, for which reason we discuss the relation between
isomorphisms of H-type algebras and isomorphisms of H-type algebras consid-
ered only as Euclidean Lie algebras. It will turn out that these notions only
differ for so-called degenerate H-type algebras. Sec.[1.2 is devoted to the notion
of C-module structures, the J?-condition in this context and the definition of
isomorphisms between C-module structures. In Sec. we establish the iso-
morphism between the categories of H-type algebras and C-module structures.
The classification-free construction of rank one Riemannian symmetric spaces
of noncompact type is the content of Sec. From an H-type algebra with
J%-condition we construct the model D, which is essentially the Siegel domain
model. The most natural model arising from a J?C-module structure is the
ball model B. Using the bijection between H-type algebras with J?-condition
and J?C-module structures from Sec.[1.3, we show that the (generalized) Cay-
ley transform provides an isometry between these models. Sec.[1.6 is spend on
the discussion of the isometry group and its Bruhat decomposition. Our main
focus lies on explicit formulas for the action of group elements on the symmet-
ric space and its geodesic boundary in the language of H-type algebras and in
that of J2C-module structures. To that end we introduce in Sec. a map
Ba: V xV — C for a J2C-module structure (C,V,.J), which will be seen to be
closely related to the inner product and the Lie bracket on V.

All omitted proofs can be found in [CDKR91] or [CDKR9S] for statements in the
language of H-type algebras, and in [KR05] or [KR] for those in the language of
J2C-modules. As long as no confusion can arise, each inner product is denoted
by (-,-) and its associated norm by | - |.

1.1. H-type algebras and the J?-condition

A vector space is called FEuclidean if it is a finite-dimensional real vector space
endowed with an inner product. A Lie algebra is called Euclidean if, in addition
to being a Lie algebra, it is a Euclidean vector space. For a vector space v
let Endys(v) denote the group and vector space of endomorphisms of v. If v
carries additional structures, then the elements of Endys(v) are not required



1. Classification-free constructions

to be compatible with these structures. In particular, if v is Kuclidean, then
¢ € Endys(v) need not be orthogonal.

Definition 1.1.1. Let n be a Euclidean Lie algebra. Then n is said to be an
H -type algebra if

(H1) there are two subvector spaces v, 3 of n (each of which may be trivial)
such that

3] = {0}, [mnjCs,

and n is the orthogonal direct sum of 3 and v,

(H2) for all X € v, all Z € 3 we have
[J(2)X| = |Z] - |X]
where J: 3 — Endys(v) is the R-linear map defined by
(J(2)X,Y) = (Z,[X,Y])

forall X,Y € v,all Z € 3. The map J is well-defined and unique by Riesz’
Representation Theorem (or its finite-dimensional counterpart).

Alternatively to (H1), one can require that the Euclidean Lie algebra n has an
orthogonal decomposition into subvector spaces v, 3 such that [v,0] C 3 and
[0,3] = [3,3] = {0}. If (H1) holds, then n is either abelian or two-step nilpotent.
In the first case we call n degenerate, in the second non-degenerate.

The construction of a symmetric space from an H-type algebra n (with J2-
condition) depends on the choice of 3 and v in the decomposition 3 @ v of n.
We call (3,v) an ordered decomposition of n. The following lemma shows that
the ordered decomposition is unique unless n is non-trivial and abelian (which
precisely is the reason for calling abelian H-type algebras degenerate). It will
turn out that both possible ordered decompositions of a non-degenerate abelian
H-type algebra give rise to the same symmetric space, but in different models.
Nevertheless, this non-uniqueness calls for a careful notion of isomorphisms of
H-type algebras, which we will discuss after the lemma.

We denote the center of a Lie algebra g by Z(g).

Lemma 1.1.2. Let n be an H-type algebra. If n is non-abelian or n = {0},
then the ordered decomposition (3,0) of n is unique. In this case, we have 3 =
Z(n) and v = Z(n)*. If n is abelian and n # {0}, then there are two ordered
decompositions of n, namely (3,0) = (Z(n),{0}) = (n,{0}) and (3,0) = ({0}, n).

Proof. Suppose that (3,0) is an ordered decomposition of n. Then v is uniquely
determined by 3, namely v = 3. Since [3,3] = {0}, we know that 3 is a subvector
space of Z(n) (even a subalgebra). If 3 = {0}, then [n,n] C 3 = {0}. In this
case, n is abelian and (3,0) = ({0}, n).
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1.1. H-type algebras and the J?-condition

Suppose now that 3 # {0}. We have to prove that 3 = Z(n). For contradiction
assume that 3 # Z(n), hence that dimj < dim Z(n). Then there is a non-trivial
element X € vN Z(n). Fix some Z € 3, Z # 0. For all Y € v it follows that

(J(2)X,Y) =(Z,[X,Y]) =0,
thus J(Z)X = 0. But then
[J(2)X] =07 |2]-X],

which is a contradiction to (H2). Therefore, 3 = Z(n).

This shows that for non-abelian n or for n = {0}, the pair (3,v) = (Z(n), Z(n)1)
is the only candidate for an ordered decomposition of n. Because there is an
ordered decomposition of n by hypothesis, (Z(n), Z(n)*) is indeed an ordered
decomposition of n. For abelian n, n # {0}, we have the two candidates ({0}, n)
and (n,{0}), which clearly satisfy (H1) and (H2). O

Let n be a non-trivial abelian H-type algebra. Then n admits the two ordered
decompositions (n,{0}) and ({0},n). The isomorphism id, of n as a Euclidean
Lie algebra does not respect these decompositions. In Sec.[1.3 we will see that
preserving the decompositions is essential for the bijection between H-type alge-
bras and C'-module structures. Therefore, from now on, we will always consider
an H-type algebra n as being equipped with a (fixed) ordered decomposition
and denote it by n = (3,v,J) or, briefly, by (3,0,J). Although the map J is
determined by 3 and v, we keep it in the triple to fix a notation for it.

Definition 1.1.3. Let n; = (35,9,J;), 7 = 1,2, be H-type algebras. An
isomorphism from ny to ng is a pair (p,1) of isomorphisms of Euclidean vector
spaces ¢: 31 — 32 and ¥: v; — Vg such that the diagram

Ji
31 X0 ——=0q
soxwl lw
J2
32 X b ——= 02
commutes.
The following lemma shows that isomorphism of H-type algebras is a refined
notion of isomorphism of Euclidean Lie algebras.

Lemma 1.1.4. Let nj = (35,95,J;), j = 1,2, be H-type algebras and suppose
that (p,1): ny — ng is an isomorphism. Then ¢ X 1: 31 ® 01 — 32 D vy is an
isomorphism of Fuclidean Lie algebras.

Proof. For all Z € 30 and all XY € v; we have
(Z,[9(X),»(V)]) = (L(Z) (X)), $(Y)) = (& (J1(¢~ 1 (2))X),9(Y))
(M@ H2)X,Y) = (¢ 1(2),[X,Y])

11



1. Classification-free constructions
Since (-, -)|;x3. is non-degenerate, we have ¢([X,Y]) = [¢(X),9(Y)]. Define
X =@ x ¢ and let Z1, 75 € 31, X1, X2 € v1. Then
[Z1 + X1, Z5 + Xo] = [ X1, X5
and

[X(Z1 + X1),x(Z2 + X2)] =

(Z1) +(X1), p(Z2) + (X2)]
P(X1), P(X2)] = o([X1, Xa])
= x([Z1 + X1, Z2 + X2]).

—_— —

Since x is clearly an isomorphism of Euclidean vector spaces, this completes the
proof. O

Remark 1.1.5. Suppose that ni, ny are non-degenerate H-type algebras and let
X: Ny — ng be an isomorphism between n; and ne as Euclidean Lie algebras.
Then x(Z(n1)) = Z(n2). Hence Lemma [1.1.2 implies that x is an isomorphism
of H-type algebras. In turn, Lemmall.1.4/shows that the isomorphisms between
n; and ny as H-type algebras coincide with the isomorphisms between n; and
ny as Euclidean Lie algebras.

For an H-type algebra (3,v,.J) we often write JzX instead of J(Z)X and we
use the notation J; for the set {Jz | Z € 3}.

Definition 1.1.6. An H-type algebra n = (3,0,J) is said to satisfy the J2-
condition if

VXeb VZl,ZQ €3 (<Zl7ZQ> =0 = 323 €3 J21JZ2X = JZ3X). (H3)

If n is abelian, then (H3) is trivially satisfied.

1.2. C-module structures and the .J2-condition

Definition 1.2.1. A C-module structure is a triple (C,V,J) consisting of two
Euclidean vector spaces C and V and an R-bilinear map J: CxV — V satisfying
the following properties:

(M1) there exists e € C'\.{0} such that J(e,v) =v for all v € V,
(M2) for all ¢ € C and all v € V' we have |J((,v)| = |C||v].

The cases where V' = {0} or C' = Re are not excluded, we refer to these as
degenerate. If V' # {0} and C # Re, then the C-module structure (C,V,J) is
called non-degenerate. For brevity, a C-module structure (C,V, J) is sometimes
called a C-module structure! on V.

IThe “C” is “C-module structure” or in “C-module structure on V” does not refer to the
Euclidean space C in the triple (C,V, J). Hence, if (C’,V, J') satisfies (M1) and (M2), then
it is still called a C-module structure on V.
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1.2. C-module structures and the J2-condition

Lemma 1.2.2. Let (C,V,J) be a C-module structure. If V # {0}, then the
element e in (M1) is uniquely determined and of unit length.

Proof. Let v € V~{0} and suppose that e,e’ € C~{0} satisfy J(e,v) = J(€¢/,v).
Using (M2) we get
0=1[J(e,v) = J(,v)] = (e — €', v)| = |e — €l|v],

hence |e — €/| = 0 and therefore e = ¢/. Further |v| = |J(e,v)| = |e]|v|, and so

le] = 1. O

Similar to the situation with H-type algebras, the construction of a symmetric
space from a C-module structure (satisfying the J?-condition) depends on the
choice of e in (M1)) and uses |e] = 1. If (C,V,J) is a C-module structure
with V' = {0}, then J vanishes everywhere. Thus every element a € C'~\ {0}
satisfies J(a,-) = idy. In this case, we endow C with a distinguished vector
e of unit length and fix it (sometimes) in the notation as (C,e,V,J). The in-
fluence of the particular choice of e on the constructed symmetric space is much
weaker than that of the different ordered decompositions of degenerate H-type
algebras. In fact, the choice of e determines the orthogonal decomposition C' =
Re® C’ (see below). If e, e5 are two choices for e, then there is an isomorphism
between Re; & C] and Res & C) as Euclidean vector spaces which respects
the decompositions. In turn, (C,e;,V,J) and (C,eq,V,J) are isomorphic as
C-module structures (see below for the definition of isomorphism).

If (C,V,J) is a non-degenerate C-module structure, then the element e in
is unique by Lemma [1.2.2. For reasons of uniformity, also in this case, we will
often use the notation (C,e,V,J) for (C,V,J).

If (C,V,J) is a C-module structure, then we will use Jev or (v to abbreviate
J(¢,v). Further, we set Cv:={Cv|( € C} forve V.

Definition 1.2.3. A C-module structure (C,V,J) is said to satisfy the .J2-
condition if
C(Cv)=Cv foralvelV. (M3)

In this case, V' is called? a J2C-module and (C,V,J) a J2C-module structure.

Definition 1.2.4. Let (Cy,e1,V3,J1) and (Cy, ez, Vs, J2) be C-module struc-
tures. An isomorphisnﬁ from (C1,e1,Vi,J1) to (Co,eq, Va, Ja) is a pair (p, 1))
of isomorphisms of Euclidean vector spaces v: Vi — V5 and ¢: C; — Cy with
p(e1) = ey such that the diagram

01XV1J1—>‘/1

o |

CQXV2J2—>‘/2

2As with the “C” in “C-module structure”, the “J?” in “J?-condition” and “J?C-module”
does not refer to the map J.

3In [KRO5] and [KR] the condition ¢(e1) = es is omitted from the definition. However, as
discussed, this condition is needed and indeed this stronger notion of isomorphism is used
in their work.

13



1. Classification-free constructions

comimutes.

The following remark shows that the requirement that ¢(e;) = e2 in Def. [1.2.4
is relevant only if one of the C'-module structures is degenerate.

Remark 1.2.5. If (C1, e, V1, J1) and (Cy, €2, Va, Jo) are non-degenerate C-module
structures and (¢,®) is a pair of isomorphisms of Euclidean vector spaces
: Vi — Vaand ¢: C7 — Cy such that Jy o (¢ X ¥) =1 o Jy, then

J2(¢(el)7 U) = 1/1(J1(€17 ¢_1(U))) = w(w_l(v)) =
for each v € V. The uniqueness of ey then shows that p(e1) = es.

For a C-module structure (C,e,V,J) let C’ := e denote the orthogonal com-
plement of Re in C. For ( = ae+2 € C witha € R and z € C’ we set Re( := a,
the real part of ¢, and Im ( := z, the imaginary parg of ¢, and ¢ := ae — z, the
conjugate of (. Further we use the identification Re — R, ae — a of Euclidean
vector spaces.

1.3. Bijection between H-type algebras and C-module
structures

Let n = (3,0v,J) be an H-type algebra. Endow R with the standard inner
product and consider the Euclidean direct sum ¢ := R@3. The map J:exp — v,
defined by

Jt+2Z,X) =tX + Jz; X
forallt+Z € R@ 3, X € v, is R-bilinear. Since (JzX,X) = (Z,[X, X]) =0,
we further find

T+ Z, X)> = tX + JzX > = X2 + | Jz X
=X+ 22X = (¢ +|Z2)?)|X?
= |t+ Z)*| X,

hence |J(t + Z,X)| = |t + Z|| X|. Moreover, for each X € v we have

J(1,X) = X.

Therefore, (¢, v,.J) is a C-module structure with e = 1.

The condition is easily seen to be equivalent to

J(©)J()X = J(¢)X for all X € v. (H3)

Thus, (¢, v, J) satisfies the J2-condition if and only if n does. This construction
provides an assignment of a C-module structure to each H-type algebra (with
fixed ordered decomposition).

4Note that, in contrast to the usual definition in complex analysis, if C = C and ¢ = a+ib € C,
then one has here Im ¢ = ib.
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1.4. Construction of symmetric spaces

Vice versa, let (C,e,V,J) be a C-module structure and let [-,-]: V xV — C’ be
the map defined by

(2, [z,9]) = (J(z,2),9) (1.1)

for all z € C', all z,y € V. Riesz’ Representation Theorem (or its finite-
dimensional counterpart) shows that [-, -] is well-defined. We extend [-, -] to the
Euclidean direct sum C’' &V by

[21 4+ v1, 22 + v2] := [v1, V2]

for all z; +v; € C" @ V. This map is R-bilinear. Since J, is skew-symmetric
for each z € C’ (cf. Sec. 1.4.2), the (extended) map [-,-] is anti-symmetric.
Moreover, [V,V] C C" and [V,C’] = [C’,C"] = {0} imply the Jacobi identity
for [-,-]. Thus, C' & V endowed with [-,-] is a Euclidean Lie algebra. Let
J': C" — Endys(V) denote the map J'(z)(v) = J(z,v). Then (C',V,J') is an
H-type algebra. Using the equivalence of (H3) and (H3’), we see that this
H-type algebra satisfies the J?-condition if and only if (C,V,.J) does so.

Using the identification e = 1 from Sec. [1.2, the construction of a C-module
structure from an H-type algebra

(3707‘]) = (R@371707J)
and that of an H-type algebra from a C-module structure
(C,e,V,J) — (C",V,.J)

are inverse to each other. Moreover, one easily sees that these constructions
are equivariant under isomorphisms of C-module structures resp. of H-type
algebras. More precisely, if (¢,9): (31,01, J1) — (32,02, J2) is an isomorphism
of H-type algebras, then

(ld XSOJ/J)Z (R@éh 17017t71) - (R@327 17027t72)

is an isomorphism of C-module structures.

Conversely, if (¢,v): (Cy,e1,V1,J1) — (Ca,ea,Va, J3) is an isomorphism of C-
module structures, then ¢(C]) = C% and the map

(@|Ci>w): (C{>V1>‘]{) - (Cé,‘/g,!]é)

is an isomorphism of H-type algebras.

1.4. Construction of symmetric spaces

1.4.1. The model D

Let n = (3,v,J) be an H-type algebra. Further let a be a one-dimensional
Euclidean Lie algebra and fix a unit vector H in a. Then a is spanned by H.
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1. Classification-free constructions

We denote by s the Euclidean direct sum Lie algebra a@®n = a® 3@ v with the
Lie bracket that is determined by requiring that

[H,X]=1X for all X € v
(H,Z|=Z forall Z € ;

and that equals the original Lie bracket on n, when restricted to this Lie algebra.

Let exp(s) be the connected, simply connected Lie group with Lie algebra s. We
identify the tangent space to exp(s) at the identity with s. Further we endow
exp(s) with the left-exp(s)-invariant Riemannian metric that coincides with the
inner product on s at the identity of exp(s). We parametrize exp(s) by

{ RT x3xb0 — exp(s)
(t,Z,X) +— exp(Z+ X)exp((logt)H)

and set S := RT x3xv. By requiring this parametrization to be a diffeomorphism
and an isometry, .S inherits the structure of a connected, simply connected Lie
group with Riemannian metric from exp(s). The Campbell-Baker-Hausdorff
formula for n = 3 @ v shows that the group operations on exp(s) correspond on
S to the group operations

(tl,Zl,Xl)(tQ,ZQ,XQ) = (tth,Zl + 1179 + %t}/2[X1,X2],X1 + t}/QXQ) (12)
(t,2,X)" = (¢!, =717, —t7V/2X) (1.3)

for all (t;,7;,X;),(t,Z,X) € S. The differential structure on S coincides with
the differential structure on the open subset RT x 3 x v of some R™. The
manifold S will be important for the definition of the Cygan metric, since it is
the symmetric space in horospherical coordinates (see Section 2.2]).

Now let
D:={(t,Z,X)eRxzxv|t>%X]}

and consider the bijection

Rx3xbp Rx3x0p
@.{ 3 - 3 (1.4)

t.Z,X) — (t+3X]ZX).
Then ©(S) = D, so that we define the structure of a Riemannian manifold on
D by requiring © to be an isometry. The differential structure on D is identical

to that of D being an open subset of RT x 3 x v. Moreover, © induces a simply
transitive action of S on D by defining

5-pi= @(s@fl(p))

for s € S and p € D. In coordinates s = (ts, Zs, Xs) and p = (tp, Zp, X;) this
action reads

s-p= (tsty + L Xs|? + 312 Xs, Xp), Zs + tsZp + L2 (X4, X)), X + Y2 X,).
(1.5)
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1.4. Construction of symmetric spaces

Due to the definition of the Riemannian metric, .S obviously acts by isometries.
We call 0 := (1,0,0) the base point of D. The geodesic inversion o of D at o is

given by
1

t2 + |Z|2
for all (¢t,Z,X) € D. Then o is an isometry, and hence D a symmetric space, if

and only if n satisfies the J?-condition. In this case, D has rank one and, if in
addition n is non-trivial, then D is of noncompact type.

o(t,Z,X) = (t,—Z, (-t + Jz)X)

Conversely, let D be a rank one symmetric space of noncompact type. Suppose
that g is the simple Lie algebra of the Lie group of Riemannian isometries of D.
Let ¥ be a Cartan involution of g, and let £ and p be its +1-eigenspaces. Fix a
maximal abelian subalgebra a of p and choose a vector H € a which spans a.
Then the decomposition of g into restricted root spaces is

§=0-20Dg-a®(a®m)Dga D gon;

where

gs:={X cg|[H X]=p0(H)X}

for the linear functional 8: a — R and

m:i={X € t|[H, X] =0}

We suppose that H is normalized such that a(H) = % and set p := dim g,, and
q := dim go,. If we endow n := gso & g, with the inner product

(X)) :=—

B(X,9Y
o g ( )

where B is the Killing form of g, then n = (g24, g, J) is an H-type algebra with
J2%-condition. The symmetric space constructed from (goq, ga,J) is exactly D.
This means that each rank one Riemannian symmetric space of noncompact
type arises from the construction above.

Remark 1.4.1. If n = {0}, then the constructed space D is the rank one Eu-
clidean symmetric space R.

1.4.2. The ball model B

Let (C,e,V,J) be a J?C-module structure and let W := C @V be the Euclidean
direct sum of C' and V. Consider the unit disc

B:={weW||w <1}

in W and endow it with the differential structure induced from W. In the
following we will define a Riemannian metric on B with respect to which B is a
rank one Riemannian symmetric space of noncompact type if (C, V') # (Re, {0}).

Polarization of the equation in (M2) shows that we have

(Cu,mv) + (nu, Cv) = 2(¢,m)(u, v) (1.6)
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1. Classification-free constructions

for all {,n € C and all u,v € V. For n =¢e and ( =z € C’ we get
(Jou,v) + (Jiu,v) = (Ju,v) + (u, J,v) = 2(z,e)(u,v) = 0.

Hence J; = —J,, which shows that J, is skew-symmetric. For { = a+2z € RgC’
it follows that

Jg:J;‘+z:J;‘—FJ;‘:JQ—JZ:JQ_z:JZ (1.7)
and therefore, for all u,v € V,
(Jedcu,v) = L ((Jeu, v) + (u, Jev)) = ¢ (u, v).

Likewise
(Jedzu,0) = [C[*(u, v) = ¢ (u, v).
Hence
Jede = [P idy = Je Iz (1.8)

Thus, if we set (~1 := |¢|72¢ for ¢ € C~{0}, then we have

¢HCw) = v =¢(¢CT) (1.9)

for all v € V. In Sec. [3.1 we will see that, if V' # {0}, there is a multiplication
on C such that ¢! is the inverse of (.

Definition 1.4.2. Let (¢,v), (n,u) € W~ {0}. Then ((,v) is called equivalent
to (n,u), denoted as ((,v) ~ (n,u), if either ( =0 =nand u € Cv,or ( #0 #n
and ("o =n"tu.

Lemma 1.4.3. The relation ~ is an equivalence relation on W~ {0}.

Proof. Reflexivity is obvious from the definition. To show symmetry of ~ let
(¢,v),(n,u) € W~A{0} such that ((,v) ~ (n,u). If ( # 0 # n, then clearly
(n,u) ~ (¢,v). Suppose that ( = 0 = 1. Then u € Cv, say u = Tv. Since
u # 0, we see that 7 # 0. Equality (1.9) shows that 7—lu = 77(7v) = .
Hence v € Cu and therefore (n,u) ~ (Cv). This proves symmetry. To show
transivity let (¢1,v1), (C2,v2), ((3,v3) € W~ {0} such that ({1,v1) ~ ((2,v2) and
((2,v2) ~ ((3,v3). Suppose first that (; = 0 = (3. Then (3 = 0. Further
v1 € Cvy and vy € Cvg. Using the J2-condition we find v, € C(Cvsg) = Cus.
Thus (¢1,v1) ~ (¢3,v3). Suppose now that (3 # 0 # (3. Then (3 # 0 and
(Tl = ¢ lva = (3 lvg. Therefore (¢r,v1) ~ ((3,v3). This completes the
proof. O

For an element w € W~ {0} let
Cw = {w' € W~{0} | w' ~w}uU{0}

denote the equivalence class of w together with the element 0 € W. Since B is
an open subset of the real vector space W, we shall identify the tangent space
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1.4. Construction of symmetric spaces

T B to the point w € B with W. The Riemannian metric w +— (-,-),,— on B is
defined by
(X,Y)oo :=4(X,Y) on TpB

and, for w € BN{0}, by

4 XY XY € Cw

(1—[w[?)?
(X,Y )y = 41@("“{'2 if XY € (Cw)t (1.10)
0 if X € Cw,Y € (Cw)* (or vice versa).

1.4.3. The Cayley transform

Let n = (3,0, .J) be a non-trivial H-type algebra which satisfies the .J2-condition.
Further let a be a one-dimensional Euclidean Lie algebra with fixed unit vector
H. Suppose that (C,e,V,J) is the J?C-module structure associated to (3,v,.J)
(see Sec.[1.3). We consider the Riemannian symmetric spaces D and B which
are constructed in Sec. 1.4.1 resp.[1.4.2

The Cayley transform (in R x 3 x v-coordinates, see [CDKR98, (2.10a)])

c B — D
: 1
(t,2,X) m(l—

2 —|Z?,22,21 =t + Jz)X)

is clearly a diffeomorphism from B to D. Its inverse (see [CDKR98, (2.10b)]) is
given by

Cil' D — B
) (4, 2Z,X) — W(—1+t2+|Z|2,QZ,(1+t—JZ)X).

Proposition 1.4.4. The Cayley transform is an isometry.

Proof. In [CDKRO8], the pullback of the Riemannian metric of D to B via C is
described as follows: Let p € B and denote the tangent space to B at p by T, B,
which we identify with R x 3 x v. If || X||, denotes the norm on 7}, B induced by
the pullback of the Riemannian metric on D, then

[1%]lo = 2|X]|
for all X € ToB. For p € B~{0} one has

1— 2 p 9

2
o X eRpO T,

where
T,B=RpoT» & TV

is a direct sum which is orthogonal w.r.t. Euclidean metric and Riemannian
inner product on 7,B. Thm. 6.8 in [CDKR98] provides the following explicit
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1. Classification-free constructions

formulas for Tlgl) and Rp @ T,SQ). For X € v we set j(X) := J;X and define £(X)
to be the orthogonal complement of RX in

(X)E={Y eco|VZecs: (JzX,Y) =0}

For p = (t,Z,X) € B\{0} we have

() T}V =vand Rp@ T, =R @3 for X =0,
(i) 7\ =R&@ ;@ 6(X) and Rp @ T2 = i(X) & RX for (¢, Z) = (0,0),
(iii) in the remaining cases,
TM =@ {(|X[2u, | X[PW, —(u+ Jw)(t — Jz)W) | W € 5,ue R}
and
Rp & T2 = { (£ +1Z)P)u, (£ + |Z|)W, (u+ Jw)(t — Jz)X) | W € 5,u e R}

Note that this subsumes the degenerate cases. On TyB, the given Riemannian
inner product obviously coincides with this one. For p € B~{0}, (1.10) implies

that it suffices to show that RpEBTISQ) =Cp. Let p = (¢,v) = (¢, Z,X) € B~{0}
(hence ( = (t,Z) e C =R xjandv=X €V =v).

Ifv=0then Cp = Cx {0} =C =Rxj;=RpadT. If ¢ =0, then
Cp=Cv=R+J)X = Rp@TISQ). If { # 0 and v # 0, then (n,u) € Cp if and
only if n # 0 and (~'v = 57 'u, or (n,u) = 0. This means that in both cases

u=JpJe-1v = [¢| 2Ty Jev = Jj¢ -2 Jev.
Hence
Cp = Jici—2nJ= C}= 2¢, Je J= Cl=RpaT?
p =10 Jig2ndzv) | 1€ Cp = (K€ JeJev) | €€ Cp =Rpa T,
This completes the proof. ]

Remark 1.4.5. Note that for n = {0} resp. (C,V) = (Re,{0}) Prop. shows
that the model B is isometric to the Euclidean symmetric space R.

1.5. The map 5,

Let (C,e,V,J) be a J2C-module structure. In this section we introduce a map
Bo: V x V — C, which will be shown to be C-hermitian, i.e., 85 is R-bilinear
and for all u,v € V' we have B2(u,v) = B2(v,u). The map (2 encodes the inner
product and the Lie bracket on V.

We define Bo: V x V — C by’

(Ba(v,u),C) = (Jeu,v) for all ¢ € C.

5This is J* in [KRO5).
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1.5. The map [»

Lemma 1.5.1. For {,n € C we have (n,¢) = (7, ).

Proof. Let ( =a+zand n=b+y (a,b € R, 2,y € C’) be the decompositions
of Cand n w.r.t. C =R & C’. Then

(Cm) =(a—2,b+y) = (a,b) — (2,b) + (a,y) — (z,y).

Since R and C” are orthogonal, it follows that

(Cm) = (a,b) = (2,y)
= (a,b) + (z,b) — {(a,y) — (z,y)
=(a+z,b—y)
= (7).
This completes the proof. ]

Proposition 1.5.2. The map Bo: V x V — C is R-bilinear. Further we have
(1) ﬁQ(Uau) = ﬁz(u,’l}) fOT’ all u,v € V7
(i) Ba(v,v) = (v,v) for allv e V.

Proof. Because (-,-) is R-bilinear and J; is R-linear for each ¢ € C, the R-
linearity is inherited to B5. Using (1.7) and Lemma 1.5.1 we find

(ﬂQ(U,u),C> = <JCU’U> = <u7 JZU> = <sz’u> = <B2(uvv)az> = <62(uvv)’<>

for all w,v € V and all ¢ € C. Hence f2(v,u) = (2(u,v) for all u,v € V, which
proves (i).

Finally let v € V. Since (2(v,v) = [2(v,v), there is (a unique) a, € R such that
B2(v,v) = a,. Moreover,

ay = {B2(v,v),e) = (ev,v) = (v,v),
which shows (ii). O
Lemma 1.5.3. For vi,vy € V we have
Re fa(vy,v2) = (v1,v2) and ImfBa(vy,va) = [vg,v1].
Proof. Let vi,v2 € V. By Proposition [1.5.2 we have

1] + 2(v1,v2) + [va]* = o1 + v2|* = Ba(v1 + v2,v1 + v2)
= [01]* + Ba(v1, v2) + Ba(v2, v1) + |v2f?
= |v1]?* + Ba(v1,v2) + Ba(v1, v2) + |va®
= ]vl\z + 2Re B2 (v1,v2) + ]vg\z.
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1. Classification-free constructions

Hence Re f32(v1,v2) = (v1,v9). To show the second claim note that Prop.
implies that

Im B2(v1,v2) = £82(vi,v2) — 3B2(v1,v2) = 3B2(v1, v2) — 2 B2(v2, v1).

Further note that for ( € ¢’ equality (1.7) reduces to Jgf =J_¢=—J; For
each ¢ € C' it follows that

(¢, Im Ba(v1,v2)) = (¢, Ba(v1,v2)) — 2(C, Ba(va, v1))
= %(ngg,m) %<JgU1,U2>
= L(Jeva,v1) — %(vl,Jzz@)
= %(ngg,m) %<U1,J¢U2>
= (Jeva, v1)

Recall from resp. that (Jeve,v1) = ((, [v2, v1]) for all ¢ € C’. There-
fore, for all ¢ € C’,

(¢, Im Ba(v1,v2)) = (C, [v2,v1]).

Since (-,)|¢7xcr 1s non-degenerate and Im (a(vi,v2) € C’ and [ve,v1] € C') it
follows that Im fa(v1, v2) = [v2,v1]. O

1.6. The isometry group

Let n = (3,0, J) be a non-trivial H-type algebra which satisfies the J2-condition,
and let a be a one-dimensional Euclidean Lie algebra. Construct the Euclidean
Lie algebra s and the spaces S and D as in Sec. [1.4.1. We denote the to n
isomorphic J2C-module structure (R @ 3,1, v, j) by (C,e, V, J).

Let G denote the full isometry group of D. Suppose that N resp. A are the
connected, simply connected Lie groups with Lie algebra n resp. a. Then N and
A are subgroups of .S, more precisely, S is the semidirect product AN. In the
parametrization of S, the groups N and A are given by

N={nzx) =01,2X)| (Z,X)ezxv}
and
A= {a;:=(t,0,0)| te R" }.

Let K be the stabilizer of the base point o = (1,0,0) in G and let M := Zg(A)
be the centralizer of A in K. Recall the geodesic inversion

1
O'(t,Z,.%') = m(t, —Z, (—t + JZ)X)

at the origin o from Sec. 1.4.1.

Theorem 1.6.1 (Thm. 6.4 in [CDKRO98|). The Lie group G has the Bruhat
decomposition MAN U NocMAN.
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1.6. The isometry group

Let X :=R x 3 x vU{oo} be the one-point compactification of R x 3 x v, where
oo denotes the point at infinity. A compactification of D is then given by the
closure of D in X, namely

D' ={(t,Z,X)eRx3xv|t>1X]*}U{oo}
={(¢v) GC'XV‘ Re¢ > 1|v[*} U {oo}.

This is precisely the geodesic compactification of D, see [BJ06, Sec. 1.2] and
[Ebe96, Prop. 1.7.6].

Let B be the closed unit ball in W = R x 3 x v. Then the_Cayley trans-
form C: B — D extends (uniquely) to a homeomorphism B — D?. Therefore,
[CDKR98, Cor. 6.2] implies the following proposition.

Proposition 1.6.2 (Cor. 6.2 in [CDKRI8|). The action of G extends continu-
ously to D?.

The Bruhat decomposition of G implies that the stabilizer G, of co in G equals
MAN.

For future purposes we need explicit formulas for the action of the groups M, A
and N on D?. The action of N and A4 in R x 3 X v-coordinates is already given
in (1.5). Suppose that (¢,v) € DY~ {oo}. For a; € A we have

;00 = 00 and a(C,v) = (t¢, 1%0).
For n(z x) € N we get n(z x)00 = oo and
nizx)(Cv) = (3IXP+Z+ ¢+ 362(v, X), X +v).
In C x V-coordinates, the geodesic inversion o reads as
coo =0, o00=o0,

and for (¢,v) € DY~{0, 00},

1
O'(C,’U) = (RGC)2 + |III1€|2 (Re Ca _ImCa J—ReC-HmCU)

= 1726 T gv) = (T gag)
= (C’l,—C’lv) =711, —v).

The Cayley transform in C' x V-coordinates is

C’{ B — D B
"l (Go) = 1=+ 2Im — [¢)22(1 = Qv)

with

C_l‘ { D — B
’ (n,u) +— \1—1—77\*2(—1+21m77+]77\2,2(1+ﬁ)u).

The following proposition provides the explicit form of the group M.
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1. Classification-free constructions

Proposition 1.6.3. The group M equals the group of automorphism of the J>C-
module structure (C,e,V,J), that is, the elements of M are the pairs (p,1) of
orthogonal endomorphisms ¢: C — C with p(e) = e and : V — V such that
the diagram

CxV-Lsy
@le lw
J
CxV—YV

commutes. If (¢,¢) € M, then the action on DY is given by (p,9)(c0) = o0
and (p,9)(C,v) = (¢(C), ¥ (v)) for (¢,v) € D'\ {oo}.

Proof. Let G = C 'GC. For each g € G set g :=C~ gC and for each subset
T of G let T := C~'TC be the corresponding subset of G. Clearly, G is the full
isometry group of B. We will first characterize the centralizer Z (A) of Ain K

as a subgroup of G. Let M denote the automorphism group of (C,e,V,J) and
define the action of (¢,v) € M on B by (p,9)(¢,v) = (e(¢), ¥ (v)). We will
show that M = Z~ (A) By [KR, Prop. 4.1] we have that MCK. Let a; € A
and (¢,v) € B. Then one easily calculates that

Eit((,v) =t oatoC(C,v)
= |11~ ¢+ (1 +2Im¢ — [¢?)]
(== ¢t T+ 21+ 20m ¢ - [P

48721 = (11 = ¢+ (1= T~ [¢) (1= Ow) ).

Suppose that m = (p,1)) € M. Since p(e) = e, we have that ¢(¢) = ¢(¢) and
©(Im¢) = Im p(¢) for each ¢ € C. Moreover, |¢| = |¢(¢)| for each ¢ € C. Then
the first component of m o a;(¢,v) is given by
—[1—¢[* + 4tIm ¢ + ¢ |1+ 2Im ¢ — [¢P
( [[1 = P2 +#(1+2Tm ¢ — [¢[)[* )‘
—1 = ¢+ 4t Tmp(C) + 2|1+ 2Im ¢ — [¢ 2]
(1= ¢[2 411+ 2Im ¢ — [¢2)[]
|1 — (O + 4tTm p(¢) + £ ]1 4 2Tm () — [9(O [
11— (O + (1 +2Im p(¢) — ()"

)

which is the first component of a;om({, v). The second component of moa((,v)
reads as

¢<Ul—d2+dl—ﬂmC—KPD«1—©w>::
11— ¢[2+ (1 + 2Im¢ — [¢]2)|*
(1t =P (1= 2m ¢ — [¢)w((1 = Qv)
11— 2+ (1 +2Im ¢ — [¢]2)|?
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1.6. The isometry group

(1= ¢P+ (1 —2Imp(Q) = [¢2) (p(1 = Qv (v)
11— ¢+ (1 + 2Im¢ — [¢[2)]?
:(u—<ﬂﬁwu—ﬂmﬂ>—w<wna — () (v))
11— @(Q)]2 + (1 + 2Im o (¢) — |(C)[2)] '

Clearly, this is the second _component of a; o m(¢,v). Hence m commutes with
cach @;. This shows that M C Z (A)

Conversely, suppose that m € ZI?(A). We have to show that m(1,0) = (1,0).
Then [KR, Prop. 4.1] implies that m € M. For each t € RT, we have

a;(1,0) = lim a,(1-1,0) = (1,0).

Hence a¢(m(1,0)) = m(1,0). The only points on 0B that are invariant under
all a; are (1,0) and (—1,0). Assume for contradiction that m(1,0) = (—1,0).
Since o = —id, we then get o o m(1,0) = (1,0). By [KR, Prop. 4.1] we have
Gom € M. Our previous argument then shows that o o m commutes with all
a;. Then

;00 O0M=00MOa; =0 0a;omnl,

which means that ¢ commutes with each a;. This is a contradigtion. Hence
(1 0) (1,0), which by [KR, Prop. 4.1] shows that m € M. Therefore

Z(A).
Now let 7 = (¢,4) € M and set m :=C o oC~L. For (n,u) € D we find

m(n,u) =ComoC 1 (n,u)
=Com (|L+n72(1+2Imn + [n*,2(1 +7)u))
= (JL+ ()| 2(1+ 21mp(n) + o), 21 + p()e(w)) )
= (e(n), ¥ (u)).

The remaining claim follows directly from continuity or, alternatively, from the
extension of the Cayley transform to B. O

Remark 1.6.4. Let m € M and a; € A. Then we have, as in each Bruhat

decomposition, the equalities m™! o 0 = o o m and at_l ooc=0coa on D’

25






2. Isometric fundamental regions

Throughout this section let (C,e,V,.J) be a J?C-module structure such that
(C,V) # (Re, {0}) and suppose that (3,v,J) is the corresponding H-type alge-
bra with J2-condition. Recall the model D of the rank one Riemannian sym-
metric space of noncompact type which is constructed from (C,e,V,J) resp.
(3,0,J) in Sec.1.4.1. Let G denote the full isometry group of D.

The purpose of this section is to prove the existence of so-called isometric funda-
mental regions for certain subgroups I'' of G. An isometric fundamental region
consists of two building blocks. One of them is a fundamental region F., for
the stabilizer group I's of 0o, the other one is the common part of the exteriors
of all isometric spheres of I'. Then the isometric fundamental region is the set

F=FN ﬂ ext I(g), (2.1)
gl

where ext I(g) denotes the exterior of the isometric sphere I(g) of the element
g in I'\TI'. The isometric sphere of an element g in G\ G is a sphere in
Cygan metric centered at g~ 'oo. Its radius only depends on the A-part in the
Bruhat decomposition of g. The Cygan metric on D, which in fact is a metric
on D’ {oo}, arises from a group norm. The group norm which we employ
here is an extension of the Heisenberg pseudonorm on NN to the direct product
of the groups (R,+) and N. The proof that this extension is indeed a group
norm needs that the Cauchy-Schwarz Theorem holds for the map (2, which
we show in Sec. 2.1 Moreover, for the definition of the Cygan metric, it is
convenient to work with horospherical coordinates on D~ {oc}. In Sec. we
introduce these coordinates, the group norm and the Cygan metric. Further
we define the notion of an isometric sphere, its exterior and interior, and prove
several properties of isometric spheres, which we need in Sec. [2.3] to show the
existence of isometric fundamental regions. The main requirements on the group
I' are that it be of type (O) and that I'\T'w be of type (F) (see Sec. 2.3 for
a definition). If F is the set in (2.1), then I" being of type (O) implies that F
is open. Lemma [2.2.12] shows that F does not contain I'-equivalent points, and
the combination of I'\T'o, being of type (F), Prop.[2.2.11, Lemma[2.2.16 and
Cor.[2.2.15 yields that the I-translates of F cover D.

2.1. The Cauchy-Schwarz Theorem for (3

In this section we show the Cauchy-Schwarz Theorem for 2. The following two
lemmas are needed for its proof.
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2. Isometric fundamental regions

Lemma 2.1.1. Let u,v € V. Then Ba(u,v) = 0 if and only if v € (Cu)*.

Proof. Let u,v € V. We have (32(v,u) = 0 if and only if
(B2(v,u),¢) =0 forall (€C.
By the definition of 35, this holds if and only if
(Cu,v) =0 forall ¢ €C,

hence if and only if v € (Cu)*. O
Lemma 2.1.2. Letu €V and A € C. Then

Bo (A, u) = Jul?\.
Proof. The polarization (1.6) shows that for each ¢ € C we have

2(Cu, ) = (Cu, Au) + (A, Cu) = 2(C, A)|ul?.
Using the definition of (s, we see that
(B2, ), €) = (Cu, Au) = (A, Q) ful® = (|ul’A, ¢)

for all ¢ € C. Hence Ba(Au,u) = |ul?A. O
Proposition 2.1.3. Let u,v € V. Then

|2 (u, v)| < ful|v].

Equality holds if and only if v € Cu or u € Cv.

Proof. Let (vi,v2) € Cu x (Cu)* be the unique pair such that v = vy + vs.
Using that (5 is R-bilinear (see Prop. , Lemma [2.1.1 yields

B2 (u,v) = Ba(u,v1) + P2(u, v2) = F2(u,v1).

Then Lemma[2.1.2 shows
1B (u,v1)]* = [ul*or .

Clearly
v1]* < [o1]? + Ju2]* = |v]?,

where equality holds if and only if vo = 0, hence if and only if v = v; € Cu.
Thus,

[Ba(u, 0)* = 18w, v1)* = Jul*lor|* < Jul*[of?,

where the inequality is an equality if and only if v = 0 or v € C'u. This proves
the claim. O
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2.2. H-coordinates, Cygan metric, and isometric spheres

2.2. H-coordinates, Cygan metric, and isometric spheres

Consider the closure
S=R{ x3x0v

of S'in R x 3 x v. Then the map © from (1.4) induces a bijection between S
and D?~ {o0}.

Definition 2.2.1. Let z = (¢, Z, X) € D’~{oc}. The horospherical coordinates
or H-coordinates of z relative to the origin o of D are

0 '(2)=(t-1X]*2X) €83.

To avoid confusion, the H-coordinates of z will be denoted with a subscript A,
that is, (t - %]X\Q, Z, X)h are the H-coordinates of z.
The following remark gives a geometric characterization of H-coordinates, which

explains the naming.

Remark and Definition 2.2.2. Let z = (t,Z,X) = (¢,v) € D/~ {oc}. The
horosphere through z with center co is the N-orbit of z. We extend the group
A to the set

At = AU {ao},

where ag: DY — DY is defined by agoo := oo and agz := 0 for all z € Eg\{oo}.
Then there is a unique pair (as,n) € AT x N such that

nas(o) = z.
The height of z is defined as
ht(z) ==t — %|X|2 =Re( — %|v|2.

Formula (1.5) implies that s = ht(z) and n = (1, Z, X ). Hence the H-coordinates
of z are

(ht(2), Z, X)p, = (ht(z),Im ¢, v)p.

This means that the H-coordinates are given by the height of the horosphere on
which z lies and the coordinates of z in the canonical parametrization of this
horosphere.

The bijection between N and 3 X v induces an inner product on N (which is
independent of the height level set).

Definition 2.2.3. Let (G,-) be a group with neutral element 15. We call a
map p: G — ]Rar a group norm if

(GN1) p(9) =0+ g = 1g,
(GN2) p(g~') = p(g) for all g € G,
(GN3) p(gh) < p(g) + p(h) for all g,h € G.

29



2. Isometric fundamental regions

Definition and Remark 2.2.4. If p is a group norm on the group G, then the
map d: G x G — R, d(g,h) := p(g~'h) is a metric on G. It is called the induced
metric from p.

The Heisenberg group norm q (also known as the Heisenberg pseudonorm) on
each height level set (= N) is defined by

/2 _

97, X) = |4 xP + 7| (L1X*+|22)"

The equality holds because 3 and R = a are orthogonal. The induced metric
measures the distance between two elements in some height level set.

To be able to also measure the distance between elements in different height
level sets, we extend the Heisenberg pseudonorm to the direct product of the
groups (R, +) (“differences between height level sets”) and N by

RxN — R
D: /2

(6, 2,X) = [HXP 4k + 7]
Obviously, plioyxn = ¢-

Proposition 2.2.5. The map p is a group norm on R x N.

Proof. Since (0,0,0) is the neutral element of R x N, the map p obviously
satisfies (GN1)). Further for each g = (k, Z, X) € R x N we have

1/4
plo™") = p(—h,~Z,=X) = [}XP + k] = 27 = ((GI1X1 + [k])* + 122)
p(9)-

This shows (GN2). The triangle equality (GN3) is done in several steps. For
each g = (k,Z,X) € R x N it follows

= | X% + |k + 2|? =

1/4
9)= [31XP + i+ 2] = (P + 18+ 127)
1/4
z((ilXIQ)Q) = iIx.

Therefore Proposition implies that for all (k;,Z;,X;) e Rx N, j = 1,2,
we have
21B2(Xa, X1)| < ‘L;'@ < p(k1, Z1, X1)p(ks, Z2, X2).

Moreover, for all (Z, X) € N and ky, ks € R we find
2 12 _ (r11y2 2 9\ 1/4
[HIXP2 4 [k + kol + 2] = (GIXP + oy + Rol) + 122)
< ((HIXP + 1l + ko)) + 1212)

1/2
= | HX? + || + ko] + 2] 7
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Now let g; = (kj,Zj,X;) €e Rx N, j=1,2. Then

p(g192) = p(k1 + ko, Z1 + Z2 + §[ X1, Xo], X1 + X3)

= |31X1 4+ Xo|? + |k + ka| + Z1 + Zo + 1 X1, X

< [HX1 + Xol + [ka] + [kl + 21+ Za + 3[X0, Xol| /2
{%X1|2+|k‘1|+Z1—|—Z|X2|2+|k‘2|+Z2+§(<X1,X2>+[X1,X2])‘1/2-

1/2

Lemma shows that then

1/2
p(g192) < [X1X02 4 [ka| + Z1 + L|X0f? + [ka| + Zo + 462(Xa, X1)|"
1/2
[\4|X1|2+|k1|+zl¢+< [Xal2 + ko] + Zo| + 1 |Ba(Xa, X1)]]
1/2
= [p(g1)* + p(g2)* + L1Ba(Xa, X1)|] 7

< [p<gl> + p(g2)? + 2p(g1)p(9)]*
=p(91) + p(g2),

which completes the proof. ]

We define the injective map

. D'~ {x} — RxN
’ z = 072),

where k(z) not only means that we consider the H-coordinates of z, but also
that we can perform the group operations of R x N on k(z1), £(z2) for elements
21,20 € DI~ {oo}.

Definition 2.2.6. The Cygan metric on D is the metric

] { Eg\{oo} xﬁg\{oo} — R
¢ (91, 92) — p(r(g1) " k(g2))-

Since & is injective, the Cygan metric is in fact a metric on Eg\{oo}.

Lemma 2.2.7. Let z; = ((j,v;) = (kj, Z;, X;)n be elements of D'~{oo}. Then
the Cygan metric is given by

1/2
X1 — Xo? + k1 — ka| + Z1 — Zo + 3 Im B2(Xa, X1))| /

12 + Lo |2 + [ Dt (21) — ht(20)] + Im G — Im G — (v, v0)| /2.

(—ko, —Z2, —X2)(k1, Z1, X1)
= (k1 — ko, Z1 — Zo + 1[ X, X1], X1 — Xo)
= (k1 — ko, Z1 — Zo + 3[X1, Xo], X1 — X5)
(k1 — ko, Z1 — Zo + $Im B2(X2, X1), X1 — Xo).
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2. Isometric fundamental regions

Note that the inversion and multiplication is done in the group R x N. Using
(GN2) for p we get

o(21,22) = p(k(z1) " K(22)) = p(r(22) 'k(21))
= p(k1 — ko, Z1 — Zo + 5 Im Bo( X2, X1), X1 — Xo)

1/2
= |1X1 = Xof? + k1 — kol + Z1 — Zo + 1 Tm By (X, X71)|'/7.
This proves the first claimed equality. For the second we note that
X1 — Xo + $Im Bo(Xa, X1) = §|1 X112 + §1Xaf* — 3(X1, Xo) — 4 Im (X1, X>)
= X1 ? + §1 X2 — $62(X1, Xa),

where the last equality follows from Lemma [1.5.3. Since X; = v;, Z; = Imj
and kj; = ht(z;) for j = 1,2, the second equality holds. O

Definition 2.2.8. Let ¢ € G~ G, and suppose that ¢ = njomazns with
ni,no € N, a; € A and m € M. Then we define R(g) := t~'/%. The set

I(g) :={2€D | o(z9 ') = R(9)}
is called the isometric sphere of g. Further, the set
extI(g) :=={z€D { Q(z,gfloo) > R(g)}

is called the exterior of I(g), and

int I(g) :=={z€ D | Q(z,g_loo) < R(9)}
the interior of I(g). The value R(g) is called the radius of I(g).
Lemma 2.2.9. Let g = njomang € GNGs and ny = (1, Zs2, Xs2). Then

1/2
Q((C,v)agiloo) = ‘i|X52|2+Z32+C+%B2(U,X32)‘ .

Further o(-,g~*o0) is unbounded on D, and hence ext I(g) # 0.

Proof. We have (see Remark [1.6.4)

g = n;latflm*lanfl = n;lamatnfl.

Since Goo = M AN, we have

g oo = n;lamatnfloo = n;laoo = ngl() = (%|X32|2 — Zgo, —Xs ) .
Then Lemma 2.2.7 shows for all (¢,v) € D~ {co} we have
‘1/2

g(((,v),g_loo) = ‘%’UP + %‘XSZIQ + RGC - %‘U‘z +Im< + Z82 + %62(U7X82)

1/2
= ‘i’X82’2 + ZSQ + C + %ﬁQ(UaXSQ)
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This proves the first claim. Now let (¢,v) € D and ¢ > 1 be real. Then
ht ((t¢,v)) =tRe( — 1|v[* > Re¢ — Ljv* > 0
Hence (t¢,v) € D for all t > 1. Further
o((t¢,v),g700)" = [t¢ + HXa? + Zoa + 162(v, X0
> |itc] = [11Xel + Zeo + 16a(0, Xo2) |
> t|¢] - H|X32|2 + Zgo + %ﬂ2(v,Xs2)| ;

which converges to oo for t — co. Hence Q(-, g_loo) is unbounded. This com-

pletes the proof. O

Lemma 2.2.10. Let g € GNGy. Then

Proof. Suppose that g = njomagng with ny = (1, Z3, X3). Then R(g) = t—1/4
and, by Lemma 2.2.9

o((¢, ), g7 00) = |HXal + Zo + ¢ + L (v, Xo)|?

for each (¢,v) € D. Since fa(-, X2): V — C'is R-linear (see Prop.[1.5.2) and the
topology on C, V resp. D is that of an open subset of R™ for some n (depending
on C, V and D separately), the map

e { D — R
T (Gu) = [FIXeP 4 Ze 4 C+ 2B (v, X))
is continuous. Then
ext(g) = {(¢.v) € D| [}Xal? + Zo + ¢+ 3a(v, Xo)| > 712}
= [Tt 00))

and

int I(g) = £~ ((—o0,t /%)),

which shows that ext I(g) and int I(g) are open. Moreover, it follows that
intI(g) C f *1((—oo,t*1/ ?]). To prove the converse inclusion relation, it suf-
fices to show that f~1(t~1/2) Cint I(g). Let 2o = ((o,v0) € f~'(t~1/2). Then

12 = |§1Xal? + Z2 + Go + 382(vo, X2)|
1/2
= Ui|X2|2+R€C0‘ +|Z2+Im<0+%ﬂ2(vo,X2)|2} .
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2. Isometric fundamental regions

Since zp € D, we have Re (y > 0. Then for each s € (0,Re (p) it follows
2> “%‘Xﬁ + Re (o — 8‘2 + |Z2 +Im o + %52(UO,X2)|2} v
= [31X:21* + Zo 4 Co — s + 352(v0, X2)| -
Thus, ({o — s,v9) € int I(g) for each s € (0,Re(p) and hence

lim(Co — 8, Uo) = (CQ, Uo) € int I(g).

s\.0
This proves (iii) and (iv). The proof of is analogous to that of (iii). O

Proposition 2.2.11. We have

ﬂ ext I(g) = ﬂ ext I(g) = D~ U int I(g).

[[ISIRN IS geIN' g€

Proof. Lemma 2.2.10 states that Cext I(g) = int I(g) for each g € T'\T'w.
Therefore

C ﬂ extI(g) | = [C ﬂ extI(g) | = U Cext I(g)
gelNw g€l g€l
= U int I(g)
g€

The interior of each isometric sphere is open. Thus
e]

U intI(g) = U int I(g)

g€ g€l

and hence .

U imtigc| J inti(y)

g€ g€

It remains to prove that the converse inclusion relation. To that end pick some
z=(¢,v) € (U{intI(g) | g € I'\T'x})® and fix ¢ > 0 such that

Ze ::Z+€:(<+€,U>E U lnt_[(g)
g€l

Pick k € I'\T'w such that z. € int I(k). Then Lemma [2.2.10(iv) shows that
2=z —cecintI(k). Thus z € (J{int I(g) | g € I'\T'o}. This shows that

U intI(g)] € |J intI(g)

g\ gl
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2.2. H-coordinates, Cygan metric, and isometric spheres

and hence

C U int I(g) = ﬂ ext I(g).

g€l g€

Finally we have Cint I(g) = ext I(g) for each g € I'\T's, by Lemma [2.2.10({iii).
Therefore

ﬂ ext I(g) =C U int I(g ﬂ Cint I(g) = ﬂ extI(g). O

g€l [[ISIRN IS QEF\Foo g€

The next two lemmas use the following explicit expression for the action of
g € GNGys = NoM AN on some element (¢,v) € D/~ {oo}. Let g = njomazns
with n; = (1, Zsj, Xsj) and m = (p,7). A lengthy but easy calculation shows
that

9(¢v) = (F1Xaa? + Zoa + 2t~ = 372 By(a0(Xz + v), X, (2:2)

X1 — otV 2p(Xgo + U))

where )
2= [p (L Xl + Zeo + ¢+ 162(0, X2))]

Lemma 2.2.12. If g € G\ Gx, then g maps ext I(g) onto int I(g~') and I(g)
onto I(g~1).
Proof. Let g = njomasng with n; = (1, Zsj, Xs;) and m = (¢, ). Then
gt = n;lat_lmflanl_l = nz_lamatnfl,
hence R(g) = R(g™") =t~ V4 Tt is
g (g ={ze D] olgz,900) = R(g ") }.

Therefore we will calculate o(gz, goo) and compare it to g(z, gfloo). Let (¢,v)
be in D. Set

= [p (L X2 + Zoo + ¢ + L62(v, X2))]

Then (2.2) and Lemma |2.2.9 show that
0(9(¢,v), goo) =

= H\Xsﬂz ~Za+ 3 Xal’ + Za + ot — %t_l/QﬁQ (2¢(Xs2 + v), Xo1)

— lﬁ (X 1 —xt*1/2¢(X2+v) X )‘1/2

—‘ | Xa1|? + ot — 367128, (ap(Xga + ), Xs1) — 382( X1, Xs1)
+ 17126y (a9 (X g2 + U),Xs1)‘ 2

_ 1/2
= |3 Xa >+ 2t — 1Ba(Xor, Xo1)| /
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2. Isometric fundamental regions

Prop. 1.5.2 states that /82(X21,X21) = <X21,X21> = |X21|2. Thus,
—111/2 —
0(9(¢,v), goo) = |at ™" = || /27112,
Since ¢ € O(C), it follows

212 = | (31X aal? + Zaa + € + 3a(v, X2)) |

—1/2
= ‘Z|Xs2|2+Zs2+<+%B2(U5Xs2)| /
_ -1
= 0((¢,v),971o0)
Therefore

0((¢, ), 97" 00) 0(g(¢, v), goo) = 172,
Hence ((,v) € I(g) if and only if

=2 =174 (g(¢,v), go0),

which is equivalent to g(g((,v),goo) = ¢t~Y4 This is the case if and only if
9(¢,v) € I(g~"). Thus, gI(g) = I(g~").
Further, ((,v) € ext I(g) if and only if

=12 > 17 (g(¢,v), go0),

which is the case if and only if o(g(¢,v),go0) < t~1/4. This is equivalent to
g(¢,v) € int I(g~1). Therefore gext I(g) = int I(g~1). O

Lemma 2.2.13. Letn= (1,Z,X) € N, a; € A and m = (¢,v) € M.
(i) If n' := (1,32,31/2X), then asn = n'a,.

(ii) For all u,v € V we have o(B2(v,u)) = Bo(¥(v), ¥(u)).
(ili) If n':= (1,0(Z),¢(X)), then mn =n'm.

Proof. Formula (1.2) shows
asn = (s,0,0)(1,7,X) = (s,sZ,sl/2X) = (1,3Z, 31/2X) (s,0,0) =n'a,

which proves (i). To show let u,v € V. Recall that ¢ € O(C), ¥ € O(V)
and that ¢ (J(n,w)) = J(¢(n),¥(w)) for each (n,w) € C ® V. For each ¢ € C
we have
(p(Ba(v,u)),¢) = (Ba(v,u), 71 (C))
= (¢ (Q)u)), v
= (B2(4(v), ¥(u)), C) -
Thus ¢(B2(v,u)) = B2(¥(v),¥(u)). For the proof of (iii) let (¢,v) € D. Then
m(n(¢,v)) =m (i|X|2 +Z 4+ 35(v,X), X +v)
= (¢ GIXP + Z+ ¢+ 342(0, X)) (X +v))
= (X +¢(2) + 2(0) + 30 (Ba(v, X)), ¥(X) + $(v))

(1710, u),v)
(v) = {J(, % (w)), ¥(w))
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2.2. H-coordinates, Cygan metric, and isometric spheres

Now yields

m(n(¢,v)) = (3l (X |2 +30(Z) +9(0) + 382(¥(v), (X)), Y(X) + ¥(v))
=n'(2(Q), $(v) = n'(m(C,v)).

Hence mn = n/m. O

Proposition 2.2.14. Let g € Go, and h € GNG«. Then

gl(h) = I(ghg™"),
gint I(h) = int I(ghg_l),
gext I(h) = ext (ghgil).

Proof. We prove the assertion for the three cases g € A, g € N and g € M.
Since Goo = M AN, for general g € G, the claim then follows immediately
from composition. Let h = niomayny with n; = (1, Z;, X;).

Suppose first that ¢ = a5 and let ((,v) € D. For j € {1,2} set n; =
(1, sZj, 31/2Xj). Then Lemma 2.2.13 implies that

hfl_ -1 _ 7 -1 -1/ _ /
ghg "~ = asniomainoa, - = njoma, Qg Moy = NJOMAg—2:MNy.

Therefore R(ghg_l) = 5!/2t=1/4 = s1/2R(h). By Lemma [2.2.9 we have

o((¢,v), (ghg™") " too) = ‘iS\XﬂQ +sZy+(+ %81/252(%)(2)‘1/2
and
g(a;l(g,v),h_loo) = g((s_lg“,s_l/%),h_loo)
2+ Zy+s1C+ %571/2@(%)(2)‘1/2
=5 20((¢,v), (ghg™ ") "0).
Then

gl(h) = {gz € D‘ Q(Z, hiloo) = R(h)}
={z€eD|o(g 'z, h7'o0) = R(h) }
= {z € D‘ o(z, (ghg™)o0) = sl/QR(h)}
={z€D| o(z (ghg")'o0) = R(ghg™") }
—I(ghg )

Analogously, we see that g ext I(h) = ext I(ghgfl) and ¢gint I'(h) = int I(ghgfl).

1

Now suppose that g = nz = (1, Z3, X3). Then ghg™' = (ngn1)oma(nang ') and

nong ' = (1,2, — Z3 — 1[X27X3] Xy — X3)
= (1,2, — Z3 — 3 Im Ba(X3, X2), X2 — X3),
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2. Isometric fundamental regions

where the last equality follows from Lemma [1.5.3. Therefore, by Lemmas
and [1.5.3]

0((¢,v), (nghnz ) too) =

1/2
= 31X = Xa2 + Zo — Z5 — §Tm Bo(X, Xo) + C + 3Ba(v, X — Xa)|
= ‘i|X2|2 + 21X — 3(X0, X3) — 2 Im (X5, Xo)+
. 1/2
+ Zy — Z3+ ¢+ 552(v, X2 — Xs)‘
1 iy 21 1 1/2

= ‘z\Xﬂ + 71 X3|" = 562(X3, X2) + Zo — Z3 + ( + 502(v, X2 — Xs)‘ :

We have
ng ' (¢,v) = (11Xsl* — Zs + ¢ — $B2(v, X3), — X3 + v) .

Hence

Q(ngl(g,v),hfloo) =

= 1M X5P+ 2o+ 11 X357 - Z —1 X 1 (—X X V2
= |71 X2* + Z2 + ;| X3 3+ (= 502(v, X3) + 562(— X3 + v, Xo)

= Ml + 11X + 25— Z+ ¢ — S0, Xa) — L6(Xs, Xa)+

1/2
+ %52(1),)(2)‘

a2 4 12 _ 1 1 _xal?
= || Xo|” + 1 X3|" + Z2 — Z3 + ( — 502(X3, X2) + 502(v, X2 — X3)

= Q((Ca ’U), n3h_1n§100) .
Since R(h) = R(ghg™"), the claim follows for this case.

Finally suppose that g = ma = (¢,%) and set n/; := (1,0(Z;),v(X;)) for
j €{1,2}. Lemmal2.2.13 shows that

ghg_1 = mgnlamatngmgl = n’lmgamatmz_lné = n'lamz_lmmglatné.

From this it follows that R(h) = R(mahmy 1) and further that

—1\—-1 1 2 1 1/2
o((C): (ghg™) ™ o0) = [ (X2) +0(2Z2) + ¢ + S, v(X2)|
From Lemma 2.2.13] it follows that
1/2

o((¢,v), (ghg™") o) = ‘i!XQP +p(Z2) + ¢+ %ﬁﬂ(ﬁQ(lVl(v),XQ))‘
On the other side we calculate

o(97(¢,v),h™o0) = o((0™H(0), ¥ (1), h ™ o0)
= JX + Zo+ 7 (O + 3B (), o)

= A%l + 0(Z2) + C + o (B0 (), X))
- Q((Cav)agh_lg_l )

38



2.2. H-coordinates, Cygan metric, and isometric spheres

Thus, also in this case we have gI(h) = I(ghg_l), gext I(h) = ext I(ghg_l)
and gint I(h) = int I(ghg’l). This completes the proof. O

An immediate corollary of Lemma [2.2.14 is the following assertion.
Corollary 2.2.15. Let I' be a subgroup of G and g € I'ss. Then

g [ extI(h)= () extI(h)

helN' helN oo

and

g |J mtI(h)= |J intI(h).

heMT oo heMT oo
Lemma 2.2.16. Let z € D and g € GNGo. Then

2,97 o0)\*
ht(z) = (%) ht(gz).

Proof. Suppose that z = ((,v) and g = niomasne with n; = (1,7;, X;) and
m = (p,1). We first evaluate ht(gz). Set

= [p (LXal? + Zo+ C+ L Ba(v, X2))] 7
By (2.2) we have
ht(gz) = Re (3| X112 4+ Z1 + at™! — 2718y (ap(X2 + v), X1))
-1 ‘Xl — 2t 12Xy +U)‘2
= %\Xl\Q +¢! Re(z) — %t*I/Q Re 32 (xw(Xg + v),Xl)
— % ‘Xl — xtil/Qw(Xg —i—v)‘z
= 11X1> +t ' Re(z) — %t_l/z Re 32 (2 (X +v), X1)
— 11X — L2 (X + o) + 5 (X0t (X +0) ).
Now Lemma [1.5.3 states that
712 Re B (a1p(Xa+v), X1) = £ (@h( Xy + v), X1) = <X1,xt’1/2w(X2 + v)> .
Therefore
ht(gz) =t ' Re(z) — Lzt X + 0] =tz ? [Re(|x|72x) — X + v|2] .
Since Re ¢(n) = Ren for each n € C, it follows that
Re (|z|%z) =Re (z') = Re (F) =Re (27
= Re (§Xa|* + Zo + ¢ + $62(v, X2))
= 11X2[* + Re ¢ + 5 Re fa(v, X2)
= 11X + Re¢ + 1 (v, X»)
= 1|Xs +v|* + Re ¢ — 1|v]
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2. Isometric fundamental regions

Thus,
ht(gz) =t z|? (Re¢ — 3v[?) =t 7|z ht(z).

Lemma|2.2.9/ shows that
_ 1/2 _
0((¢,0), g7 00) = | LXaf? + Zo + C + (v, Xo)|'/* = [ 7V/2.

Since R(g) = t~/*, we have

2,9 'o00)\*
ht(z) = t|z| 2 ht(gz) = <%> ht(gz).

This completes the proof. ]

2.3. Fundamental region

A subset Y of a metric space X is a fundamental region in X for a group I' of
isometries on X if and only if it satisfies the following properties:

(F1) The set Y is open in X.
(F2) The members of {¢gY | g € I'} are mutually disjoint.

(F3) X =U{gY |geT}.

If, in addition, Y is connected, then it is a fundamental domain for I' in X.

Remark 2.3.1. There are various (non-equivalent) definitions of fundamental re-
gions and fundamental domains in the literature. The definition above seems to
be quite common, it is taken from [Rat06, p. 234]. The group I must necessarily
be discrete to have a fundamental region [Rat06, Thm 6.5.3].

Definition 2.3.2. A subgroup I of G is said to be of type (O) if
ﬂ ext I(g) = D\ U int I(g).
[[ISIRN IS g€

Suppose that S is a subset of G and let (S) denote the subgroup of G generated
by S. Then S is said to be of of type (F), if for each z € D the maximum of the
set

{ht(gz) | g€ (9)}

exists.

Remark 2.3.3. Let I' be a subgroup of G and suppose that the set
{int I(g) | g € I'\T'o}

of interiors of all isometric spheres is locally finite. Then

U int I(g) = U int I(g).

g geINl'
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2.3. Fundamental region

by [vQT79, Hilfssatz 7.14]. Lemma [2.2.10(iii) implies that

C U int I(g) | =C U int I(g) = ﬂ Cint I(g) = ﬂ ext I(g).

g g\ g g\l

Hence, if the set of interiors of isometric spheres is locally finite, then I' is of
type (O).

Theorem 2.3.4. Let T be a subgroup of G of type (O) such that T'\T'w is of
type (F). Suppose that F is a fundamental region for T', in D satisfying

Foo N ﬂ ext I(g) = Foo N ﬂ ext I(g).
T AN g€l

Then
F=FxN ﬂ ext I(g)
QEF\FOO
is a fundamental region for I' in D. If, in addition, F is connected, then F is
a fundamental domain for I" in D.

Proof. Since I is of type (O), the set ([{ext I(g) | g € '\I's} is open. Further
Foo 18 open as a fundamental region for I'y, in D. Thus, F is open. For the
proof of (F2) let z € F and g € T'~\{id}. If g € ', then gz ¢ Fu since F
satisfies (F2)) for I'w. If g € I'\I', then z € ext I(g). Lemmal2.2.12 states that
gz € int I(g_l) and thus gz ¢ ext I(g_l). A fortiori, gz & Npepr., ext I(h).
Therefore, in each case, gz ¢ F.

It remains to prove that D C I'- F. To that end let z € D. Since I'\T' is of
type (F), the set (I'\I's)z contains an element of maximal height, say w. This
means in particular that for all A € I'\I's, we have

ht(w) > ht(hw). (2.3)

We claim that w € () {extI(g) | g € [\Ts} =: A. For contradiction assume
that w ¢ A. From Prop.[2.2.11 it follows that

welA= U int I(g).

geF\Foo

Hence we find h € I'\T'w such that w € int I(h). Then Lemmal2.2.16 implies
that
NN
ht(hw) = [ ————— | ht(w) > ht(w),
o(w, h=100)
which contradicts (2.3). Thus, w € A.

Since F, satisfies (F3)) for I's,, there is h € I's, such that hw € Foo. Cor.[2.2.15
implies that hw € A. Finally

hw € Foo NA = Foo N ﬂ extI(g) = F.
geF\Foo
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2. Isometric fundamental regions

This shows that F is a fundamental region for I in H. For each g € I'\I'o, the
set ext I(g) is connected. Hence, if F is connected, then F is connected. This
completes the proof. O

In the proof of Theorem [2.3.4 we proved the following corollary.
Corollary 2.3.5. Under the hypotheses of Theorem we have

o - F = ﬂ ext I(g).
geF\Foo

The next corollary is a special case of Theorem 2.3.4.

Corollary 2.3.6. Let ' be a subgroup of G of type (O) and T, = {id}. Further
suppose that T'\T'«, is of type (F). Then

F = ﬂ ext I(g)

QEF\FOO

s a fundamental region for I' in D.
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3. Projective models

The purpose of this section is to show that the existing definitions of isometric
spheres and results concerning the existence of isometric fundamental regions
in literature are essentially covered by the definitions and results in Sec. 2l The
reason for the reservation towards a confirmation to cover all existing definitions
and results is twofold: On the one hand the auther cannot guarantee to be aware
of all existing results. On the other hand, at least for real hyperbolic plane, the
literature contains non-equivalent definitions of isometric spheres. Moreover,
the existence results of isometric fundamental regions by Ford are proved for a
weaker notion of fundamental region than that used by us. Sec. (3.5 contains a
detailed discussion of the latter issues.

Let (C,V,J) be a J2C-module structure. In Sec. 3.1/ we introduce the structure
of division algebras on C' following [KR05] and [KR]. For C being an associa-
tive division algebra, we redo, in Sec. the classical projective construction
of hyperbolic spaces in terms of the J2C-module structure. A substantial part
of Sec. [3.2] we spend on a detailed study of the relation between the isometry
group G of the symmetric space and the natural “matrix” group on the projec-
tive space. This investigation will show that the matrix group is isomorphic to a
certain subgroup G™® of G. In Sec.[3.3 we use these results to provide a charac-
terization of the isometric sphere of g € G™* via a cocycle. In Sec.[3.4 we prove
that a special class of subgroups I' of G™ are of type (O) with I'\T'y, being
of type (F) and use Theorem 2.3.4 to show the existence of an isometric funda-
mental domain for I'. Finally, in Sec. we bring together these investigations
for a comparison with the existing literature.

3.1. Division algebras induced by J2C-module structures

Let (C,V,J) be a J?C-module structure. Suppose that V # {0} and fix an
element v € V'\{0}. Condition (M3) shows that for each pair ((,n) € C x C
there exists (at least one) element 7 € C such that

J(C, J(n,v)) = J(7,0).

We claim that 7 is uniquely determined by (¢,7n) and v. Suppose that we have
71, T2 € C such that

J(Thv) = J((a J(nav)) = J(7_2>U)'
Then J(13 — 72,v) = 0 and by (M2)

‘Tl —T2’ . ‘U‘ = ’J(Tl — TQ,’U)‘ =0.
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3. Projective models

Since |v| # 0, it follows that |73 — 72| = 0 and hence 71 = 72. Hence, each choice
v € V~{0} equips C with a multiplication -,: C' x C' — C via

Comi=1 <  J( J(nv)=J(T,v).

Equation shows that the inverse of ¢ € O~\{0} is (~! = |¢|~2¢, independent
of the choice of v € V\{0}.

The following properties of (C,-,) are shown in [KR].

Proposition 3.1.1 (Prop. 1.1 and Cor. 1.5 in [KR]).

(i) For each v € V~{0}, the Euclidean vector space C with the multiplication
-» 18 a mormed, not necessarily associative, division algebra.

(ii) The multiplication -, on C' is independent of the choice of v € V~\{0} if
and only if (C,-,) is associative for one (and hence for all) v.

We call the J?2C-module structure (C,V,J) associative if (C,-,) is associative
for some (and hence each) v € V'~ {0} and otherwise non-associative. If (C, ;)
is associative, we will eliminate the subscript v of the multiplication -,.

Remark 3.1.2. Only associative J2C-module structures are modules in the sense
of [Bou98|.

Remark 3.1.3. Suppose that (C,V,J) is an associative J?C-module structure.
Their classification in [KR05, Sec. 4] shows that C is real or complex or quater-
nionic numbers.

3.2. Projective construction in the associative cases

Throughout let (C,V,J) be an associative J2C-module structure. The classical
projective construction of real, complex and quaternionic hyperbolic n-space
starts with a non-degenerate, indefinite C-sesquilinear hermitian form ® of sig-
nature (n,1) on E := C™"! singles out the set of so-called ®-negative vectors
and considers the subspace of C-projective space of E defined by the set of
d-negative vectors. Endowed with a certain Riemannian metric, this space be-
comes a rank one Riemannian symmetric space of noncompact type.

In Sec. [3.2.1 we recall the notion of C-sesquilinear hermitian forms and show
the existence of an orthonormal C-basis of V. This allows us to define the
C-projective space Po(E) and its differential structure in Sec. [3.2.2l Here we
introduce the notion of ®-negative, ®-zero and ®-positive vectors and prove
that the boundary of the projective space Pc (E_(CD)) of ®-negative vectors is
the projective space of ®-zero vectors. In Sec. [3.2.3 we specialize to two non-
degenerate, indefinite C-sesquilinear hermitian forms ¥; and V5. The manifold
Peo (E,(\Ifl)) is canonically related to the ball model B. The Siegel domain
model, which is the model D up to a scaling in the V-coordinate, will be seen
to be a natural space of representatives of P (E,(\IIQ)) We investigate the
relation between C-linear maps on E preserving the form ¥, and isometries of
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the symmetric space B. It will turn out that the projective group of these linear
maps is isomorphic to a subgroup of the isometry group of B, which we can
explicitly characterize.

3.2.1. C-sesquilinear hermitian forms

Definition 3.2.1. Let M be a (left) C-module and ®: M x M — C a map.
Then & is said to be a C-sesquilinear hermitian form if ® is C-hermitian and
C-linear in the first variable, that is, if the following properties are satisfied:

(SH1) @(Crz1+Coxa,y) = (1P (21,y)+(P(22,y) forall (1,(2 € Cand 2,y € M,
(SH2) &(x,y) = ®(y,x) for all z,y € M.

A (C-sesquilinear hermitian form @ is called non-degenerate if ¥(mq,-) = 0
implies that my = 0. It is called indefinite, if there exist my, mo € M such that
®(my,m1) < 0 and ®(mg, ma) > 0.

Proposition 3.2.2. The map f1: CxC — C, pi(x,y) = z7, is C-sesquilinear
hermitian. Further Re (1(x,y) = (x,y) for all x,y € C.

Proof. Obviously, ; is R-bilinear. For each y € C, the C-linearity of (-, y) is
exactly the left-sided distribution law of the division algebra C'. To show (SH2
let z,y € C. Then Jyz = JyJz. From (1.7) it follows that

J= = Jiy = JiJs = JoJy = Jug.

yr Y

Therefore

ﬁl(x7y) =Y = y_f = ﬁl(yvx)'

This completes the proof that 3; is C-sesquilinear hermitian. For each z € C
we have (31 (x,z) = 2T = |z|? by (1.8). Then polarization of 3;(x,z) = |z|> over
R implies the remaining statement. O

Remark 3.2.3. An immediate consequence of Proposition [3.2.2]is that conjuga-
tion and multiplication in C anticommute, i.e., Ty = yz for all z,y € C. In
particular, for a C-sesquilinear hermitian form ® on the C-module M we have

®(my,(mz) = ®(mq,m2)(

for all m1,ms € M and all ¢ € C. Moreover, for each m € M we have ®(m,m) =
®(m,m) and therefore ®(m,m) € R.

Lemma 3.2.4. For all ¢,n,& € C we have (C,&n) = (£¢,n).
Proof. Let v € V~{0}. Using (1.6) and (1.7) we find
2(C, &mvf? = 2(Cv, Enw) = 2(ECv, ) = 2(E¢, M) |vl?,
hence (¢, &n) = (£¢,n). =
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3. Projective models

Proposition 3.2.5. The map B2: V x V — C 1is C-sesquilinear hermitian.

Proof. Because of Prop. it remains to show that (35 is C-linear in the first
variable. Let v,u € V and ( € C. Lemma [3.2.4] and (1.7) yield that for all
n € C' we have

(CB2(v,u),m) = (Ba(v, ), Cn) = (Crpu,v) = (nu, Cv) = (Ba(Cv,u), m).
Hence (f2(v,u) = [2(Cv,u). O
Definition 3.2.6. A finite sequence (vy,...,v,) in V is called an orthonormal
C-basis of V' if
(CON1) |vj] =1 for each j € {1,...,n},

(CON2) for each pair (i,j) € {1,...,n}? i # j, the sets Cv; and Cv; are

orthogonal,

(CON3) if we use for each j € {1,...,n} the bijection C' — Cvj, ¢ — (v; to
equip Cvj with the structure of an Euclidean vector space and a C-
module, then V' is isomorphic as C-module and Euclidean vector space
to the direct sum @?:1 Cvj of the Euclidean spaces and C-modules
C?)j,j: 1,...,7”1,.

The following lemma states that V is a free C-module.
Lemma 3.2.7. There is an orthonormal C-basis of V.
Proof. Clearly, one finds a sequence (v1,...,v,) in V which satisfies (CON1)

and (CONZ2) such that V is isomorphic as Euclidean vector space to the direct
sum P, Cv;. From Prop. and it follows that

¥ { Vo - @?zlcvj
. v o= Z;‘L:lﬁ?(v’vj)vj

is an isomorphism (of Euclidean vector spaces) from V' to @}_, Cv;. Let v € V,
n € C and suppose that v is isomorphic to (¢1v1,...,Cvn) € @?:1 Cv;. Then

n

Blw) = Ao, v)o; = > (e, 03)) vy = n( 3 Balv,v)u;) = mb(o).
j=1 j=1

J=1

This shows that 1) is indeed an isomorphism of C-modules. O

3.2.2. The C-projective space Px(FE)

Let W := C @V be the Euclidean direct sum of C and V and let £ :=CoW =
C @ CaV be that of C and W. Consider the map

. { CxFE — F
"L (n(Gmyv) = (¢ T T).
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Since (C,V,J) is associative and hence o(7v) = (o7)v for each v € V and all
o,7 € C (or equivalently, since the definition of the product in C' does not
depend on the choice of v € V'~ {0}, see Prop.[3.1.1), F becomes a C-module.
Since V' is a free C-module by Lemma[3.2.7, also E is a free C-module.

Two elements z1,z9 of EX {0} are called equivalent (z; ~ z9) if there is 7 € C
such that
TZ1 = 29.

Note that 7 is actually in C'\\{0}. Then E being a C-module guarantees that
~ is an equivalence relation on E~{0}. The C-projective space Pco(E) of E is
defined as the set of equivalence classes of ~,

Pc(E) = (Ex{0})/~,

endowed with the induced topology and the differential structure generated by
the following (standard) charts: Let {v1,...,v,—1} be an orthonormal C-basis of
V. Then E is isomorphic to C"*! both as Euclidean vector space and C-module.
For each j =1,...,n+ 1 the set

Uj = {[(Cl,---,§n+1)] € Po(F) ‘ ¢ # 0}

is open, and the maps ¢;: U; — C"

@]([(Cla s aCnJrl)]) = CJI(CI,' . 7Zja' . ,<n+1)

are pairwise compatible in the sense that they are real differentiable (they are
not C-differentiable unless C'is commutative). Here, {; means that (; is omitted,

hence ((1, .. ., Ej, v Zng1) = (G5 G—15 Gty - - - Cng1) € O™ Obviously, the
differential structure is independent from the choice of the orthonormal C-basis
of V, and Pco(F) is a real smooth manifold of dimension n - dimg C.

Let @ be a C-sesquilinear hermitian form ® on E. Recall from Remark
that ®(z,z) € R for each z € E. Suppose that ¢ is its associated quadratic form,

that is
) EFE —- R
N 2 - D(z,2).

Then we define the following sets:

E_(®):=q ' ((—o0, 0)) the set of ®-negative vectors,
Eo(®) := ¢~ 1(0)~{0} the set of ®-zero vectors, and
B (®):=q! ((0,00)) the set of ®-positive vectors.

We note that for each 7 € C and z € EX{0} we have
q(12) = ®(12,72) = 7®(2, 2)T = D(2,2)77 = q(2)|7|*. (3.1)

Lemma 3.2.8. Let ® be a C-sesquilinear hermitian form on E. The set Po(E)
equals the disjoint union Po(E_(®)) U Po(Eo(®)) U Po(E4(®)).
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3. Projective models

Proof. Clearly, Pc(E) = Po(E—(®)) U Po(Eo(®)) U Po(E4+(®)). Hence it re-
mains to prove that this union is disjoint. Suppose that ¢ denotes the quadratic
form associated with ®. If we assume for contradiction that

Po(E_(®)) N Po(Eo(®)) # 0,

then there are equivalent 21,29 € E~\ {0} such that ¢(z1) < 0 and ¢(z2) = 0.
But then there is 7 € C'~.{0} such that

0=q(2) =q(rz1) = I7*q(z1) <0,

which is a contraction. Hence Po(E—(®)) N Po(Eo(®)) = 0. Analogously we
see that Po(E_(®)) N Po(E+(®)) =0 and Po(E4(®)) N Po(Ey(®)) =0. O

Let GLco(E) be the group of all C-linear invertible maps £ — E. For a C-
sesquilinear hermitian form ® on F we set

U(®,C):={g € GLc(E) | V21,22 € E: ®(g21,922) = ®(21,22) }-
This subgroup of GL¢(E) will be of special importance in the next sections.

Let m: Ex{0} — Pc(FE) denote the projection on the equivalence classes. Since
C'~{0} acts homeomorphically on E~ {0}, the projection 7 is open. Further 7
is continuous by the definition of the topology on Po(E).

Proposition 3.2.9. Let &: E x E — C be a C-sesquilinear hermitian form,
which is indefinite and non-degenerate. Then

OPo(E_(®)) = Po(Eo(®)).
Proof. Let U C Pgo (E_(<I>)) All complements, closures, interiors, and bound-
aries of subsets of E~{0} are taken in E~\{0}. At first we show that
Cr (Con—(U)) = oU. (3.2)

To that end let M := 7~ *(U). Then CM = 7~! (CU). From 7 being open and
continuous it follows that (CU)° = «((CAZ)°). This yields

= (C37) = = ((CM)°) = (CU)° = O,

hence Cr(CM) = U. Again from 7 being open and continuous we get U° =
7 (M®). Therefore

Cr (Caﬂfl(U))

Cr (CoM)

Cr (C(M NCM°))
=C(x (CM) U (M°))
= Cr (CM) NCr (M)
=UnCU° =ou.

Let g denote the quadratic form associated to ®. Then ¢ is smooth. Since ®
is nondegenerate, 0 is a regular value for q|p 4oy. Hence Eo(®) = g (0)~{0}
is the boundary of the bounded submanifold ¢~!((—o0,0])~ {0} and therefore
also of E_(®) = ¢ ((—00,0)). Then the statement follows from and
Lemma [3.2.8/ with U := Po(E_(®)). O
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3.2. Projective construction in the associative cases

3.2.3. The C-hyperbolic spaces Po(F_(V;)) and Po(E_(¥5))

We define two specific non-degenerate, indefinite C-sesquilinear hermitian forms
¥y and U5 and consider the manifolds Po(E_(¥;)) defined in Sec. [3.2.2. For
each space we choose a set of representatives and a Riemannian metric on it such
that Po(E_ (1)) is essentially the ball model from Sec. and P (E-(¥5))
becomes the Siegel domain model for hyperbolic space, which is essentially the
model D from Sec. [1.4.1. Recall that G denotes the full isometry group of B
resp. D and let Z(V;, C) be the center of U(¥;,C). The purpose of this section
is to establish a natural and explicit isomorphism between the quotient group
PU(Y;,C) :=U(¥;,C)/Z(V;,C) and a subgroup G** of G. Moreover, we will
explicitly characterize G™*. In Sec. [3.3] the isomorphism is used to show that
the definition of isometric spheres in literature is subsumed by our definition.

The closed unit ball B in W = C @ V is a canonical set of representatives
for Po (E,(\Ifl)) We define a Riemannian metric on B, which, up to a multi-
plicative factor of 4, is identical to (1.10). Taking advantage of (C,V,J) being
associative, the formula for the Riemannian metric simplifies considerably in
comparison with (1.10). Each element of U(¥;,C) induces a map on B. The
explicit and easy to handle expression for the Riemannian metric on B allows
to show that each induced map is an isometry. Moreover, we can show that
precisely the elements of Z (¥, C) induce the identity on B. Hence PU(¥q, ()
is isomorphic to a subgroup G™® of GG. For a characterization of this subgroup,
we will switch to the manifold Po(E_(¥3)). As before, we choose a natural
set H of representatives for Po (E,(\I’Q)) resp. a set H° of representatives for

Pc(E_(¥3)). There are two canonical ways to define a Riemannian metric on
H.

On the one hand, the space H resp. H? is a linear rescaling of D resp. DY in the
V-coordinate, which allows to endow H with the Riemannian metric from D.
Then HY becomes the geodesic closure of H. On the other hand, there exists
an element T' € GL¢(E) such that Wo o (T x T) = ¥;. The map T factors
to a diffeomorphism between H and B resp. between HY and B. Hence we
can endow H with the pull-back of the Riemannian metric of B via T as well.
Since this diffeomorphism turns out to be the Cayley transform, one easily sees
that both canonical Riemannian metrics on H are essentially the same. Then
PU(W¥s, C) is isomorphic to G™ and the explicit formulas for the action of an
element g € G on D from Sec.[1.6 translate to H without effort, preserving their
simple structure. In turn, we are able to characterize the group G™® in G, and
to give explicit representatives in U(Wq, C') for each element g € G™. We will
see that for real hyperbolic spaces the group G™* is all of G, but for complex
and quaternionic hyperbolic spaces G*** is a strict subgroup of G.

Let B3: W x W — C' be the sum of 31 and f», hence
Bs((m,v1), (n2,v2)) == B1(m,m2) + Ba(v1,v2).
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Then we define the maps ¥;: Ex E — C (j =1,2) by

Uy ((C1,m,v1), (C2om2,v2)) = —B1(Cr, G2) + Bi(m,m2) + Ba(vi, v2)
= —61(¢1, ) + B3((m,v1), (2, v2))

and

o ((C1,m1,v1), (C2im2,v2)) 2= —B1(CL,m2) — Biln, G2) + Ba(v1, v2).

Let g; denote the associated quadratic forms. Then for all ((,w) = ({,n,v) € E
we have

(¢ w)) = a1 (G, 0) = —ICP + nf? + [of2 = —[¢[2 + Jwl?.
Moreover, employing Prop it follows that
92((¢,m,v)) = =B1(C,n) = Bi(n, Q) + |vf?
== (BuCm +BlCm)) + [ol?
= —2ReB1(¢,n) + > = =2(¢,n) + .

Lemma 3.2.10. For j = 1,2, the map ¥; is a C-sesquilinear hermitian form
on E which is non-degenerate and indefinite.

Proof. Propositions [3.2.2/ and [3.2.5 imply that ¥; is C-sesquilinear hermitian.
Let ({,n,v) € E such that for all (o,7,u) € E we have

U1 ((¢,n,0), (0, 7,u)) = 0.
Prop.3.2.2 and Prop.[1.5.2 show that
0= U1 ((¢m,v), (0,m,0)) = Bi(n,n) + Balv,v) = n|* + [v]°.
Hence (1, v) = (0,0). Further
0= Wi ((¢,m0),(¢,0,0) = =61(¢, ) = — ¢,

and therefore ( = 0. This shows that ¥y is non-degenerate. Suppose now that
(¢,m,v) € E such that for all (o,7,u) € E we have

\1]2 ((Ca m, ’U), (O-’ 7, u)) = 0.
Then
0= T2((¢,n,v),(0,0,0)) = |v?
and therefore v = 0. Moreover,
0= \112((45 m, U)a (Oa Ca O)) = _|<|2

Thus ¢ = 0 and analogously n = 0. Hence W5 is non-degenerate. Finally, for
v e V~{0},

ql((l,0,0)) =-1 and q1 ((0,0,U)) = |U|2 >0,
¢2((1,1,0)) = —2 and 32((0,0,v)) = [v|* > 0.
Therefore, ¥; and ¥y are indefinite. O
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Set of representatives for Po(E_ (V1))

Proposition [3.2.9 shows that for j € {1,2} we have
Pc(E,(\IfJ)) = Pc(E,(\IfJ)) U Pc(EQ(\I’]))

If 2 = ((,w) € E_(V1)U Ey(¥y), then ¢ # 0. Therefore the element [z] €
Po(E-(¥1)) U Po(Eo(¥1)) is represented by (1,( 'w), and this is the unique
representative of the form (1,%). If z € E_(¥y), then

0>q (1, w) = —1+[¢ Tl

This shows that 1 > [¢~!w|?. Conversely, if w € W with |w|? < 1, then [(1,w)]
is an element of Po(E_(¥1)). Recall the unit ball B = {w € W | |w| < 1} in
W. Then Po(E_(¥1)) and B are in bijection via the map

[(C,w)] = ¢

The same argument shows that 0P¢(E_(¥1)) = Pc(Eo(¥1)) is bijective to OB
via the same map. We define 75: Po(E—(¥1)) — B via

5 ([(¢w)]) =t
Its inverse is
5 (w) = [(1,w)].

In comparison with Sec. we see that Po(E_(¥y)) is a subset of U; and
Tp a restriction of ¢;. Therefore, 75 is a diffeomorphism between the man-
ifolds Pc (E,(\Ifl)) and B, and also between the manifolds with boundary

Pc(E—(94)) and B.

Riemannian metric on B

Since B is an open subset of the vector space W, we may and shall identify the
tangent space at a point of B with W. We define a Riemannian metric g on B

by

<X7Y> <B3(X,p),ﬁ3(Y,p)>

ADCCY) = e Ty
= e Re (0= PR Y) + 61 (X, (Y. )

for all p € B and all X,Y € T,B = W. Prop. 3.2.12 below shows that ¢
essentially coincides with the Riemannian metric defined in (1.10).

Lemma 3.2.11. Let z,y € W. Then B3(z,y) = 0 if and only if y € (Cz)*.

o1



3. Projective models

Proof. Let (,n,& € C. Proposition [3.2.2 yields
(¢7,€) = Re 41 (¢77,€) = Re (CT7€) = Re (¢&n) = Re Bi(C,&n) = (¢, &n).

By Riesz’ representation theorem we know that f3(x,y) = 0 if and only if

(B3(x,y),E) =0 forall € €C.

Supposing that z = ({,v),y = (n,u) € C @V, it follows from the definitions of
03, (1, P2 and the inner product on W that

(Bs(z,9),€) = (B1(¢m), §) + (B2(v,u), ) = (€77, &) + (§u,v)
= (C.&n) + (v, 6u) = (€C.m) + (€, u)
= (Ex,y).
Hence B3(x,y) = 0 if and only if y € (Cv)*. O

Proposition 3.2.12. The map ¢ coincides, up to a factor of 4, with the Rie-
mannian metric given by (1.10) on B.

Proof. For p=0 and all X,Y € TyB we have

Suppose that p = (¢,v) € BN{0}. We claim that the equivalence class Cp (see
Sec.[1.4.2) coincides with the C-orbit C'- p of p. For ¢ = 0 this is obviously true.
Suppose that ¢ # 0. For each 7 € C'~{0}, we have 7p = (7, 7v) and

(7O rv) = ¢l e = o,

Hence (¢,v) ~ (7¢,7v). If 7 =0, then 7p = 0 € Cp by definition. Conversely,
suppose that (n,u) € Cp~{0}. Then

n¢'p =n¢7H ¢ ) = (nn¢ ) = (o u) = (n,w).
Thus, (n,u) € C - p. Clearly, 0 € CpN C - p. This shows that Cp = C' - p.

Now let p € BN\{0} and X,Y € T,,B. Suppose first that X,Y € (Cp)t. Then
Lemma |3.2.11 shows that

(X,Y)

o(p)(X,Y) = TP X, Y), .

Suppose now that X € Cp and Y € (Cp)* (or vice versa). Then

(XY)

op)(X,Y) = 1— ke 0= 31X, V),

Finally suppose that X, Y € Cp. Then X = mqpand Y = mp. From Lemmall1.5.3]
Prop.[3.2.2 and [3.2.5] it follows that

<X,Y> = ReB;»,(X,Y) = Reﬁg(Tlp,TQp) = Re (Tlﬁg(p,p)72) = \p[2Re(7'1F2)

= \P’2<71,72>-
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3.2. Projective construction in the associative cases

Then
~ _(XY) | (Bs(nip,p), Bs(mep, p))
) = (- PP
_ pPP{r ) | (miBs(p.p), T2B5(p, D))
1—[pf? (1 —[p[*)?
_ pPlrme) | Il )
L—[pP* = (1—p/*)?
_ [pP{ri,m2)
(1 —|pf?)?
XY
~ G e
This completes the proof. ]

Induced Riemannian isometries on B

Let mp := 7 om: E_(V1) — B and suppose that g € U(¥,C). Since g is
C-linear, it induces a (unique) map g on B by requiring the diagram

E_(U)) —~ E_(¥)

nBl ) le

B 9. > B.

to commute. The next goal is to show that each such induced map is a Rieman-
nian isometry on B.

To simplify proofs we fix an orthonormal C-basis B(V') := {vy,...,v,_1} for V.
Then B(E) := {e1,e2,...,eny1}, given by

e :=(1,0,0), ez:=(0,1,0)

er = (0,0,vg_2) for k=3,...,n+1,
is an orthonormal C-basis for E. In the following we will identify each element in
E, W and V, and each map g € U(¥,C) with its representative with respect to
B(E). Since E is a left C-module, the representing vector of z € E is a row, and

the application of a map g € U(¥1,C) to z corresponds to the multiplication of

the row vector of z to the matrix of ¢ (and not vice versa, as usually in linear

algebra). Further we use the notation z* for z'.

Lemma 3.2.13. Let v = ((1,...,C(n1)su = (N1,...,Mp_1) €V = C""L. Then
n—1
Ba2(v,u) = Z ¢ = vu’.
j=1
Proof. Let vj, v € B(V). If j = k, then B2(vj, v) = |vj|* = 1. If j # k, then v;

is orthogonal to Cvg, hence

(B2(vj,vk), &) = (Evg,v5) =0
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3. Projective models

for each £ € C, hence f2(vj;,v;) = 0. The claim now follows by C-sesquilinearity
of /32. O

Remark 3.2.14. Let g € U(V¥1,C) and suppose that

_f(a D
9=\ 4

w.r.t. to B(E), where a € C, b,c € C" and A € C™*". Then the induced map
g: B — B is given by

3(p) = (a+pc") L (b+ pA). (3.3)

Further, the representing matrix of Wy is (_1 1)' Since g preserves ¥y, we find

the conditions
-1 _f(a D -1 a ¢
I)  \c" A I)\be A*
[ —a b a ¢
T =l A4 b* A*

[ —la*+|b]* —ac+ bA* (3.4)
T \—c'a+ Ay —cTe+ AA¥ '
on the entries of g.

In Prop. [3.2.15 below we show that the induced map g of g € U(V¥,C) is a
Riemannian isometry. The proof consists mainly of a long concentrated calcu-
lation.

Proposition 3.2.15. Let g € U(¥,C). The induced map on B is a Rieman-
nian isometry.

Proof. Let g = (c“T f‘) eU(¥y,C) witha € C, b,c € C" and A € C"*". Recall
the induced map g from (3.3) and let p € B and X,Y € T,,B. The derivative of
g at pis

J(P)X =—=(a+pc") ' XcT(a+pe") " (b+pA) + (a+pe’) ' XA
= (a+pc’)L (—Xch(p) + XA) .
Let X := §(p)X and Y := §(p)Y. We have to show that
o(3(p)) (X,Y) = a(p)(X,Y),
for which we first evaluate some components of

o(5(0) (X,Y) = -~ Re ((1 —13(p)*) 85 (X, Y) + B5(X, 9(p)) B3 (3 (p), 57)) :

(1-13(p)P?)
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3.2. Projective construction in the associative cases

Since g preserves ¥, we have

1-— ‘p’2 = _\Ill ((17p)7 (Lp))
=~V ((1,p)g; (1,p)g) = |a+pc'[> = [b+ pAJ?
=la+pc|? (1 — |a+pc"|72b —|—pA\2>

= la+pc'|? <1 - ‘(a +pc )b +pA)‘2>
= Ja+pe" 2 (1= 150)) -
By the expression for the derivatives and the C-sesquilinearity of B3 we have
Bs(X, }7) = (a+ ch)_lﬂg( —Xc'g(p) + XA, Y §(p) + Y A) (a +ch)_1
Further
Bs(— XcTg(p) + XA, —YcTg(p) + YA) =
= [-XcTg(p) + XA [-veTa(0) + Y 4] '
- [—Xch( ) + XA] [— G(p) Y + A*Y*]
= X¢' g(p)g(p)*eY™* + XAA*Y* — X Ag(p)*eY™* — Xc' §(p)A*Y™.
Now AA* =1 +c'¢ by and §(p)g(p)* = |g(p)|?, hence

Bs( = XeTg(p) + XA, =Y g(p) + Y A) =
= (1+13(p)[*) Xc V" + XY™ — X Ag(p)*eY™* — X' g(p)A*Y™.
Likewise we have
B3(X,3(p)) B3 (3(p),Y) =
= (a+pe) " [-XcTg0) + XA] 50)"50) [-YeTa) + Y A] (@t peT)
where
[ - XeTg(p) + XA| 30)"3(0) [V gp) + Y A] =
= |-XcTap)ap) 3(p) + XAG(p) 3(p)] |~G(p) ey + AV
= ()" XcTeY" — [3(p)PXcT Gp)ATY* — |g(p) PX Ag(p) ey +
+ X Ag(p) g(p)ATY™.
Up to now we have for the term in Re(...) the following equality
(a+peT) (1= 13(0)2)85(X, V) + B5(X, 50 B (5(), V) ) {a+ peT)
(1-13P)P) [(1 +a(p)P) XeTey* + Xy — XAg(p)*zY*} -
- (1= 130)P) [XeTg( A*Y*] () XeTeY — [5(p)PXeT Gp)ATY
~ I X AG(p) Y™ + X AG(p)*§(p)A'Y"
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= Xc'eY* — [g(p)|* XcTeY™* + XY™ — [§(p))P XY™ — X Ag(p)*cY "+
+13(p)PX Ag(p) ey — X g(p)AY* + |g(p) X §lp)A"Y "+
+1g)* XeTey™ — |g(p)PXe g(p)AY* — |5(p)[? X Ag(p) ey +
+ X Ag(p) g(p)A*Y™

= Xc oY  + XY* — |g(p) > XY™* — X Ag(p)*eY™* — X g(p)A*Y*+
+ X Ag(p)"g(p)A™Y™.

We simplify the expression —Ag(p)*c — ¢! §(p)A* + Ag(p)*G(p)A*. From

G(p) = (a+pe") " (b—pA) = la+pc'[(a+pc")" (b+pA)

it follows that

Ag(p)*g(p)A* = |a+pc" | *Ab +pA)*(a+pc')(a+pc’) (b +pA)A*

= |a+pc' |T2A(b* + A*p*) (b + pA)A*
=la+pc' | ?(Ab" + AA*D*) (bA* 4+ pAA¥)
= |a+ pe' |2 [Ab DA + AA* P VA" + AV pAA* + AA*p*pAA*].

Using (3.4) we find

la

o6

+pe’ P (—A3(p) e — ¢ () A" + AG(p) G(p)A”) =
=—Ab—pA)(a+pc)e—c' (a+pe") (b+pA)A* + Ab*bA™+
+ AA*P DA* + Ab*pAA*T + AA P pAA*
= —A(b* + A*p*) (a + pe')e—c' (@+ep*)(b+ pA)A* + Ab*bA*+
+ AA* P bA* + Ab*pAA* + AA*p pAA*
= (— Ab* — AA*p*) (ac+pc'e) — (c'a+ c'ep*) (bA* + pAAT) +
+ Ab'DAT + AATPTbA* + Ab*pAAT + AA P pAA*
= —Ab*ac — AA*p*ac — Ab*pc'¢ — AA*p*pc e — cTabA* — cTep b AT —
—c'apAA* — cTep*pAAT + AbTDA* + AA*PDA* + A pAA*T + AA P pAA*
= Ab*(—dC + bA*) + AA*p*(—aC + bA*) + (—c'a@ + Ab*)pAA*+
+ AA*p*p(—cTE + AAY) — Ab*pe'e — cTabA* — ¢Tep*bA* — ¢ eptpAA*
=T +c'epp—clape'e—c'aae — ¢ eptac — ¢ ep*p(I + ')
=p'p—clapc'c—|a’c"e—c'eptac — ¢"eptpe’e
=p'p—c' (]a\2 +apc' +pta+ Ep*ch)E
=p'p— e’ (a + ch)* (a + ch)E

=p'p—la+ ch\ZCTE.



3.2. Projective construction in the associative cases

Plugging this equality in the above formula it follows
(a+peT) (1= 130)2)B(X,7) + B3(X,5(0)) B3 (3(0), V) ) {a + peT) =
= Ja+pe’ |72 [la+peT PXeTeY* +Ja+pe P(1 - |§(p)?) XY
FXppY* — |a+ chyQXcTzY*]
= la+pc"|7?[(1 = |pP*) XY™ + Xp*pY™]
Let ¢ € C. Lemma 1.8 shows
Re[(a+pc’) Clatper) ] =Ref((atpe’) ¢ (atpc) ™)
= ((a+pe") "¢ (a+pe") )
= {¢a+pe) (atpe))
= |a+pc' |2 Re(.
Hence we have

~(~ v\ _|a+ch4 T(—4 2 * * *
g(g(p)) (X,Y) = m]a—i—pc | Re((l — Ip| )XY + Xp*pY )
= 0(p)(X,Y).

O

In the following we will determine which elements in U(¥;,C) induce the same
isometry on B. We denote the center of C by Z(C') and set

Z1(C) ={a€ Z(C) | la| =1},

which are the central elements in C of unit length. Further we let Z(¥q,C)
denote the center of U(¥y,C).

Lemma 3.2.16. We have

Z(U,C) = {aidg | a € Z1(C)}.

Proof. Clearly, {aidg | a € Z(C)} C Z(¥1,C). For the converse inclusion
relation let

a b
g = <CT A) S Z(\I’l,C)

For each d € C, |d| = 1, and each matrix D € C™*", DD* = I, the matrix

d 0
=0 )
is in U(¥y,C). So necessarily,

ad D\ _ ., _(da db
’d AD) ~I" T T \peT DA
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3. Projective models

The left upper entries show that a € Z(C'). Choosing different values for d, but
the same (invertible) D, we find b = ¢ = 0. If D runs through all permutation
matrices and all rotation matrices, then we see that A is a diagonal matrix
diag(z,...,z), where x € Z(C). By (3.4), |a| =1 = |z|. Then

_fa O
9= \o 21)"

Let h = (wdT “) € U(¥1,C). Then

B
ad au da ux
(wa xB) =gh=hg= (wTa Bx> '
Therefore au = uzr = xu. For u # 0 it follows that a = x. Hence g = aidg with

a€ ZYO). O

Proposition 3.2.17. Let g1,92 € U(¥1,C). Then g1 and gy induce the same
isometry on B if and only if g1h = g2 for some h € Z(¥1,C).

Proof. 1t suffices to show that exactly the elements in Z (¥, C) induce idp. Let
g € U(¥q,C) and suppose that
_f(a b
9=\ A

w.r.t. B(E), where a € C, b,c € C™ and A € C"*™. Then the induced isometry
on B is
~ B — B
P Up = (atpe) MO +pA).
Suppose that ¢ = idg. Then
0=g(0) =a"'b,

which yields that b = 0 and, by (3.4), |a|] = 1. Hence
_(fa O
9= CT Al
Now (3.4) shows that 0 = —a¢, which implies that ¢ = 0. Thus,

g(p) =a 'pA

for all p € B. Suppose that A = (a;j)i j=1,..n. Let j € {1,...,n} and consider
p = (Pi)i=1,..n with p; = % and p; = 0 for i # j. Then p € B and

p=g(p) = %a_l(aﬂ, Ce Q).

Therefore a;; = 0 for ¢ # j and a;; = a. This shows that A = al.
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3.2. Projective construction in the associative cases

Now let ¢ € C with (] < 1. Then (¢,0) € B and therefore

(Ca 0) - g(C? O) = a_l(Ca 0)0’

Hence a¢ = (a. By scaling, this equality holds for all ¢ € C. Thus a € Z(C),
which shows that g € Z(¥,C). Conversely, each element of Z(¥q,C) clearly
induces idg on B. O

Let
PUW,C) :=U((V,0)/Z(¥4,C)

and denote the coset of g € U(¥y,C) by [g]. Recall that G is the full isometry
group of B. As before we use the notation g for the isometry on B induced by

g€ U(Vq,0).
Corollary 3.2.18. The map

. [ PUW,C) - G
s { gl ~ 3

is a monomorphism of groups.

By Cor. 3.2.18, PU(¥q, C) is isomorphic to a subgroup of G. For a characteri-
zation of this subgroup we will work with the space P¢ (E,(\I’Q))

Set of representatives for P (E_(¥5))
If = = ((,7,0) € B (¥s), then

0> q2((<,77,2})) = _2<<a77> + |’U|2,

which shows that ¢ # 0. Therefore [z] € Po(E_(¥32)) is represented by
(1,7 'n,¢"1v) and this is the unique representative of the form (1,*,%). We
note that

0> 2((L,¢ ¢ M) = =21, ¢ M) + [ o = —2Re(¢Th) + ¢ 0P
and therefore
Re(Ciln) > %]Cilv\?
Thus, if we define
H = {(T,u) € CEBV| Re(7) > %]u\Q},

then
(¢T'n.¢Tlo) e HL
Conversely, if (7,u) € H, then [(1,7,u)] € Po(E_(¥2)).
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3. Projective models

If z = (¢,n,v) € Ep(Vsa), then either ¢ # 0 or z = (0,7n,0) with n # 0. Applying
the previous argumentation we see that the set of elements in Po (EO(\IJQ)) which
have a representative ({,n,v) € Eg(W¥2) with ¢ # 0 is bijective to

{(T,u) ceCo® V| Re(7) = %]u\Q}

via
[(¢,m,0)] = (¢, ¢ o).
In the latter case, [z] is represented by (0,1,0). If

H’ :={(r,u) e CaV|Re(r) > u* } U{c}

denotes the closure of H in the one-point compactification (C & V) U {oo} of
C @V, then the map 7p: Po(E_(V2)) — HY,

(¢, ¢ lo) ¢ #£0,
0

TH([(C?U? 1))]) = if (=0

is a bijection with inverse map
7' (00) = [(0,1,0)] 7 (7,u) = [(1,7,w)].

Since Tu|p.(E_(w.)) 18 a restriction of the chart map ¢ from Sec. T s a
diffeomorphism between P (E_(¥3)) and H.

Riemannian metric and induced isometries on H

Recall the model D from Sec.[1.4.1. The map

7 - D’
G 00 = 00
(Cv) = (¢ V20)
with inverse
D! — HY
gL 00— 00
o)~ (¢ Lo)

is clearly a diffeomorphism between the manifolds H’ and D’ with boundary,
and hence a diffeomorphism between H and D. We endow H with a Riemannian
metric by requiring that 8 be an isometry.

Let mg := tgpom: E_(¥y) — H. As before, each g € U(V¥q,C) induces a
(unique) map g on H which makes the diagram
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3.2. Projective construction in the associative cases

commutative.

Let Z(W¥9,C) denote the center of U(¥q, () and set
PU(‘I’Q,C) = U(\I’Q,C)/Z(\PQ,C)

In the following we will use the results from the previous subsections to show
that PU(Wy, C) is isomorphic to a subgroup of the full isometry group G of H.

We consider the map

T E — F
‘ { (Cﬂ%”) = <%(C_77)7%(C+77)7U)

Then T is C-linear and invertible with inverse map 77 !: E — E,
T (Cmw) = (F(C+m) 5 (¢ +m)v).

Lemma 3.2.19. We have V30 (T x T) = Wy. Further, T(E_(¥;)) = E_(V5)
and T(Eo(\pl)) = EQ(\IJQ)

Proof. Let ((1,m1,v1),(C2,m2,v2) € E. Then

o (T (¢, m,v1), (C2,772,1)2)) =

=V, (( (G +m), ) (% G2 —12), 75 (G2 +m2), U2)>
1( (Cz + 12 > ﬂl(%(ﬁ +m), 5 (G —772)) + B2(v1,v2)
Z—%[ B1(C1, C2) +51(C1,772) Bi(m, ) — Bi(m,m2)]
— 2[B1(¢1, &) = Bi(Gyme) + Bi(m, C&2) — B, m2)] + B2(v1,v2)

= —[1(C1,¢2) + Bi(m, m2) + Pa(vi,v2)
= W1 ((C1,m1,01), (C2um2,v2))-

This shows the claim. ]
Proposition 3.2.20. The map

)\ U(\Ill,C) — U(\IIQ,C)
’ g — TogoT_1

is an isomorphism with X\(Z(¥1,C)) = Z(¥,,C).

Proof. Let g € U(V¥1,C). Since T € GL¢(FE), we have A(g) € GL¢(E).
Lemma 3.2.19 shows that

Uyo (TgT™ ' xTgT ) =Vy0 (T xT)o (¢7 " x gT ")
=V, o0 (g X g) ) (T_1 X T_l) =";0 (T_1 X T_l)
=Ty,

Hence A(g) € U(¥9,C). Clearly, A\ is an isomorphism of groups and hence
MZ(W,C)) = Z(W, C). 0
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3. Projective models

For the proof of the following proposition recall the Cayley transform C: B — D
from Sec. 1.6. For each ¢ € C'\{1} we have

1=+ =1-¢?0-O0+)=1—-¢2QA-C+¢—[¢P)
=[1—¢|7?(1+2Im¢ — [¢]).

Hence
C(G o) = (1= 1+ 20).

Proposition 3.2.21. Let g € U(Vy,C). Then the induced map g on H is an
isometry. Further, the map

. { PU(Wq, ) G
Jw, - ~

(9] =g

is well-defined and a monomorphism of groups.
Proof. The map T induces the map T: P (E,(\Ifl)) — Po (E,(\IIQ)) given by

(¢ m)]) = [(L5(¢ =, F5(C+m),v)]
and the map T:B—H given by

T((n,0)) = 7o (11, m,0)]) = 7 ([ 5 (1 =), 51+ ), 0])
=7 ([, =)~ (1 +7), (1 =) V20)] )
= (1=~ 1 +nV20).
Therefore, T = 37! o C. From Prop. and Prop. [3.2.12 it follows that
the isometry group of B and that of H are identical. Then Prop. [3.2.15] and

Prop.[3.2.20/ imply that for each g € U(¥q, ('), the induced map g is an isometry
on H. Moreover, Prop.[3.2.20 shows that A factors to a map

X: PU(U,C) — PU(W,, C).
Recall the map jg, from Cor. 3.2.18. Then the diagram

A

PU(Tq,0) PU(W,, C)
Ju, Jwy
G
commutes, which completes the proof. ]
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3.2. Projective construction in the associative cases

Lifted isometries

In this section we determine which isometries on H are induced from an element
in U(W¥y,C). To that end we need explicit formulas for the action of an element
g € G on H, which are provided by the following remark.

Remark 3.2.22. Let g € G. Sec. provides the formulas for the action of g on
D. Using the isometry 8: H — D, the action of g on H are given by

g :=p3togoB: H— H.

Evaluating this formula, we find the following action laws. For the geodesic
inversion o we have

UH(C? ’l}) - Cil(la _U)'
For a; € A we get
1(60) = (56,51%0).
For n = ({,w) € N it follows
nf (¢ v) = (C+ €+ dlul + B (v, Jgw), Jyw + o).
For m = (¢,v) € M we have
m™(¢,v) = (p(0), ¥(v))-
Proposition 3.2.23. A representative of o in U(¥o,C) is
g(Ca m, U) = (777 C7 _U)'

Proposition 3.2.24. Let as € A. Then
g9(¢mv) = <s_1/2C,81/277,v>
is a representative of as in U(Vq,C).

Proof. Obviously, g is C-linear and induces a5 on B. Further

Wa(g(Gym,vr), 9(Coum2,v2)) = Wa((s7V2¢1, 8201, v1), (572G, 8122, v9))
= —s120mas"? — s P01 Gost2 + Ba(vr, v2)
= —(1T2 — mCy + B2(v1, v2)
= Wy ((C1,m1,01), (G2, 2, v2)).

Hence g € U(V,,C). O

Proposition 3.2.25. Let n = (§,w) € N. A representative of n in U(Vs,C) is

9(¢mv) = (G (€+ Fwl) +n+ Z5Ba(v,w), Z5¢w+v).
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3. Projective models

Proof. The map g is clearly C-linear and induces n on B. To see that ¥y is
g-invariant, we calculate

o (g(C1,m,v1), 9(Ca, m2,v2)) =
= ‘1’2[ (Cl,Cl €+ Flwf) +m + %ﬁz(vl,w), %Clw +vl> ,
(627 G2 (€ + glwl?) +m+ J5a(v2,w), J5Cow + v2> }

= =G [(—€+ 3P T+ 7 + L Ba(w, )|

- [Cl (& + Flwl?) +m + %@(Ulaw)} (ot P2 (%Clw + 1, 5w + vz)
= (1&ly — WGy — Gy — %Clﬁ2(wav2) — (1&¢o — Hwl*C1¢y

—mqy — %@(th)zz + HwPGG, + %Qﬁg(w,w)

+ 5 02(v1,w)Cy + Ba(vr, v2)

= W ((¢1,m,v1), (C2,m2,v2)).
This completes the proof. ]

The remaining part of this section is devoted to the discussion which elements
of M have a representative in U(Wy,C'). The situation for M is much more
involved than the proofs of Prop. 3.2.2313.2.25. In particular, it will turn out
that in general not each element of M can be lifted to U(¥q, C).

Lemma 3.2.26. Let m = (p,9) € M and suppose that ¢ is an inner automor-
phism of C. Then

{B2(¢(U1),¢(U2)) { U1,V € V} =C.
Proof. Let a € C~.{0} and suppose that ¢(¢) = a~!¢a for all ¢ € C. Choose
v € V with |v| = 1. For each ¢ € C' we find
Ba(v(ada™"v), ¥ (v)) = Ba(p(aca™ )i (v), 1 (v)) = B2(C(v), Y (v))
= (Ba((v), 9 (v)) = (| ()P = CJof?

=C.
Therefore
C C{Ba(¢(v1),¢(v2)) | v1,03 €V }.
The converse inclusion relation clearly holds by the range of 3. O

Let i : H — E_(W¥3) U Ey(¥3) be any section of
g =T om: BE_(Vy) U Fy(W¥y) — HY.

Let § € G and recall from Prop. [1.6.2 that ¢ extends continuously to HY. If
g € U(Vy,C) is a representative of g, then the diagram

E_(W3) U Ey(Ws) ——> E_(¥5) U Eo(Ws)

b,k

H’ H’
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3.2. Projective construction in the associative cases

commutes. We will make use of this fact in the proof of Prop.[3.2.27] below. For
convenience we define i by

ifg(00) :=(0,1,0) and ig(n,v):=(1,n,v). (3.5)

Proposition 3.2.27. Let m = (p,%) € M. Then there is a representative of
m in U(Wq, C) if and only if ¢ = id. In this case,

9(¢;m,v) = (¢, m, ¥(v))

is a representative of m in U(¥q,C).

Proof. Suppose first that m = (¢, 1) with ¢ = id. We will show that

T Gnv) = (Cme)
is an element of U (W4, C'). To that end let ((1,m1,v1), ((2,m2,v2) € E and ¢ € C.
Then

g(C(ClaT}l,vl) C2a772yv2 ) CCI + CQ, m + 772,1#((’01 + UQ))

(
= (¢, Cm, w( Cv1)) (Cos Moy p(v2))
= (¢, Cm, (O (o)) + g(Ca, 2, v2)
(CCl,Cm,CT/) v1)) + 9(C2,m2, v2)

= (g(C1.m,v1) + g(C2s M2, v2).

This shows that g is C-linear. The map g is obviously invertible, hence we have
g € GL¢o(E). Clearly, g induces m.

Suppose now that m = (¢, %) € M and that there is a representative g of m in
U(¥q,C). We have to show that ¢ = id. Since m(0) = 0, it follows that

9(im(0)) = 9(1,0,0) € 75" (0) = (C~{0}) x {0} x {0}.

Thus, there is a € C'~.{0} such that ¢g(1,0,0) = (a,0,0). Further m(o0) = occ.
The same argument shows that there is b € C'~\.{0} such that

9(ir(o0)) = 9(0,1,0) = (0,b,0).
Then for each ( € C with Re( > 0 we have

((P(C)v 0) = m(Ca 0) =TH (g(ZH(C7 O))) =TH (9(17 0, 0)) = WH((G, ¢b, 0))
= (a™¢b,0).

Thus ¢(¢) = a=¢b for all ¢ € C with Re¢ > 0. Now
1=p(1)=a'b

and therefore b = a. Hence ¢(¢) = a~!(a for all ¢ € C with Re¢ > 0. For all
z = (n,v) € H there exists w = w(z) € V such that

(e(), ¥ () =m(n,v) = 7u(9(in(2)) = 7u(9(1,7,0)) = 7u((a,na, w))

= (a_lna, a_lw).
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Then 1 (v) = a~'w and therefore

9(1,n,v) = (a,na, ah(v)).

Since g has to be C-linear, it follows that

9(¢,m,0) = (Ca,na, ap(v))

for all (¢,n,v) € E. We derive further properties of a. Let v € V' ~{0}. Then
g € U(Vy,C) yields that

[0 = 2((0,0,v)) = ¢2(9(0,0,0)) = [av(v)* = |a*(v)[* = |af* e (v) %,
hence |a|? = 1. Again using that g € U(¥s,C) we find that for all v1,v2 € V
ﬁg(lﬂ(vl)ﬂb(vg)) = \Ifg((o, 0,?)1), (0,0,1)2))

= U, (g(O, 0,v1),9(0, 0,1}2)) = \Ifg((O, 0, ap(v1)), (0, O,azb(vg)))
= ﬁZ (a¢(01)7a¢(v2)) - aﬁ? (1/1(?)1),1/}(?}2))6
= afz (Y (v1), ¥(v2))a "

Before we can apply Lemma[3.2.26 we have to show that ¢(¢) = a~'Ca for all
¢ € C. Let ¢ € C with Re( < 0 and consider the decomposition ¢ = (1 + (o
with ¢; € R and {5 € C’. Then R-linearity of ¢ yields

0(C) = (¢ + &) = 0(C1) + ¢(2) = —p(—C1) + a” '¢ea
= —a Y(~Ca+a ' Ga=aCa+a ' a=a"1 (¢ + &)a=aa.

Then Lemma [3.2.26] implies that a € Z(C'). Therefore ¢ = id. O
We set
M™ :={(p,¢) e M | p=id} and G := NoM""AN.

Further we define a map ¢pg: G* — PU(¥q, () as follows: For g =0, g € A,
g€ N orge M™ weset or(g) := [g], where g is the lift of g as in Prop.(3.2.23,
[3.2.24, 3.2.25 or 3.2.27| resp. For g = noomagny € NoM™ AN we define

o (9) = or(n2)en (o) (m)pm(as)pm(n). (3.6)
In other words, we extend ¢p to a group homomorphism. Since the Bruhat
decomposition of an element g € G™* is unique and the Bruhat decomposition

of G** can be directly transfered to PU(Wy, C), the map ¢ is indeed a group
homomorphism, and by our previous considerations, even a group isomorphism.

The following remark shows that M™* is not necessarily all of M.

Remark 3.2.28. The well-known classification of normed division algebras over
R (cf. [KR, Thm. 3.1]) of associative J?C-module structures shows that C' is
either real or complex or quaternionic numbers. In the following we show that

M = M for C =R, but M # M"™ for C =C or C'=H.
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3.3. Isometric spheres via cocycles

Let C' = R and suppose that m = (¢, ) € M. We claim that ¢ = id. Since
¢: R — R is a norm-preserving endomorphism of R, the map ¢ is either
id or —id. Assume for contradiction that ¢ = —id. Let (¢,v) € C x V
such that ¢ # 0 and v # 0. Then

P(OP(v) = =Ci(v) = =(Cu) # P(Cv).
Hence m ¢ M. This is a contradiction and therefore ¢ = id.

Let C'=C =V and suppose that ¢ = 1) are complex conjugation. For all
(¢,v) € C®V = C? we have p(C)ih(v) = (B = Cu = $(Cv). Clearly, ¢, v

are R-linear endomorphism of the Euclidean vector space C. Therefore
m = (p,) € M, but m ¢ M.

Let C =H=V. Define ¢p: C' - C and ¢p: V — V by

ola+ib+ je+ kd) :==a—ib— je+ kd
Y(a+ib+ je+ kd) = —a+ib+ jc — kd

for a + ib + jc + kd € H. Clearly, ¢, are R-linear endomorphisms of the
Euclidean vector space H. We claim that Jo (¢ x 1) = o J. To that end
let { = a1 +1iby + jci + kdy € C and v = ag + iby + jeo + kdo € V. Then

(v =araz — biby — cicp — didy + i(a1by + brag + c1dy — dica)
+ jlaica — bida + craz + dibs) + k(ards + bica — c1by + dyas).

Therefore

P(Cv) = —ajag + bibe + crc2 + dida + i(ar1bs + biag + c1da — dyc2)
+ j(aica — bidy + crag + dib2) + k(—a1da — bica + ¢1bg — dyas).

On the other side we get

0(Q)Y(v) = (a1 — by — jey + kdy)(—az + ibz + jeo — kda)
= —ajag + biba + c1c2 + dida +i(a1be + brag + c1dy — dica)
+ j(arca — bidy + crag + dibe) + k(—a1da — bica + c1ba — dyas)
— 9(cu).

Therefore, m = (¢,v) € M, but m ¢ M"s.

3.3. Isometric spheres via cocycles

For an element g € G"**\G,, we give a characterization of the isometric sphere
and its radius via a cocycle.

Using the isometry G: H — D we find for the height function on H the formula

ht" (¢, v) = Re¢ — LJv)?,
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3. Projective models

and for the Cygan metric (z; = ({j,v;))

QH(ZhZz) = ‘%|U1|2 + %|U2|2 + |htH(Z1) - htH(Zz)‘ +Im ¢y —ImCa — B2(v1, ve |

(3.7)

The basis point in H is off = (1,0). The horospherical coordinates of z =

(¢,v) € H'~{oo} are
(htH(z), Im ¢, %v)h

In the following we derive a formula for isometric spheres which uses a cocycle.

Let Z'(C) act diagonally on E and suppose that #(V): E — E/Z1(C) is the

canonical projection. Further set

= rgomo (e (E_(Wa) U Eg(,))/24(C) — HY.

Recall the section ig of mg from (3.5) and set

i =70 oy H - E/ZV(C).

Further recall the isomorphism ¢p: G** — PU(¥,C) from (3.6).

g € G the diagram
eH(g)

E/Z\(C)—=E/Z'(C)
ggT lwg)
" ———u"
commutes, but the diagram
B/7}(0) 2% B/7(C)
ZS)T ng)
" ———H"

in general not. The second diagram gives rise to the cocycle
j: G x H? — C¢*/Z4(C)
defined by
er(9)(ify () = i(9.2)ify (92) VgeG™=vzeH’.
Lemma 3.3.1. Let g = ngomainy € G™*\Gs. Then
j(g7t 00) = t2 mod ZY(C).

Further, R(g) = U(g*l?OO)‘ilﬂ'

68

For all



3.3. Isometric spheres via cocycles

Proof. Suppose that ny = (£1,wy), ne = ({2, w2) and m = (id, ). Since n;l =

1

(=&, —w;) for j = 1,2 and g~* = ny 'oammn; ', we have

1

g oo= nflaoo = nflo = (—51 + %|w1|2, —%uq) .

Further

wr(97") (imr(00)) = wr(97")((0,1,0))
(ny'oam) e (ny')((0,1,0))
(nflaat)cpH(m) ((O, 1,0))
(nl_la)goH(at) ((0,1,0))
(n1 ) () (0,272, 0))
(1) ((£1/2,0,0))

/2 1/2 (—&1+ i|w1|2) ,—%tl/zwl) mod Z1(C).

Hence j(g~', 00) = t1/2 mod Z'(C). Then R(g) =t~ 1/* = |j(g*1,oo)‘71/2. O
Proposition 3.3.2. Let 21,20 € H ~\ {0}, z; = ((j,v;). Then
0" (21, 22) = |Wa (i (21) i (22)) + 2min (e (z1), ht7 (29))] ",
Proof. For all k1, ke € R we have
ket + ko — [k — ko| = 2min(k1, ko).
This and the definition of ¥y show that
|\Ilg(iH(zl),iH(z2)) -+2 min (htH(zl),htH(zg)H =
_ (%((1,@,@1), (1,Ca,v9)) + 0t (1) + htH (29) — [0t (21) — htH (29)] (
= [ = B1(1.G2) = B1(G1, 1) + Balon, va) + 1t (1) + 1t (25) — [t (21) — 1t (25)] |
= ‘Cl — htH(zl) + (o — htH(zg) — Ba(v1,v2) + {htH(zl) — htH(ZQ)‘ ‘
Since
G —ht"(z1) = G = Re ¢y + glon | = Im G + 50|
and
Gy —ht'(20) = {5 — Re o + 3[va* = —Im (o + 3[va|?,
it follows that
| s (i (21),im(22)) + 2min (ht" (z1), ht" (20)) | =
= ‘%|v1|2 +Im G + 2vo]® —Im G — Ba(v,v2) + ‘htH(Z1) - htH(Z2)| ‘
= 0" (21,22).

Since o (21, z2) is nonnegative, the claim follows. O
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3. Projective models

For the proof of the following proposition we note that the map

o). { E/ZY(C) x E/ZYC) — C/Z'(C)
? ([21], [22]) — [ Wa(z1, 22)]

is well-defined. In particular, we have

“1’51)([21], [22])| = |Wa(21, 22)|
for all 21,29 € F.

Proposition 3.3.3. Let g € G\ Gy and z € H'~{00,g o0} Then

1/2 1 ):9

13(g,2)|M% = |5i(g7", 00)| Y20 (2,97 o0

Proof. The second equality is proven by Lemma 3.3.1. For the proof of the first
equality recall from Prop.[3.3.2/ that

0" (2,971 00) = |Wa(ig(2),in (g7 " 00)) + 2min (ht” (2), ht" (g~ o0)) \1/2-

From g~ 'oo € 9, {00} it follows that ht(g~'oo) = 0. Hence

o(z,9700)? = |Wa(ig(2),in (g~ 00))]| .

Suppose that gz = (¢,v). Then

Wy (iH(gz)7 ZH(OO)) = \DQ((ng)v (O, L, O))
= —(1(1,1) = 51(¢,0) + p2(v,0) = —1.

It follows that
o (2,97 00)? = Wi (), i (9" 00)) | = |98 (157 (2), 1) (97" )|
(

2,37 o) (g™ )if) ()|

= litg ™" 00) ™ |28 (17 (), o (g™)ily) (0)|
= 1i(g™",00) 7[5 (pu(9)if] (2), 147 (00))|
= 159", 00)| (g, 2)| |2 (i (92), irr (0)) |
=19~ 00)| "M iilg, 2)I.
This proves the claim. U

Proposition 3.3.4. Let g € G"™\G. Then

I(g9) = {z € H | |j(g.2)| = 1},
extI(g) = {= € H ||j(g,2)| > 1},
int I(g) = {= € H | |j(g.2)] < 1}.

Proof. This claim follows immediately from comparing Def.[2.2.8 and Prop.3.3.3.
O
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3.4. A special instance of Theorem

3.4. A special instance of Theorem 2.3.4

The most frequent appearance of isometric fundamental regions in the literature
is for properly discontinuous subgroups I' of G*** for which oo is an ordinary
point and the stabilizer ', is trivial. We show that then I' is of type (O) and
I'\T'w of type (F), which immediately allows to apply Theorem 2.3.4 to show
the existence of an isometric fundamental domain for T'.

Definition 3.4.1. Let U be a subset of H’ and I' a subgroup of G. Then I'
is said to act properly discontinuously on U if for each compact subset K of U,
the set K N gK is nonempty for only finitely many g in I'. The group I is said
to be properly discontinous if I' acts properly discontinuously on H.

Let
0,H = {(¢,v) e CaV | Re(¢) = §lvf*} U {oo}

denote the boundary of H in H?.

Definition and Remark 3.4.2. Let I'" be a properly discontinuous subgroup
of G and z € H. The limit set L(I") of I" is the set of accumulation points of
the orbit I'z. Since I' is properly discontinuous, L(I") is a subset of d;H. The
combination of Prop. 2.9 and Prop. 1.4 in [EO73] shows that L(I") is indepen-
dent of the choice of z. The ordinary set or discontinuity set Q(T") of T' is the
complement of L(I') in 0,H, hence Q(I") := 0, H ~ L(T").

Remark 3.4.3. Let g,h € G™* and z € HY. Since pp is a group isomorphism
and ¢ (g) is C-linear, it follows that

er(g) 1 (2))
= ou(9)(j(h, 2)in (hz))
= j(h, 2)or (9) (ir(h2))
= j(h,2)j(g, h2)in (hgz)

Further,
e (gh)(in(2)) = j(gh, 2)iu (ghz).
Thus,

j(gh,z) = j(h, 2)j(g, hz).
The proof of the following lemma proceeds along the lines of [For72, Sec. 17].

Lemma 3.4.4. Let I be a properly discontinuous subgroup of G such that
oo € QT") and I'o = {id}. Then

(i) The set of radii of isometric spheres is bounded from above.

(ii) The number of isometric spheres with radius exceeding a given positive
quantity is finite.
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3. Projective models

Proof. We start by proving some relations between radii and distances of centers
of isometric spheres. Let g, h € I'\I's, such that g # h~!'. The cocycle relation
shows that

i((gh)t,00) = (g~ 00)j(h ™", g™ o0).
Prop.[3.3.3 yields
. . —1/2 - 121 _
3((gh) ™" 00)| % = lilg™H 00) | LR g oo
= 159", 00) 712 |j(h, 00)[ 720" (g7 o0, hoo) 1.
Note that gh # id and therefore gh ¢ I'o. Then Lemma3.3.1] shows that

R(g)R(h™")
0" (g~1oo, hoo)’

R(gh) = (3.8)

Using the same arguments, we find

j(gila OO) = j(h(gh)il’ OO) = j((gh)il’ OO).](ha (gh)iloo)

and therefore

R(g) = j(g~",00)| 72 = |5i((gh) ", 00) | 2|5 (R, (gh) "oo)|1/*
— R(gh)|j(h, (gh)~"oo0)| %, (3.9)

For |j (h, (gh)~'o0) |1/2, Prop.(3.3.3/shows that identity
. _ 1/2 _ _ _
17(h, (gh) " 00) |/ = R(h)~ 0" ((gh) o0, h ™ o0). (3.10)
Because R(h) = R(h™!), it follows from (3.8)-(3.10) that

o™ ((gh)"o0, h™'o0) = |i(h, (gh)~'o0)|*R(h) =

R(h)?
= QH(gl(oi,hoo)‘ (3.11)

Since I' is properly discontinuous and oo € ('), [EO73, Prop. 8.5] show@ that
there exists an open neighborhood U of co in HY such that (I'\T'w,) C H'\U.
Since H'~\U is compact, we find m > 0 such that

0™ (aco, b)) < m

for all a,b € I'\T'o. Then (3.11) shows that
R(h)? = QH((gh)floo,hfloo)gH(gfloo, hoo) < m?. (3.12)

Thus, for each a € I'\T'« we have R(a) < m, which proves (i).

T would like to thank Martin Olbrich to point me to this article.
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3.5. Isometric spheres and isometric fundamental regions in the literature

Now let k > 0 and suppose that a,b € I'\T', such that I(a) # I(b~') and
R(a), R(b) > k. Since a # b~!, (3.8) shows in combination with (3.12) that

R(a)R(b) _ k*

i R(ab) m

o (a Yoo, boo) =
This means that the distance between the centers of isometric spheres whose
radii exceed k is bounded from below by k?/m. The centers of all these isometric
spheres are contained in the compact set d,H \ U, which is bounded in C' x V/
and hence also w.r.t. o, It follows that there are only finitely many spheres

with radius exceeding k. This proves (ii). O

Proposition 3.4.5. Let I' be a properly discontinuous subgroup of G™° such
that oo € Q(T") and ' = {id}. Then I" is of type (O) and I'\T'« of type (F).
Moreover,

F = ﬂ ext I(g)

QEF\FOO

is a fundamental domain for I' in H.

Proof. For each z € H, the map o (-,2): H — R is continuous. Therefore each
of-ball is open in H. Lemma[3.4.4(ii) implies that the set {int I(g) | g € [\I'so}
is locally finite. Then Remark[2.3.3/ shows that I is of type (O). Note that the
subgroup (I'\T'w) of I" which is generated by I'\I'y is exactly I'. Let z € H.
Lemma 5 before Thm. 5.3.4 in [Rat06] states that I'z is a closed subset of H.
Since co € Q(I"), [EOT73, Prop. 8.5] shows that we find an open neighborhood
U of co in HY such that I'z C H’~U. Now H’~U is compact and therefore
I'z is so. The height function is continuous, which shows that the maximum
of {ht(gz) | g € '} exists. Thus, '\ Ty is of type (F). By Theorem 2.3.4, F
is a fundamental region for I' in H. Obviously, F is connected and hence a
fundamental domain for I" in H. O

3.5. Isometric spheres and isometric fundamental regions
in the literature

For real hyperbolic spaces, definitions of isometric spheres are given at several
places, e. g., the original definition of Ford in [For72] for the plane, in [Kat92] for
the upper half plane model and the ball model, in [Mar07] for three-dimensional
space and in [Apa00] (or, earlier, in [Apa91]) for arbitrary dimensions. The
definition for the upper half plane model is not equivalent to that in the ball
model (see [Mar07]). The definition for the upper half plane model is the original
definition by Ford and has been directly generalized to higher dimensions. Ford
and Apanasov also treat the existence of isometric fundamental regions.

For complex hyperbolic spaces, the (to the knowledge of the author) only exist-
ing definitions are given by Parker in [Par94], Goldman in [Gol99], and Kamiya
in [Kam03]. Kamiya also discusses the existence of isometric fundamental re-
gions for special groups.
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3. Projective models

For quaternionic hyperbolic spaces, an investigation of isometric fundamental
regions does not seem to exist. A definition of isometric spheres is provided by
[KPO03].

In this section we discuss the relation between the existing definitions of isomet-
ric spheres (for real hyperbolic space only exemplarily) and the existing state-
ments on the existence of isometric fundamental regions with our definition of
isometric sphere and with Theorem [2.3.4.

3.5.1. Real hyperbolic spaces

Ford [For72] provides proofs of isometric fundamental regions for group of isome-
tries acting on real hyperbolic plane (see [For72, Thm. 15 and 22 in Ch. III]).
His definition of fundamental region is substantially weaker than our definition.
In particular, the translates of a fundamental region in sense of [For72| are not
required to cover the whole space. For this reason, the hypothesis of [For72,
Thm. 15, 22] are weaker than that of Theorem [2.3.41 However, the following
discussion shows that the definition of isometric spheres in [For72] is contained
in our definition.

In [Apa00], the model
D' ={(t,Z)eRxj3|t>0}

of real hyperbolic space is used and the isometric sphere for an element g € G,
acting on D', is defined as

I(g) :={z € D'||g'(x)] = 1}.

More precisely, Apanasov (as all other references) uses the coordinates in the
order 3 x R. In particular, his model space for two-dimensional real hyperbolic
space is the upper half plane, whereas D’ is the right half plane. Clearly, this
difference has no affect on his definition of isometric sphere. In Lemma [3.5.2/ we
will show that this definition of isometric spheres is subsumed by our definition.

For the proof of this lemma we first derive explicit formulas for the action of
G*™ on D'.

The set D’ is the space D from Sec.[1.4.1 constructed from the abelian H-type
algebra n = (n,{0}) = (3,{0}). In Sec.343.4/ we had to work with the ordered
decomposition ({0},v) = ({0},n). Then

D={(u,X)eRxv|u> X}

Remark 3.5.1. According to [CDKR98|, the isometry from D’ to D is given by

] D — D
' 42) — 2+ |Z2,22).

Its inverse is

D — D’
v 1

(w.X) = (Ju—dxpix).
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3.5. Isometric spheres and isometric fundamental regions in the literature

Let (t,Z) € D’. Suppose that n = (1,w) € N (note that C’ = {0}). Then

vg(n)(t,Z) =v tonou(t,Z)
=vton(t*+ 17, 22)
e+ |22 + Hul +(Z,u), 0 +22)

v
( t2 + 122 + w2 + (Z,w) — $jw +2Z)2, Jw + Z)
( %w—i—Z).

Suppose that m = (id, 1) € M. Then

vg(m)(t,Z) =v Y omouw(t,Z)
=vtom(t? +|2),22)
= v + 12, 29(2))

= (e 12P e @)

= (t,¥(2)).

Suppose that as € A. Then

vg(as)(t,Z) = vt oasov(t, Z)
=vtoa,(t?* 4 |2)%,22)
v (s +12)?),25"%2)
( 2(t2 +1Z)?) i|251/2Z|2,81/2Z>

s12¢ 127 Z).

Finally,

vg(o)(t,Z) =v oo ou(t, Z)
=vtoo(t* +1|2)%,22)
V(@ 1ZP), 20+ 2) 1 2)
— (Ve iz = g |z 2R - 4122 2)
N )

Recall the isometry 3: H — D from Sec.

Lemma 3.5.2. Let z € D' and g € G™. Then

(9. 87 o v(2))| 7" = |vale) ()]
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3. Projective models

Proof. Let z = (t,Z) € D' and g = naomasn, € G* with n; = (1,w;), j = 1,2,
and m = (id,¢). At first we calculate the value of |j (g,ﬁ*1 o y(z)) ‘ We have
er(9)im (87" ov(2)) = eulg) (1,1 + 2%, V22)
= @H(ngam(zs)ng(nl)(l 2+ |Z|2 \/—Z)
= pu(neom)em(as) (1, glwi* + ¢ + | Z* + B2(Z, w1), %)
= on(n20)pu(m) (s, 52 (flun |* + £ + 2 + Ba(Z,wn)), %)
= on(n2)em(0) (572, 2 (Jlwn] + £ + |2 + B2(Z,w1)), %)
= on(n2) (s (§lwn \2+t2+!Z!2+62(Z wi)), %, %)
= ("2 (w1 P + 12 + |2 + Bo(Z, 1)), %, %).
Thus
17 (g, 87 o v(2))| = Y2 wi | + 12 + | Z* + Bo(Z,wn ).
Since [2(Z,w1) € R, we have (2(Z,w1) = (Z,w1) and therefore

(9. 87 ov(2))] = s¥2|2 + |Jwr + 27| = |(t dwi + Z) .
Let (u, W) € R x 3. For the derivative vg(g)'(z) we find

va(g) (2)(u, W) = VG(nzgmas) (n1(2))ve(n) (2)(u, W)
= vg(naom)' (v (as)(t, w1 + Z))va(as) (¢, 2wi + Z)(u, W)
= y(;(ngam)/( 1/2¢, 31/2( w1 + Z))(sl/2u, 31/2W)
= G(nga)/(81/2t s1/2y V(3w + Z))) (51/2u 81/2¢(W))
(

|
N

Il
N

a(ng ( )( 71/2(15 1/}( w1 —i—Z)) l(u,lb(W)) (t,lﬂ(%u&—i—Z))il)
2t (Rwy + 2)) 7 (u, o (W) (8, (Rwy + 2)) 7

Then

va(9) (2)(w, W) = 572 (8,0 (3wn + 2)) || (uw, (W) || (£, (3on + 2))|
5712 (8 g + 2)| 7w ).

1

Thus,
[vate) ()] =572t 3ur + 2) [ = 139,57 ow2)|
This completes the proof. ]
Let g € G*™. From Lemma 3.5.2 and Prop. it follows that
extI(g) ={z € D' | |va(yg) ()| < 1}.

Then [Apa00, Thm. 2.30] is a special case of Prop. Lemma 2.31 in [Apa00]
states an extension of Thm. 2.30 for subgroups I' of G™* with I'o, # {id}. Un-
fortunately, the hypotheses of [Apa00, Lemma 2.31] are not completely stated,
for which reason we cannot compare the lemma with Theorem 2.3.4.
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3.5. Isometric spheres and isometric fundamental regions in the literature

3.5.2. Complex hyperbolic spaces

The isometric spheres for isometries of complex hyperbolic spaces in [Kam03]
are identical to those in [Gol99]. Kamiya uses the model H and defines the
Cygan metric by formula (3.7). Further, the isometric sphere of an element
f €PU(1,n;C) = PU(¥o,C) with f = (aj)ij=1,..n+1 is defined as

I(f)y={z€H | o(z,f'o0) = Ry}

where Ry = |aj2|~'/2. The following lemma shows that this definition is covered
by our definition of isometric spheres.

Lemma 3.5.3. Let f = (aij)ij=1,..n+1 € PU(1,n;C). Then Ry = R(gofql(f)).

Proof. Set g := ;' (f). We have

0 a2
nE
0 an+41,2
Therefore
7(g,00)| = |arz].
Since |7(g™!, 00)| = |j(g,00)|, Lemma [3.3.1 shows that R(g) = |a12|_1/2. O

[Kam03, Thm. 3.1] states the existence of isometric fundamental domains for
discrete subgroups I' of G™® for which, after possible conjugation of I', we have
oo € Q(I') and T'sx = {oco}. By [Rat06, Thm. 5.3.5], I" is discrete if and only if
I" is properly discontinuous. Therefore, Kamiya’s Theorem is a special case of

Prop.[3.4.5]

In [Par94], Parker uses a section of the projection map from E~N{0} to horospher-
ical coordinates which is reminiscent of the ball model. Therefore, we expect

that, as in the real case, this definition is not equivalent to the definition from
[Kam03].

3.5.3. Quaternionic hyperbolic spaces

In [KP03], Kim and Parker propose a definition of isometric spheres for isome-
tries in G*** of quaternionic hyperbolic space. They use the model H and horo-
spherical coordinates for the definition. With the bijection

3X0 — 3X0D
(Z,X) — (Z,3X),

our Heisenberg group N and our Cygan metric is transfered into their one. Af-
ter shuffling coordinates, they define the isometric sphere of an element g =
(@ij)ij=1,..n+1 in PSp(n,1) as, more precisely, they characterize it in their
Prop. 4.3 as

I(g) ={z€ H | o(z,9"o0) = V2-|ara|'/*}.
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3. Projective models

As in Sec. we see that our definition gives |a2|'/? as radius. The factor
V2 is due to the factor % in their choice of the section of the projection from
E_(¥,) to H. Note also that they use a slightly different indefinite form on
FE for the definition of the hyperbolic space. However, this difference does not
affect the value of the radius of the isometric sphere.
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Let H be the hyperbolic plane and I" a discrete subgroup of PSL(2,R) of which
oo is a cuspidal point. In this part we present the method of cusp expansion
for the construction of a symbolic dynamics for the geodesic flow on the lo-
cally symmetric orbifold I'\H, where I' has to satisfy some additional (mild)
conditions.

The fundamental and starting object is the convex hyperbolic polyhedron

K= (] extI(g),

geF\Foo

which is the common part of the exteriors of the isometric spheres of I'. Our
conditions on I' will imply that the boundary 90K of K in H consists of non-
trivial segments of isometric spheres. By a non-trivial segment we mean a
connected subset which contains more than one element. An isometric sphere
which effectively contributes to K will be called relevant. We will require that
the point of maximal height, the summit, of each relevant isometric sphere is
contained in OK. Let 9,H denote the geodesic boundary of H. To each vertex v
of £ in H or 04H (other than co) we attach one (if v € H) or two (if v € 9,H)
sets, which we call precells in H. If v € H, the precell attached to v is the
hyperbolic quadrilateral with vertices v, the two summits adjacent to v, and oco.
If v € 0,H, then v might have one or two adjacent summits. In any case, one of
the precells attached to v is the hyperbolic triangle with vertices v, one summit
adjacent to v, and oco. If there are two adjacent summits, then the other precell
is of the same form but having the other summit as vertex. If there is only one
adjacent summit, then the other precell is the vertical strip on H between v
and the adjacent vertex of K in d,H. The family of all precells in H is, up to
boundary components, a decomposition of K. Certain finite sets of precells in
H will be called a basal family of precells in H. These sets are characterized
by the property that the union of their elements is the closure of an isometric
fundamental region for I in H. In particular, a basal family of precells in H is
a set of representatives for the I'w-orbits in the set of all precells in H.

The next step is to combine precells in H to so-called cells in H. The key
idea behind this construction is that the family of cells in H should satisfy the
following properties: Each cell in H shall be a union of precells in H such that
the emerging set is a finite-sided n-gon with all vertices in 9,H. Further, each
cell shall have two vertical sides (in other word, oo is a vertex of each cell) and
each non-vertical side of a cell shall be a I'-translate of a vertical side of some
cell. Finally, the family of all cells in H shall provide a tesselation of H. Suppose
that A is a basal family of precells in H. Then there is a side-pairing of the
non-vertical sides of basal precells in H. Each precell which is attached to a
vertex of K in H has two non-vertical sides. This fact allows to deduce from the
side-paring a natural notion of cycles (cyclic sequences) in A x ', where a pair
(A, g) € A xT encodes that g maps one non-vertical side of A to a non-vertical
side of some element in A. This notion is easily extended to basal precells which
are attached to vertices of K in d,H. Moreover, there is a natural notion of
equivalence of cycles. Each cell in H is the union of certain I'-translates of the
basal precells in some equivalence class of cycles. At this point the requirement
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that the summit of each relevant isometric sphere be in 9K becomes crucial.
It guarantees that each cell in H satisfies the requirements on its boundary
structure mentioned above.

Let B denote the family of cells in H constructed from A. Further suppose
that m: SH — I'\SH denotes the canonical projection map of the unit tangent
bundle of H onto the unit tangent bundle of the orbifold I'\H. Let BS denote
the set of boundary points of the elements in B and suppose that CS denotes
the set of unit tangent vectors based on BS which are not tangent to BS. We
will show that CS := W(CS) is a cross section for the geodesic flow with respect
to certain measures p and we will also characterize these measures. To that
end we extend the notions of precells and cells in H to SH. Each precell in H
induces a precell in SH in a geometric way. There is even a canonical bijection
between precells in H and precells in SH. As before, let A be a basal family of
precells in H. For each equivalence class of cycles in A x I' we fix a so-called
generator. The set of chosen generators will be denoted by S. Relative to S we
perform a construction of cells in SH from basal precells in SH similar to the
construction in H. The union of all cells in S H will be seen to be a fundamental
set for I' in SH. It is exactly this property of cells in SH which will allow to
characterize the geodesics on I'\ H which intersect CS infinitely often in past and
future, and which in turn allows to characterize the measures p. It will turn
out that exactly those geodesics do not intersect CS infinitely often in future or
past which have one endpoint in the geodesic boundary of the orbifold.

The switch from H to SH brings an additional degree of freedom to the con-
struction without destroying any features. One is allowed to shift each cell in
SH (independently from each other) by any element of I'o.. The map which
fixes for each cell B in SH an element of ', by which B is shifted will be de-
noted by T. The boundary structure of cells in H and the choices of S and T
will be seen to induce a natural labeling of CS. In this way, we have geometri-
cally constructed a cross section and a symbolic dynamics to which we refer as
geometric cross section and geometric symbolic dynamics. The geometric cross
section does not depend on the choice of A, S or T; its labeling, however, does.

Suppose that R denotes the first return map of the cross section. Then (CS R)
is the to CS associated discrete dynamical system. In general, (CS R) is not
conjugate to a discrete dynamical system (DS F) for some DS C R x R. But CS
contains a subset CSred for which (CSmd7 R) is naturally conjugate to a discrete
dynamical system in some subset of R x R. The set (/3\Sred is itself a cross section
(with respect to the same measures as C/J\S) and can be constructed effectively in
a geometric way from CS. The labeling of CS induces a labeling of CSred and
the conjugate discrete dynamlcal system (DS F) is of continued fraction type.
In contrast to CS the set CSred depends on the choice of A, S and T.

The definition of precells in H and the construction of cells in H from precells
in based on ideas in [Vul99]. Our construction differs from Vulakh’s in three
aspects: We define three kinds of precells in H of which only the non-cuspidal
ones are precells in sense of Vulakh. In turn, cells arising from cuspidal or strip
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precells are not cells in sense of Vulakh. Finally, we extend the considerations
to precells and cells in unit tangent bundle.

The necessary properties of the setting in which we will work are stated in
Sec.[4l Sec.[5 introduces the notions of symbolic dynamics. In Sec. 6 we present
the cusp expansion method and perform it for some examples. The transfer
operators of the discrete dynamical systems arising from cusp expansion are
briefly treated in Sec.[7. Finally, in Sec. 8, we discuss the relation of the cross
section constructed using cusp expansion for the modular group PSL(2,7Z) to
the cross section constructed by Series [Ser85].
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4. Preliminaries

We take the upper half plane
H:={z€C|Imz >0}

with the Riemannian metric given by the line element ds? = y~2(dz? + dy?) as
a model for two-dimensional real hyperbolic space. The associated Riemannian
metric will be denoted by dy. The space H is the model D" from Sec. [3.5.1]
with 3 = R and the coordinates in the order 3 x R. We identify the group of
orientation-preserving isometries with PSL(2,R) via the left action

{ PSL(2,R)xH — H
b
((¢a).2) = &
One easily checks that the center of SL(2,R) is {£id}. Therefore PSL(2,R) is
the quotient group

PSL(2,R) = SL(2,R)/{= (} O)}.

We denote an element of PSL(2,R) by any of its representatives in SL(2,R).
The one-point compactification of the closure of H in C will be denoted by H?,
hence

H ={2cC|Imz >0} U{oc}.

It is homeomorphic to the geodesic compactification of H. The action of PSL(2, R)
extends continuously to the boundary 9,H = RU {cco} of H in H’.

The geodesics on H are the semicircles centered on the real line and the vertical
lines. All geodesics shall be oriented and parametrized by arc length. For each
element v of the unit tangent bundle SH there exists a unique geodesic 7, on
H such that 7,(0) = v. We call v, the geodesic determined by v € SH. The
(unit speed) geodesic flow on H is the dynamical system

5. | RxSH — SH
L G = ().

Let T' be a discrete (or, equivalently, a properly discontinuous) subgroup of
PSL(2,R). The orbit space
Y =T\H

is naturally equipped with the structure of a good Riemannian orbifold. Since H
is a symmetric space of rank one, we call Y a locally symmetric good orbifold of
rank one. This notion is a natural extension of the notion of locally symmetric
spaces of rank one. The orbifold Y inherits all geometric properties of H that are
I’-invariant. Vice versa, several geometric entities of Y can be understood as the
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4. Preliminaries

I'-equivalence class of the corresponding geometric entity on H. In particular,
the geodesics on Y correspond to I'-equivalence classes of geodesics on H, and
the unit tangent bundle SY of Y is the orbit space of the induced I'-action on
the unit tangent bundle SH. Let 7: H — Y and n: SH — SY denote the
canonical projection maps. Then the geodesic flow on Y is given by

d:=rmodo(idxr '):RxSY — SY.

Here, 7! is an arbitrary section of 7. One easily sees that ® does not depend

on the choice of 7 L.

Since I' is discrete, there exists a fundamental domain F for I'. The set F might
touch J,H at some points. By touching a point z € 9, we mean that there is
a neighborhood U of z in the topology of H? such that the intersection of the
closures in H” of all boundary components of F that are intersected by U is
z. In some cases one can characterize these points as fixed points of parabolic
elements of T' (see [Rat06, Thm. 12.3.7]). Those points will play a special role
in the cusp expansion.

An element g € T is called parabolic if g # id and |tr(g)| = 2, or equivalently, if
g fixes exactly one point in 9;H. An element z in 9,H is a cuspidal point of I' if
I" contains a parabolic element that stabilizes z. A cusp of I is a I'-equivalence
class of a cuspidal point of I'. If F is a fundamental domain for I' such that
F is a convex fundamental polyhedron, then F touches O0yH in at least one
representative of each cusp (see [Rat06, Thm. 12.3.7, Cor. 2 of Thm. 12.3.5]).

Because a convex fundamental polyhedron for I" can (up to I'-equivalent bound-
ary points) be identified with Y, the following definition is natural. Let z be a
cuspidal point of T' and extend the projection 7: H — Y to w: HY — I’\ﬁg.
Then 7(z) is called a cusp of Y or also a cusp of T.

We conclude this section with some conventions.

Let I be an interval in R. A geodesic arc is a curve «: I — H that can be
extended to a geodesic. In particular, each geodesic is a geodesic arc. A geodesic
segment is the image of a geodesic arc. If « is a geodesic, then a(R) is called a
complete geodesic segment. A geodesic segment is called non-trivial if it contains
more than one element.

We let R :=RU {#00} denote the two-point compactification of R and extend
the ordering of R to R by the definition —oo < a < oo for each a € R.

If a: I — H is a geodesic arc and a < b are the boundary points of I in R, then
the points

ala) :=lima(t) € H’ and  a(b) :=lima(t) € H’

t—a t—b

are called the endpoints of a and of the associated geodesic segment «(I).
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The geodesic segment «(I) is often denoted as

[a(a),a(b)] ifa,bel,
a(l) = [a(a),a(b)) ifael bé¢l,

(a(a),a(b)] ifagl, bel,

(a(a),a(d)) ifa,b¢ I

If a(a), a(b) € 0,H, it will always be made clear whether we refer to a geodesic
segment or an interval in R.

Let U be a subset of H. Recall that the closure of U in H is denoted by U
or cl(U), its boundary is denoted by OU. Its interior is denoted by U°. To
increase clarity, we denote the closure of a subset V of H’ in H’ by V’ or
clize V. Moreover, we set 0,V = vVin 04H, which can be understood as the
geodesic boundary of V. For a subset W C R let intg(W¥') denote the interior
of W in R and OgW the boundary of W in R. If X is a subset of d,H, then
inty(X) denotes the interior of X in dyH. If X C R, then int,(X) = intr(X).

Recall that for two sets A, B, the complement of B in A is denoted by ANB. In
contrast, if I" acts on A, the space of left cosets is written as '\ A. For example,
I\ (I'\T'w) is the set of orbits of the I'oo-action on the set I'\T'.
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5. Symbolic dynamics

Let T" be a discrete subgroup of PSL(2,R) and set YV := F\H Let CS be a
subset of SY. Suppose that 7 is a geodesic on Y. If 7/(t ) € CS then we say
that 7 intersects CS in t. Further, % is said to intersect CS infinitely often in
future if there is a sequence (t,)nen with 1i1rnnﬁOo t, = oo and ¥/ (t,,) € CS for all
n € N. Analogously, ¥ is said to intersect CS infinitely often in past if we find
a sequence (tp,)pneny with lim, o t, = —oco and 4/(t,) € CS for all n € N. Let p
be a measure on the space of geodesics on Y. A cross section CS (w.r.t. p) for
the geodesic flow d is a subset of SY such that

(C1) p-almost every geodesic 4 on Y intersects CS infinitely often in past and
future,

(C2) each intersection of 4 and CS is discrete in time: if A (t) € é\S, then there
is € > 0 such that 4/ ((t —e,t +¢))NCS = {¥'(¢¥)}.

We call a subset U of Y a totally geodesic suborbifold of Y if 7'('_1((7) is a totally
geodesic submanifold of H. Let pr: SY — Y denote the canonical projection
on base points. If pr(CS) is a totally geodesw suborbifold of Y and CS does not

contain elements tangent to pr(CS) then CS automatically satisfies (C2).
Suppose that CS is a cross section for ®. If CS in addition satisfies the property
that each geodesic intersecting CS at all intersects it infinitely often in past and

future, then CS will be called a strong cross section, otherwise a weak cross
section. Clearly, every weak cross section contains a strong cross section.

The first return map of ® w.r.t. the strong cross section CS is the map
R: { s = 8
b = (t)
where 7(v) = 0, 7(yy) = 7 and
to == min{t > 0‘ Fi(t) € (/]\S}

Recall that v, denotes the geodesic on H determined by v. Further, #g is called
the first return time of ¥ resp. of ,. This definition requires that ty = to(v)
exists for each v € é\S, which will indeed be the case in our situation. For a weak
cross section (/3@, the first return map can only be defined on a subset of CS. In
general, this subset is larger than the maximal strong cross section contained in

CS.
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5. Symbolic dynamics

Suppose that CS is a strong cross section and let X be an at most countable set.
Decompose CS into a disjoint union (J,cy, CSa. To each © € CS we assign the
(two-sided infinite) coding sequence (an)nez € X% defined by

an :=a iff R™(d )ECS

Note that R is invertible and let A be the set of all sequences that arise in this
way. Then A is invariant under the left shift o: £% — 2%,

(U((an)nel))k = Q41

Suppose that the map CS — A is also injective, which it will be in our case.
Then we have the natural map Cod: A — CS which maps a coding sequence to
the element in CS it was assigned to. Obviously, the diagram

—~ R~
CS—=CS

CodT TCod

A—0>A

commutes. The pair (A, o) is called a symbolic dynamics for d. If CS is only a
weak cross section and hence R is only partially defined, then A also contains
one- or two-sided finite coding sequences.

Let CS’ be a set of representatives for the cross section é\S, that is, CS' is
a subset of SH such that m|cg is a bijection CS' — CS. Define the map
7: CS = 9,H x 9,H by 7(8) := (7u(00), 7 (—00)) where v = (w|cg/) ™ (9). For
some cross sections ¢ CS it is possible to choose CS' in a such way that 7 is a
bijection between CS and some subset DS of R x R. In this Case the dynamical
system (CS7 R) is conjugate to (DS, F) by 7, where F := 7oRor ! is the induced
selfmap on DS (partially defined if 6\8 is only a weak cross section). Moreover,
to construct a symbolic dynamics for <I> one can start with a decomposition of
DS into pairwise disjoint subsets Da, a €Y.

Finally, let (A, o) be a symbolic dynamics with alphabet ¥. Suppose that we
have a map i: A — DS for some DS C R such that i((an)nez) depends only on
(an)nen,, @ (partial) selfmap F': DS — DS, and a decomposition of DS into a
disjoint union (J 5, Do such that

F(Z((an)neZ)) € D, & a1 =

for all (ap)nez € A. Then F', more precisely the triple (F )1, (Da)aeg), is called
a generating function for the future part of (A, o). If such a generating function
exists, then the future part of a coding sequence is independent of the past part.
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6. Cusp expansion

Let T' be a subgroup of PSL(2,R). On the way of the development of cusp
expansion we will gradually impose the requirements on I'" that it be discrete,
has oo as a cuspidal point and satisfies the conditions and (A2) which
are defined below. The cusp m(c0) plays a special role. All definitions and
constructions will be made with respect to this cusp.

At the beginning of each (sub-)section we state the properties of I' which we
assume throughout that (sub-)section.

6.1. Isometric fundamental domains

In Theorem we proved the existence of isometric fundamental regions for
certain subgroups I' of Isom(D). The hypotheses of this theorem are that I" be of
type (O), that INI'y, be of type (F) and that a certain condition on the boundary
of a fundamental region for I'y, be satisfied. In this section we specialize to D
being the upper half plane and the group I' being a subgroup of PSL(2,R). In
Sec. [6.1.1] we recall the definition of isometric spheres. From Sec. 6.1.2 on we
require that I be discrete and that oo be a cuspidal point of I'. Under these
conditions, the set of interiors of all isometric spheres is locally finite. This
immediately implies that I" is of type (O). In Sec.[6.1.3 we suppose that I" satisfies
in addition a condition which is weaker than to require that I'\I's, be of type
(F). It will turn out that in presence of the other properties of ', this condition
is equivalent to I'\I's, being of type (F). The purpose of Sec. is to bring
together the results of the previous sections to prove the existence of isometric
fundamental domains F(r), r € R, for I" if the fundamental domain F(r) for
I' in H is chosen to be a vertical strip in H. To that end we investigate the
structure of the set K := ﬂgeF\Foo ext I(g). Also here, the fact that the set of
interiors of all isometric spheres is locally finite plays a crucial role. In Sec.[6.1.5]
we study the fine structure of the boundary of I by investigating the isometric
spheres that contribute to OK and their relation to each other. For that we
introduce the notion of a relevant isometric sphere and its relevant part. The
results of this section are of rather technical nature, but they are essential for
the construction of cross sections. Moreover, in Sec.[6.1.6 we use these insights
on OK to show that for certain parameters r € R, the closure of the isometric
fundamental domain F(r) is a geometrically finite, exact, convex fundamental
polyhedron for I' in H. This, in turn, will show that I' is a geometrically finite
group and will allow to characterize the cuspidal points of I" via F(r). Finally,
in Sec. we show that, conversely, each geometrically finite group of which
oo is a cuspidal point satisfies all requirements we imposed so far on I.
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6. Cusp expansion

6.1.1. Isometric spheres

Let T" be a subgroup of PSL(2,R) and suppose that g = (‘CL 3) € I'\T's. For

each z € H we have )

J(2) = ——3-
(cz + d)?
From Lemma 3.5.2 and Prop. it follows that the isometric sphere of g is

I(g)={2€ H||cz+d| =1},

that
extI(g) ={z€ H||cz+d| > 1}

is its exterior, and that
intI(g) ={2z€ H||cz+d| <1}

is its interior.
Remark 6.1.1. Let g € PSL(2,R)\PSL(2,R)o and suppose that the represen-
tative (2%) € SL(2,R) of g is chosen such that ¢ > 0. Then the isometric

sphere
Hg)={zeH|[z+8=2}
d 1

of g is the complete geodesic segment with endpoints —¢ — < and —% + %
Let zg = x¢ + iyp be an element of I(g). Then the geodesic segment (zg,00)
is contained in ext I(g), and the geodesic segment (zg,zy) belongs to int I(g).
Moreover, H = ext I(g) U I(g) Uint I(g) is a partition of H into convex subsets

such that dext I(g) = I(g) = dint I(g).

6.1.2. Type (O)

Let T be a discrete subgroup of PSL(2,R) and suppose that oo is a cuspidal
point of I'. Then (see [Bor97, 3.6]) there is a unique generator ¢y := (} 1) with
A >0 of I'y.

Recall that a family {S; | j € J} of subsets of H is called locally finite if
for each z € H there exists a neighborhood U of z in H such that the set
{7€J|UNS; # 0} is finite.

Our next goal is to show that the set of the interiors of all isometric spheres is
locally finite, or in other words, that the family of the interiors of all isometric
spheres is locally finite if it is indexed by the set of all isometric spheres. To this
end we will characterize the set of all isometric spheres as the set of classes of a
certain equivalence relation of elements in I'\\I',. The equivalence relation on
I'\T'w is given by considering two elements as equivalent when they generate
the same isometric sphere. It will turn out that this equivalence relation is very
easily expressed via a group action, namely it is the left action of I's, on I'\I'w.
This characterization of isometric spheres allows to apply a result in [Bor97]
which directly translates to a statement on the radii of isometric spheres. We
start by investigating when two elements generate the same isometric sphere.
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6.1. Isometric fundamental domains

Lemma 6.1.2. Let g1, g2 € I'\I'w. Then the isometric spheres 1(g1) and I(g2)
are equal if and only if glgz_1 €.

Proof. Let g; := <Zj Zi) for j = 1,2. Then I(g1) = I(g2) if and only if ¢; =
¢y =:cand dy = dy =: d. Suppose that I(g1) = I(g2). Then

-1 _ aid — bic —a1by + bras - 1 —a1by + bras
g2 = 0 —cby+day )~ \0 1 ’

where we used that det(g;) = 1 = det(g2). Hence g1g; " € Too.

Now suppose that glggl € I'. Then glggl = ((1) "{’\) for some m € Z. Hence

(1 mA (a2 +mAca by +mAds
Thus, ¢; = ¢9 and d; = do. O

Lemma|6.1.2| shows that the generator g of the isometric sphere I(g) is uniquely
determined up to left multiplication with elements in I'y,. Let

IS = {I(g) | g € I\Tc}

denote the set of all isometric spheres. Then the map

T { Fo\(C'\T's) — IS
' 9] — I(g)
is a bijection.

Contrary to left multiplication, right multiplication of g with ¢\* induces a shift
by —mA. This fact will be needed to show that of the interiors of isometric
spheres which are generated by the elements of a double coset I'nogl'oo only
finitely many intersect small neighborhoods of a given point in H.

Lemma 6.1.3. Let g € '\T's and m € Z. Then I(gt\') = I(g) — mA.

Proof. Let (‘; Z) with ¢ > 0 be a representative of g. Then
I(gt) ={2 € H | |cz + emA +d| =1}
={ze€ H|l|c(z+m)\) +d|l =1}
={w—mAe H||cw+d|l =1}
= I(g) —mA.

This shows the claim. O

For g = (¢Y) € T we set ¢(g) := |¢|. The map c: I' — R is well-defined.

Moreover, for each m,n € Z it holds

m n a+mAc nia+mndic+b+mid
NI c nic+d ’

93



6. Cusp expansion

Hence, ¢ is constant on the double coset I'oogl'sw of ¢ in I'. In particular, ¢
induces the map

_ [ To\(P\Ts) — RT

(9] = c(g)-

Using the bijection T: Too\(I'\Ts) — IS we define the map ¢: IS — RT,
¢:=¢o Y 1. Note that 1/&(I) is the radius of the isometric sphere I € IS.

The following lemma is one of the key points for the proof of Prop.|[6.1.5/ below.
It uses the characterization of isometric spheres via YT and Lemma

Lemma 6.1.4. Let a,b € R, a < b, and let U := (a,b) + iR™ be the vertical
strip in H spanned by a and b. For each k € R™, the set

{intI|I€IS, ¢(I)=k, intINU #0}

is finite.

Proof. Let g € I'\T'w, such that c¢(g) = k. At first we will show that the set
gl contains only finitely many elements h such that int I(h) N U # 0. If for
all elements h in gI's, the interior of I(h) does not intersect U, we are done.
Suppose that this is not the case and fix some h € gI's such that int I(R)NU # 0.
We may assume w.l.o.g. that h = g. Recall that 1/¢(g) is the radius of I(g). If
w € int I(g), then int I(g) is contained in the vertical strip

(Rew - %,Rew + %) +iR™*.
Since int I(g) N U # 0, we find that
intI(g) C (a— 2,b+ %) +iRT =: P.
Let tY* € I'o. Lemma6.1.3 implies that
int I(gty) C P —mA = (a— % —m)\,b—l—%—m)\) +iR™.

For m < %( —b+a-— %) one easily calculates that

b+ % <a- % — mA,
and for m > %(b—a—l—%) one has

a— % >b+ % — mA.

Thus, for [m| > $(b—a+ %), the interior of I(gty") does not intersect P. Note
that U C P. Hence there are only finitely many elements A in g’ such that
int I(h) NU # 0.

By Lemma[6.1.2, int I(g) = int I(¢}'g) for all m € Z. Therefore, the set
{int I(h) | h € Toogl's0, int I(h) NU # 0}

is finite. [Bor97, Lemma 3.7] states that there are only finitely many double
cosets I'nogl's in I' such that ¢(g) = k for some (and hence any) representative
g of I'eogl'so. This completes the proof. U
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6.1. Isometric fundamental domains

Recall that H equals the model D’ from Sec. of two-dimensional real
hyperbolic space with changed order of coordinates. Therefore, for the height of
an element z € H we have ht(z) = Im z. Then the maximal height of an element
of an isometric sphere I is 1/¢(I). This in turn means that int I is contained in
the horizontal strip {z € H | ht(z) < 1/¢(I)}.

For each z € H and r > 0, the set B,(z) denotes the open Euclidean ball with
radius 7 and center z.

Proposition 6.1.5. The set {int I | I € IS} of all interiors of isometric spheres
is locally finite.

Proof. Let z € H. Fix ¢ € (0,ht(2)) and set U := B.(z). We will show that
UNint I # 0 for some I € IS implies that é(I) belongs to a finite set. Since U
is contained in the vertical strip (Rez —&,Re z + ¢) + iRT, Lemma then
implies the claim. To that end set m := ht(z) — . Suppose that I € IS with
&(I) > L. For each w € int I we have

ht(w) < % <m =ht(z) —e.

Therefore w ¢ U and hence U Nint I = (). This means that if U Nint I # 0,
then ¢(I) < L. Now [Bor97, Lemma 3.7] implies that the map ¢ assumes only
finitely many values less than % Hence also the map ¢ does so. The previous
argument shows that the proof is complete. ]

Now Remark 2.3.3 implies that I is of type (O).
Proposition 6.1.6. We have
U int I = U intI = H\ ﬂ ext I.
Iels Iels I€lS

Remark 6.1.7. If A is a subgroup of I', then the set of all interiors of isometric
spheres of A is a subset of the set of all interiors of isometric spheres of I'. Hence,
if 0o is a cuspidal point of A, then A is of type (O).

6.1.3. Type (F)
Let T' be a discrete subgroup of PSL(2,R) of which oo is a cuspidal point.

Suppose that I' satisfies the following condition:

For each z € H, the set H, := { ht(g2) ‘ g€ (INI'o) } (A1)
is bounded from above.

The condition (A1) is clearly weaker and easier to check than the requirement
that I'\T', be of type (F). Since the height is invariant under I'y,, we see that
H, = {ht(gz) | g € T'}, and hence (A1) is equivalent to

For each z € H, the set H, := {ht(gz) | g € T'} is (A1)
bounded from above.
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6. Cusp expansion

Prop. below shows that the properties of I' already implies that I'\T's is
of type (F). For its proof we need the following lemma.

Lemma 6.1.8. Let a,3 € RY, a > 3, and suppose that we have w € H with
Imw € [B,a]. Further let § € (0,«). Then there exists n > 0 such that for each
g € PSL(2,R) for which Im(gw) € [3,a] we have By(gw) C gBs(w).

Proof. Let g = (2%) € PSL(2,R) with Im(gw) € [, ] and pick z € dBs(w).
Then (see [Kat92, Thm. 1.2.6])

|z — w|? 52
cosh dpy (2, w) +21mz-1mw 2Imz - Imw
and
gz — gw]®

hd =1 '
coshdpy (g2, gw) + 2Im(gz) - Im(gw)

Since dy(z,w) = di(gz, gw), we have

Im(gz) - Im(gw)
Imz-Imw '

lgz — gw|* =

From Im(gz) = Im(z)/|cz + d|? it follows that

2~ gul? =
ge—gul = lez + d|?|cw + d|?”

We will now show that there is a universal upper bound (that is, it does not
depend on g, z or w) for |cz + d|?|cw + d|?. By assumption,

Imw
<1 = <

hence
Blew + d* <Imw < alew + df*.

Then 8 < Imw < « implies that

Blew+d? <a and f < alew+d>

Therefore 5
Q@

E< dP? < =. 6.1

S <lew+dP < G (6.1)
Moreover,

\/g > |cw +d| > | Im(cw + d)| = || Imw > |c|S5.
Thus
@
<[5 (6.2)
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6.1. Isometric fundamental domains

Finally, (6.1) and (6.2) give

lcz +d| = |e(z — w) + cw + d|
<le||z — w| + |cw + d|

<, <5+ \/§

Vs B
Hence, for all w € H with Imw € [B, a], for all z € dBs(w) and all g = (24) in
PSL(2,R) with Im(gw) € [5, o] we have

2
lez + d)?|ew + d? < <\/%.5+\/g> .%::%.

gz — gw| > Vké =1 1.
Since gBs(w) is connected, it follows that B (gw) C gBs(w). O

Therefore

Let £\ = (é i‘) be the unique generator of I'y, such that A > 0. For each r € R,
the set
Foo(r) i= (r,r + A) +iRT

is a fundamental domain for I', in H. The proof of the following proposition
extensively uses that I" satisfies (A1) and that each point w € H is I's-equivalent
to a point in Foo(r) of same height.

Proposition 6.1.9. The set I'\T'« is of type (F), i.e., for each z € H, the
maximum of H, exists.

Proof. Let z € H and set o := supH.. Note that « is finite by (resp. by
(AT1%)). Assume for contradiction that the maximum of H, does not exist. Let
e >0 and set K := [0, \] + i[a — €, ). We claim that the set

T:={hel|hze K}

is infinite. To see this, let n € N. By our assumption that max H, does not exist,
there are infinitely many g € I' with ht(gz) > a — 1. Since ht(t]'w) = ht(w) for
each w € H and m € Z, there is at least one g € I" such that ht(gz) > a — %

and gz € F(0), thus gz € K. By varying n, we see that 7' is infinite.

Fix some g € T and set w := gz. Since I' is discrete, it acts properly discontin-
uously on H (see [Kat92, Thm. 2.2.6]). Thus we find 6 > 0 such that

A:={k €T | kBs(w) N Bs(w) # 0}

is finite. We will show that this contradicts to T" being infinite. By Lemmal6.1.8|
we find ) > 0 such that B, (hg~'w) C hg~!Bs(w) for all h € T. For each h € T
let Sj, denote the subset of T' such that B, (hg~1w) intersects each B, (kg~1w),
k € Sy,. We claim that at least one Sy, is infinite. Assume for contradiction that
each Sy, is finite. We construct a sequence (hy)nen in T as follows: Pick any
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6. Cusp expansion

hi € T and choose hy € T\.S},. Suppose that we have already chosen h1, ..., h;
such that hy € T\Ué:f S, k=2,...,7. Since T is infinite, the set T\U{:1 S
is non-empty. Pick any hj11 € T\U{:1 S;. The axiom of choice shows that we
get an infinite sequence (hy,)nen in T. By construction, for ny,ny € N, ny # no,
the balls B, (hn, g~ 'w), By(hn,g 'w) are disjoint.

Let vol denote the Euclidean volume and note that the n-neighborhood B, (K)
of K is bounded. Then

0o > vol(B,(K)) > vol (U Bn(hglw)> > vol U B, (hjg tw) | =

heT Jj=1

= ZVOI (By(hjg tw)) = 271772 1 = o0,
j=1

which is a contradiction.

Hence there exists h € T such that S, is infinite. But then, for each k£ € S}, we
have
0+ Bn(hg_lw) N B, (kg 'w) C hg™ ' Bs(w) N kg™ Bs(w),

and therefore
0 # Bs(w) Ngh™ kg™ Bs(w).

This contradicts to A being finite. In turn, the maximum of H, exists. O

Remark 6.1.10. Prop. implies that whenever A is a subgroup of PSL(2,R)
such that AN Ao is of type (F), then for each discrete subgroup I' of A one has
that I'\I' is of type (F) as long as co is a cusp point of T'.

6.1.4. The set K and isometric fundamental domains

Let T' be a discrete subgroup of PSL(2,R) which has oo as cuspidal point and
satisfies (A1). Let
K= ﬂ ext ]
I€lS

be the common part of the exteriors of all isometric spheres. Here we will prove
the existence of isometric fundamental domains for I'. To that end we will show
that the boundary of K is contained in a locally finite union of isometric spheres.
The first lemma implies that the set of all isometric spheres is locally finite.

Lemma 6.1.11. The families {int] | Ie IS} and IS are locally finite.

Proof. By Prop. [6.1.5 the family {int I | I € IS} is locally finite. Then [vQ79,
Hilfssatz 7.14] states that the family {int I | I € IS} is locally finite as well.

For each I € IS, the isometric sphere I is a subset of int I. Hence IS is locally
finite. U

Proposition 6.1.12. The boundary 0K of K is contained in a locally finite
union of isometric spheres.
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6.1. Isometric fundamental domains

Proof. By Prop.[6.1.6, K = (;cg ext I is open. Then Prop.6.1.6 (for the third
and the last equality) and[2.2.11/ (for the last equality) imply that

oK = ﬂ ext I~ ﬂ ext ] = ﬂ ext I N <H\ ﬂ ext[>

I€1S I€1S I1€1S I€lS
= ﬂ extIN U intl = ﬂ extIN U int 1.
I€lIS I€IS S I€1S

Therefore z € OK if and only if
VI€lIS:z€ext] and 3IJ€IS:z¢cintJ.
Since ext J Nint J = J for all J € IS, we see that z € 9K if and only if
VIclS:z€ext] and IJ€IS:ze )
Thus, 0K C e I The set IS is locally finite by Lemmal6.1.11. O

Remark 6.1.13. Prop.|6.1.12] does not show that the family of connected com-
ponents of JK is locally finite. That this is indeed the case will be proven in

Sec.

Lemma 6.1.14. The set K is convex. Moreover, if z € IC, then the geodesic
segment (z,00) is contained in K.

Proof. Recall from Remark/6.1.1/that ext I is a convex set for each I € IS. Thus,
K =Njagext I is so. Let z € K. Prop.[2.2.11 shows that

z € ﬂext[zﬂm.

IelS IelS

Hence, for each I € IS we have z € ext I. By Remark [6.1.1, for each I € IS, the
geodesic segment (z,00) is contained in ext I. Therefore (z,00) is contained in
Nregext I = K. O

Recall that we suppose that T is discrete with cuspidal point oo and fulfills (A1).
As before, let t) := ((1) /1\) be the unique generator of ', with A > 0. For each
r € Rset Foo(r) := (r,r + A) +iR™, which is a fundamental domain for I'y, in
H. Let

F(r):=Fx(r)nK.

Theorem 6.1.15. For eachr € R, the set F(r) is a convex fundamental domain
for T in H. Moreover,

OF (1) = (0Foo(r) NK) U (Fuo(r) N OK).

Proof. Let r € R. Then F(r) is obviously a convex domain. Lemma[6.1.14
states that C is convex, and Prop. implies that K is open. Therefore,
Foo(r) N K is a convex domain.

Now we show that Foo(r) N K = Fool(r)NK. Clearly, we have Foo(r) NK C
Foo(r) N K. To prove the opposite inclusion relation let z € Foo(r) N K, hence
we are in one of the following four cases:
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6. Cusp expansion

Case 1: Suppose z € Foo(r) N K. Obviously, z € Foo(r) N K.

Case 2: Suppose z € 0F(r) N K. Fix a neighborhood V of z such that V' C K.
For each neighborhood U of z with U C V we have U N Fo(r) # 0.
Hence U N Foo(r) N K # 0. Therefore z € Foo(r) N K.

Case 3: Suppose z € Foo(r)NOK. Analogously to Case 2 we find z € Foo(r) N K.

Case 4: Suppose z € 0F»(r)NIK. Fix a neighborhood V of z such that 9NV
is contained in the finite union of the isometric spheres Iy, ..., I,,. Then
0F(r) intersects each I; transversely (if at all). Therefore, for each
neighborhood U of z with U C V we find U N Foo(r) N K # (). Hence
z € Fo(r)NK.

Thus, Fuo(r) NK = Foo(r) N K. By Prop.[6.1.6, the group I is of type (O), and
Prop.[6.1.9/shows that I\I'w is of type (F). Thus all hypotheses of Theorem|2.3.4]
are satisfied, which states that F(r) is a fundamental region for I' in H.

Finally,
OF(r) = F(r)~F(r)
= (Fu(r)NK K) NC(Foo(r) N K)
— (Foo(r) NK) N (CFa(r) ULK)
= (Foo(r) NCF(r) NK) U (Fo (r) N K N LK)
(0F(r) NK) U (Fo(r) N OK)
This completes the proof. ]

Example 6.1.16. For n € N, n > 3, let A\, := 2cos . The subgroup of
PSL(2,R) which is generated by

0 -1 1 A,
S.z(l O> and Tn.:<0 1)

is called the Hecke triangle group Gy,. Using Poincaré’s Theorem (see [Mas71])
one sees that
Fn:={z€H]||z| >1, |Rez| <)‘7"}

is a fundamental domain for G,, in H (see Fig.[6.1). The group G, has oo as
cuspidal point. The stabilizer of co is

(Gu)oo ={(5™) [ meZ}.

Hence each vertical strip Foo (1) := (r,r+\,,) +iR™ of width ), is a fundamental
domain for (G, ) in H. The complete geodesic segment

(-L,1)={z€ H||z| =1}

is the isometric sphere I(S) of S. Its subsegment (—g,,, 0,) with
A [ A2
Qn;:7"-|-z’ 1—f:cos%+isin%
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2 2

Figure 6.1: The fundamental domain F,, for G,, in H.

is the non-vertical side of F,,. Therefore
F=Foo(— 22) Next I(S).

This in turn implies that

K= (] extI(g)= () extI(ST).
9EG(Gn)oo meZ
K
3. L] L] [ 3 L] L] 3.
—5)\71 _)\n —% 0 AT” /\n 5)\71

Figure 6.2: The set K for G,.

Example 6.1.17. We consider the group
PTo(5) := {(24) € PSL(2,Z)| c=0 mod5}.
This group has co as cuspidal point. The stabilizer of co is given by
PTo(5)e = {(§ 1) [0 E€Z}.

Therefore, each vertical strip Foo(r) := (1,7 + 1) + iRT of width 1 is a funda-
mental domain for PI'g(5)s. The isometric spheres of PI'g(5) are the sets

La={z€H|pez+d| =1} ={z € H[ |2+ &] =5}
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6. Cusp expansion

where ¢ € N and d € Z. This clearly shows that the set of all interiors of
isometric spheres is locally finite, which implies that PT'5(5) is of type (O). One
easily shows that PI'y(5) is of type (F). The set K is given by

K:ﬂ{zeH{{z+g|>%},

deZ
see Fig.[6.3]
K
A ’ A ’
\ 4 \ 4
7 A
v/ v/
v v
. é ) . . ) ¢ )
_1 0 1 2 3 4 1 6
5 5 5 5 5 5

Figure 6.3: The set K for G,,.

Then the set
4
F=Fol)NK=FuO)n({zeH||z-¢]>1}
d=1

is an isometric fundamental domain for PI'y(5) in H.

I |
1 I
1 I
1 I
l F !
1 I
1 I
1 I
1 I
1 I
| ’/’-—\\\//’-—\\\//’-—\\\/"-—‘\\ |
1 - ~ I
| 4 AN
[ N
1/ A
1 \l
! v
¢ . . . ) ¢
0 1 2 3 4 1
5 5 5 5

Figure 6.4: The fundamental domain F for PI'y(5) in H.
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6.1.5. Relevant sets and the boundary structure of K

Let T" be a discrete subgroup of PSL(2,R) of which co is a cuspidal point and
suppose that T" satisfies (A1). Recall that

K= ﬂ ext I.
I€IS

Definition 6.1.18. An isometric sphere [ is called relevant if I N K contains
a submanifold of H of codimension one. If the isometric sphere I is relevant,
then I NOK is called its relevant part.

Example 6.1.19. Recall the Hecke triangle group G, from Example [6.1.16
The relevant isometric spheres for G,, are I(ST)") with m € Z. The relevant
part of I(ST}") is the geodesic segment [—0,,, 0n] — MAy.

From now on, to simplify notation and exposition, we use the following conven-
tion. Let a: I — H be a geodesic arc where [ is an interval of the form [a, c0)
or (a,00) with a € R. Then a(co) € d;H. In contrast to the definition on
p. we denote the associated geodesic segment by [a, a(00)] resp. (a, a(oc0)],
even though we do not consider a(co) as belonging to «(I). Further, we use the
obvious analogous convention if [ is of the form (—oo, a] or (—o0, a) or (—o0, 00).

There are only two situations in which we do consider the endpoints in 0,H
to belong to the geodesic segment. If s; = [a,b], so = [b,c] are two geodesic
segments with b € 0,H, then we say that b is an intersection point of s; and
9. Further, if A is a subset of HY or if A is a subset of H but considered as a

subset of HY, then s; C A means that indeed also the points a and b belong to
A.

On the other hand, if A is some subset of H, then s; C A means that s1 N H
is a subset of A. The context will always clarify which interpretation of [a, b] is
used.

Lemma 6.1.20.

(i) The relevant part of a relevant isometric sphere is a geodesic segment.
Suppose that a is an endpoint of the relevant part s of the isometric sphere
I. Ifa€ H, then a € s.

(ii) Suppose that I and J are two different relevant isometric spheres and let
sy = la,b] resp. sy := [c,d] be their relevant parts with Rea < Reb and
Rec < Red. Then sy and sy intersect in at most one point. Moreover, if
I intersects sy, then sy intersects sj. In this case, the intersection point
is either a =d or b = c.

(iii) Let I be a relevant isometric sphere and sy := |[a,b] its relevant part. If
a € H, then there is a relevant isometric sphere J different from I with
relevant part sy := [c,a]. Moreover, we have either Rec < Rea < Reb or

Reb < Rea < Rec.

(iv) If c € OK, then there is a relevant isometric sphere which contains c.
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6. Cusp expansion

Proof.

(i)

(iii)
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Let I be a relevant isometric sphere and let s := I NOK denote its relevant
part. Suppose that a,b € s and let ¢ be an element of the geodesic segment
(a,b). We will show that ¢ € s. Note that ¢ € H. Since K is convex, ¢ € K.
Moreover, (a,b) is a subset of the complete geodesic segment I, thus ¢ € I.
Therefore ¢ € I N K. Because

INK=1In()extJCInextl=9, (6.3)
JeIS

and K is open (see Prop. we get that
INK=1IndK. (6.4)

Therefore, ¢ € I N 9K = s. This shows that s is a geodesic segment.

Finally, since I and 9K are closed subsets of H, the set s is closed as well.
Since s is a geodesic segment, this means that it contains all its endpoints
that are in H.

In this part we consider all geodesic segments and in particular the isomet-
ric spheres as subsets of H”. Since I and J are different geodesic segments,
they intersect (in ﬁg) in at most one point. In particular, their relevant
parts do so. Suppose that I intersects s in z. Note that possibly z € 0,H.
Since K is convex, z € clys(K). Because (clgo (IC))O = K, we find analo-
gously to (6.4) that I Nclyge(IC) = INOGyK. Then z € I NGK = s7.

We will now show that z is either a or b. If z € 9,H, then this is clear.
Suppose that z € H. Assume for contradiction that z € (a,b). The
intersection of I and J in z is transversal. Then either [a,z) or (z,b] is
contained in int J. But then, since CK = |, c1g int I, the geodesic segment
[a, z) resp. (z,b] is disjoint to OK and therefore disjoint to the relevant part
sy of I. This is a contradiction. Therefore z € {a,b}. Analogously, we find
z € {c,d}.

W.l.o.g. we assume that z = a. Then a = c or a = d. We will prove
that a = d. Assume for contradiction that a = ¢. Then, since we have
that Rea = Rec < Reb,Red, we find V/ € (a,b] and d’ € (¢,d] such that
Rebt' =Red. If Imd' = Im¥', then the non-trivial geodesic segments [a, V']
and [c¢, d'] would coincide, which would imply that I = J. Thus, we may
assume that Imd < Imd’. Then d € int I, which means that d’ is not
contained in the relevant part of J. This is a contradiction. Hence a = d.

Our first goal is to show that there is an isometric sphere J different to I
with a € J. By Lemma/6.1.11/ we find an open connected neighborhood U
of @ in H which intersects int J for only finitely many J € IS, say

(Jels | UNmtT £0} = {J1,....Jn} = T

and suppose that J; = I. If there is J € IS such that J # I and a € J, then
J € {Js,...,Jn}. Assume for contradiction that a ¢ J; for j = 2,... n.
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By choice of U, for all J € IS\J we have U C ext.J. We claim that by
shrinking U we find an open connected neighborhood V' of a such that
VC({extJ | JeISN{I}}. Let j €{2,...,n}. Since

acIKCK= ﬂ extJ = ﬂ ext J
JEIS JeEIS

(see Prop[2.2.11), it follows that a € ext J;. Because ext J; is open, there
is an open connected neighborhood U; of a such that U; C extJ;. Set
Vi=UnN ﬂ?:Q Uj, which is an open connected neighborhood of a. Then
VNI = (z,w) with a € (2,w). Employing (6.4) we find

INOK=INK2INVNIK=1InN (Vn N extJ)
Jels
=In(Vnextl)=INV

= (z,w).

Therefore a € (z,w) C sy, in contradiction to a being an endpoint of s;.
Hence, there is an isometric sphere J with J # I and a € J. Note that we
have already shown that there are only finitely many of these.

We now prove the existence of a relevant isometric sphere J # I with
a € J. Let x,y be the endpoint of I. By assumption, the non-trivial
geodesic segment [z,a) is disjoint to sy = I N OK. Since [z,a) C I and
INK =90, it follows that 0 = [z,a) N (KN OK). Hence

[z,a) C CK = U int J.
JeIS

Let J be an isometric sphere with J # I and a € J. Since J intersects [
only once, it follows that [z,a) C int J.

Now consider all isometric spheres I; such that I; # I and a € I;. As
already seen, there are only finitely many, say Iy,...,[r. Suppose that
for j = 1,...,k, the isometric sphere I; is the complete geodesic segment
[x;,y;] with z; < y; and suppose further that y; < ... < yi. For the
endpoints x,y of I suppose that x < y. W.l.o.g. assume that Rea < Reb.
Then

1 <...<zrp<rx<Rea<y <...yp <y.

This implies that int /; contains the geodesic segment [z;,a) for j =
2,...,k, and that

k
[z1,a) C ﬂ extI; Next].
j=2

We claim that I is relevant. To that end let U be chosen as above. Then
IL,....,I € J. For each J € J with a ¢ J choose an open connected
neighborhood V; of a such that V; C extJ. Set V := U N ﬂJeJ,a¢J V.
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Since V is an open connected neighborhood of a, there exists e # a such
that (e,a) =V N [x1,a). Then

hmaK:IMWKQINWVm[WemJ
JeIS

k
=LNVN([)extlNext]
j=1
D2V Nxi,a) = (e a).

Therefore I is relevant. The remaining claims now follow from (ii).

By Lemma 6.1.11/ we find an open connected neighborhood U of ¢ in H
which intersects only finitely many isometric spheres. Say

T:={I€IS|INU #0}.

Each isometric sphere which contains ¢ is an element of Z. Prop.[6.1.12
shows that at least one element of Z does contain c¢. Let J :={Jy,...,Jx}
be the subset of Z of isometric spheres which contain ¢. Suppose that

for j = 1,...,k, the isometric sphere J; is the complete geodesic segment
[z;,y;] with z; < y; and suppose further that y; < ... < yi. As in (iii)
one concludes that Jj is relevant. |

The following example shows that Lemmal6.1.20{(iii) does not have an analogous
statement for a € 93 H, nor Lemma 6.1.20 for ¢ € 94K.

Example 6.1.21. Let S := (9 ') and T":= (} 1), and denote by I" the sub-

10

group of PSL(2,R) which is generated by S and T'. One easily sees that

F:={z€ H||Rez| <2, |2| >1}

is a fundamental domain for I" in H, either by using Poincaré’s Theorem (see

i
\
\
\
\
\
\
\
\
\
:
\
. ¢

}
I
I
I
I
I
I
I
I
I
I
:
[
2 -1 2

e
—e -~

Figure 6.5: The fundamental domain F.

[Mas71]). If we set Foo := {2z € H | | Re z| < 2}, then it follows that
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Hence, F is an isometric fundamental domain. The relevant isometric spheres
are I(S) = {z € H | |z| = 1} and its translates by 7™, m € Z. Moreover, I(S) is
the relevant part of I(.5), and there is no relevant isometric sphere with relevant
part [1, ¢] for some ¢ € H?~{—1}. Further there is no relevant isometric sphere
with endpoint 3/2 € 9,K.

Let pro: ﬁg\{oo} — R denote the geodesic projection from oo to 0,H, i.e.,

pro(z) := z — ht(z) = Rez.

For a,b € R set
i <
w8 =) et
Let Rel be the set of all relevant isometric spheres.
Definition 6.1.22. Let Rel # (0. A vertex of K is an endpoint of the relevant

part of a relevant isometric sphere. Suppose that v is a vertex of K. If v € H,
then v is said to be an inner verter, otherwise v is an infinite vertexz.

If v is an infinite vertex and there are two different relevant isometric spheres
I, Iy with relevant parts [a,v] resp. [v,b], then v is called a two-sided infinite
verter, otherwise v is said to be a one-sided infinite vertex.

Example 6.1.23. For each of our sample groups we consider the set I and
its vertices.

(i) Recall the Hecke triangle group G,, from Example[6.1.16. The set K has
only inner vertices, namely g, and its (G, )co-translates.

(ii) Recall the congruence group PT'g(5) from Example(6.1.17. For this group,
the set K has inner as well as infinite vertices. All infinite vertices are
two-sided.

(iii) For the group I' from Example[6.1.21 we have
K= ﬂ ext [(ST™) ={z€ H|VYmeZ:|z+4m| > 1},
meZ
see Fig.[6.6. Each vertex of K is one-sided infinite.

Prop. 6.1.26 below justifies the notions in Def. [6.1.22] For a precise statement,
we need the following two definitions.

Definition 6.1.24. A side of a subset A of H is a non-empty maximal convex
subset of 0A. A side S is called vertical if pro(S) is a singleton, otherwise it is
called non-vertical.

Definition 6.1.25. Let {A4; | j € J} be a family of (possibly bounded) real
submanifolds of H or H?, and let n := max{dim A4, | j € J}. The union Ujes Aj
is said to be essentially disjoint if for each i,j € J, i # j, the intersection A;NA;
is contained in a (possibly bounded) real submanifold of dimension n — 1.
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Figure 6.6: The set K for the group I' from Example 6.1.21l

The following proposition gives a first insight in the boundary structure of /.
It is an immediate consequence of Lemma/[6.1.20l and Prop.[6.1.12.

Proposition 6.1.26. Suppose that Rel # (). The set OK is the essentially
disjoint union of the relevant parts of all relevant isometric spheres. The sides
of K are precisely these relevant parts. FEach side of K is non-vertical. The
family of sides of K is locally finite.

Remark 6.1.27. If Rel = (), then Prop. [6.1.26 is essentially void. In this case,
K = H, hence 0K = () and 9,K = 0,H.

Prop.[6.1.29 below provides a deeper insight in the structure of 9K by showing
that the isometric sphere I(g) is relevant if and only if I(g™!) is relevant and
that even the relevant parts are mapped to each other by ¢ resp. ¢g~'. For its
proof we need the following lemma.

Lemma 6.1.28. Let g1,92 € I'\T' such that I(g1) Nint I(g2) # 0. Then
gzgfl € I'\T' and

g1 (I(gl) Nint I(gg)) = I(gfl) N int I(gggfl).

Proof. For j =1,2let g; = <aj b ) Fix z € I(g1) Nint I(g2) and set w := g; 2.

¢j dj
By Lemma[2.2.12, w € I(gfl). Hence it remains to prove that w € int I(gggfl).
We have
dlw — bl

co———— +dy

1> |coz + ds| = |cogy 'w + ds| =
|coz + da| = [c2gy w + da| —erw + a1

. |(d162 — Cldg)’w + aijdy — b102|
| —cw+a

= |(cady — c1d2)w + ardy — bycal,

where the last equality holds because w € I(g; D). Now

—1 _ (diaz —ciby  —biag + arbo cT
9291 dicy —cidy  —bica + ards ’

If dicy — c1ds would vanish, then 9291_1 would be of the form (§ 5 ) € I'so with
les| = Jaida—bica| < 1. But, since oo is a cuspidal point of I', each element of '
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is of the form (é ). This gives a contradiction. Therefore, djca — ¢1d2 # 0 and
9291 ! € I'\I'so. The calculation from above shows that w € int I (9297 1). O

Proposition 6.1.29. Let I(g) be a relevant isometric sphere with relevant part
[a,b]. Then the isometric sphere I(g~') is relevant and its relevant part is

gla,b] = [ga, gb].

Proof. Let z € [a,b] N H. We show that gz € K. Assume for contradiction
that gz ¢ OK. Then either gz € H\K = Jggint I or gz € K = ();ggext 1.
Suppose that gz € ;cgint I and pick h € I'\I'y such that gz € int I(h).
Lemma 2.2.12|shows that gz € I(g~!) Nint I(h). But then Lemmal6.1.28| states
that z € int I(hg), which contradicts to z € K. Thus, gz € K. From gz €
I(g~1) it follows that gz ¢ K C ext I(g~!). If we suppose that gz € K, then the
previous argument gives a contradiction. Hence, gz € OK.

This shows that the submanifold g[a, b] = [ga, gb] of H of codimension one (and
possibly with boundary) is contained in I(g~') N 9K. Thus, I(g~!) is relevant.
Suppose that [c, d] is the relevant part of I(g~!). The previous argument shows
that g~1[c,d] is contained in the relevant part of I(g). Hence

la,b] = g™"gla,b] € g™ '[e,d] € [a,B],
and therefore [c, d] = g[a, b]. O

Remark 6.1.30. Prop.[6.1.29 clearly implies that inner vertices of K are mapped
to inner vertices, and infinite vertices to infinite ones. But it does not show
whether two-sided infinite vertices are mapped to two-sided infinite vertices,
and one-sided infinite vertices to one-sided ones. We do not know whether this
is true for all discrete subgroups of PSL(2,R) of which oo is a cuspidal point
and which satisfy (A1).

6.1.6. The structure of the isometric fundamental domains

Let ' be a discrete subgroup of PSL(2,R) of which oo is a cuspidal point and
which satisfies (AL). Let ty = (§7) be the generator of I'ss with A > 0 and
recall that for each r € R, the set Foo(r) := (r,7 + A) +iRT is a fundamental
domain for I's in H. As before set K := (;og ext I and define

F(r) =Fo(r)NK

for r € R. In this section we will show that, for some choices of r € R, the
fundamental domain F(r) is a geometrically finite, exact, convex fundamental
polyhedron for I' in H. This in turn will show that I' is a geometrically finite
group and will allow to characterize the cuspidal points of T'.

Definition 6.1.31. Let A be a subgroup of PSL(2,R).

(i) A convex polyhedron in H is a non-empty, closed, convex subset of H such
that the family of its sides is locally finite.
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(i) A fundamental region R for A is locally finite if {gR | g € A} is a lo-
cally finite family of subsets of H. If R is a fundamental domain and a
locally finite fundamental region for A in H, then R is called a locally finite
fundamental domain for A in H.

(iii) A convex fundamental polyhedron for A in H is a convex polyhedron in H
whose interior is a locally finite fundamental domain for A in H.

(iv) A convex fundamental polyhedron P for A in H is ezact if for each side S
of P there is an element g € A such that S = PNgP.

(v) A convex polyhedron P in H is geometrically finite if for each point x in
0,4 P there is an open neighborhood N of z in H 7 that meets just the sides
of P with endpoint x.

Prop. [6.1.34 below discusses the boundary structure of F(r). This result is a
major input for the proof that I' is geometrically finite and, even more, allows to
introduce the notion of boundary intervals in Sec. which in turn determines
a type of precells and cells in H and finally takes part in the proof that the base
manifold of the cross sections is totally geodesic (see Sec.[6.5). The non-vertical
sides of F(r) are contained in relevant isometric spheres. Isometric spheres
which coincide with F(r) in a single point or not at all are not interesting for
the structure of F(r).

Definition 6.1.32. Let »r € R. We say that the isometric sphere I contributes
to F(r) if I NOF(r) contains more than one point.

Note that an isometric sphere which contributes to 0F(r) is necessarily relevant.

Lemma 6.1.33. There exists M > 0 such that the set
Hy:={z€ H | ht(z) > M}
is contained in K. Moreover, Hy, N 0K = ().

Proof. Recall the map ¢: IS — RT from p.[94l [Bor97, Lemma 3.7] implies that
¢ assumes its minimum. Necessarily, min ¢(IS) > 0. Choose M > 1/min ¢&(IS).
Pick z € Hj; and let I € IS. Since the radius of I is 1/¢é(1), this isometric
sphere is height-bounded from above by M. Remark 6.1.1 implies that z €
ext I. Therefore, z € (;ggext] = K. Now K is open by Prop.[6.1.6, thus
HS NoK = 0. O

Proposition 6.1.34. Let r € R. The fundamental domain F(r) has two vertical
sides. These are the connected components of 0F(r) N K. The set of non-
vertical sides of F(r) is given by

{InaF(r) | I contributes to OF (r)}.

In particular, each relevant isometric sphere induces at most one side of F(r).
Moreover, the family of sides of F(r) is locally finite.
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Proof. Recall the boundary structure of F(r) from Theorem[6.1.15/ We start by
showing that there are two connected components of 0F () N K and that these
are vertical sides of IC. The set 0F.(r) consists of two connected components
given by the geodesic segments (r,00) and (r + A, 00). Consider (a,00) where
a € {r,r + \}. Lemmal6.1.33 shows that (a,o0) N K # 0. Let z be any element
of (a,00) N K. Then Lemma [6.1.14] shows that the geodesic segment [z, 0)
is contained in K. Clearly, it is contained in 0F.(r). Thus, each connected
component of F (r) N K is non-empty and a vertical side of F(r). Moreover,
this shows that the non-vertical sides of F(r) are contained in Foo(r) NOK. We
will show that each side of F(r) which intersects Fuo(r) N OK is non-vertical.
Then each vertical side of F(r) which intersects F () N OK is necessarily one
of the two above, which shows that there are only these two vertical sides.

Let S be a side of F(r) which intersects Foo (1) N OK. Hence there exists ¢ € 0K
such that ¢ € S. Lemma 6.1.20 shows that there exists a relevant isometric
sphere I with relevant part s; such that ¢ € s;. Since Fo(r) is convex and
open, the intersection

SIN Fool(r) =INOK N Foo(r)

is a non-trivial geodesic segment. Therefore, s; N Foo(r) C S and I contributes
to OF (r). Since s;NFoo(r) is non-vertical, S is so. By definition, S is a geodesic
segment. Since [ is a complete geodesic segment which intersects S non-trivially,

S C I. Hence, since S C Foo(r) NOK,

S=INIKNFx(r)=1IN0F(r).

This shows that each side of F(r) which intersects Fuo(r) N OK is non-vertical
and of the form I N 0F(r) for some isometric sphere I which contributes to

OF(r).

Suppose now that I is an isometric sphere contributing to dF(r). Since I is
non-vertical, I N JF(r) is contained in some non-vertical side S of F(r). Using
that I is a complete geodesic segment, we get that S = I N OF(r). Hence, the
set of non-vertical sides of F(r) is precisely

{INOF(r) | I contributes to dF(r)}

and each relevant isometric sphere generates at most one side of F(r). Now
Lemma [6.1.11, or alternatively Prop. [6.1.26, shows that the family of non-
vertical sides is locally finite. Since there are only two vertical sides, the family
of all sides is locally finite. O

Lemma 6.1.35. Let I be a relevant isometric sphere with relevant part s. If t
is a subset of s (in H), then pr!(pro(t)) NOK =t.

Proof. Let V := pryl(pry(s)) and pick z € V N 9K. By Lemma the
geodesic segment [z,00) is contained in K with (z,00) € K. By Prop. [6.1.12
there is an isometric sphere J such that z € J. Remark shows that
(proo(2),2) C int J and therefore (pro.(z), 2)NK = 0. Hence (pry,(2),c0)NOK =
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{z}. Let w € 5. Then w NV NOK and pr .} (pro.(w)) NOK = {w}. This proves
the claim. O

Recall that Rel denotes the set of all relevant isometric spheres.

Proposition 6.1.36. Let r € R. Then the set F(r) is a geometrically finite
convex polyhedron. In particular, F(r) is finite-sided.

Proof. If Rel = ), then F(r) = Foo(r) and the statements are obviously true.
Suppose that Rel # (). Theorem|6.1.15 shows that F(r) is convex and Prop./6.1.34
states that the family of sides of F(r), which is the same as that of F(r), is lo-
cally finite. Therefore, F(r) is a convex polyhedron.

We will now show that F(r) is geometrically finite. Let € 93 F(r). Because
F(r) is a convex polyhedron in a two-dimensional space, there are at most two
sides of F(r) with endpoint x.

Suppose that = co. There are two sides of F(r) with endpoint co, namely
the vertical ones. Lemma 6.1.33 shows that we find M > 0 such that the set
HY, :={z € H | ht(z) > M} is contained in K and Hy, N 9K = 0. Let € > 0.
Then

U:= (Hjﬂﬂ{zeﬁg\{oo} | Rez ¢ [r—e,r+)\+e]}) U {o0}

is a neighborhood of oo in HY. Using Thm.[6.1.15 we find

UNOF(r) = (U N (0F s (r) OK)) U <U N (Foo(r) N aic))

= ((UﬂK) ﬂ@foo(r)> U <(Um9/€) ﬁ]:oo(r)>
= U NOF(r).

Hence U intersects only the two vertical sides of F(r).

Suppose now that x € R. In the following we construct vertical strips in H
for all possible intersection situations at x. Afterwards these vertical strips are
combined to a neighborhood of z.

If = is the endpoint of the relevant part s := [a, x| of some relevant isometric
sphere I with Rea < z such that s N dF(r) is not empty or a singleton, then
choose € > 0 such that max{r,Rea} < z—¢ and consider the vertical strip V' :=
(x — e,2] + iRT where (z — ¢, z] denotes an interval in R. Clearly, V C F(r).
By Lemma 6.1.35, V N oK C s. By Thm.[6.1.15 we find

VNOF(r) = <Vm (0F oo (r) OK)) U <Vn (K(r)malc))

= <(Vmaj-“oo(r)) mK) U <(V08K) mJ—“OO(r))
= 5N Foo(r).

Hence V intersects only the side of F(r) which is contained in s.
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If x is the endpoint of a vertical side s of F(r), then z = r or x = r + X and the
vertical strip V := (—o0,r] +iR™ resp. V := [r + A\, 00) + iRT intersects only s.

If x is the endpoint of at most one side of F(r), then there exists an interval I
of the form [z,y) or (y,z] in JyF(r). More precisely, if = r, then I is of the
form [z,y). If 2 = r+ A, then [ is of the form (y,z]. If  is the endpoint of the
relevant part [a,z] of some relevant sphere and if Rea < z, then I = [z,y). If
Rea > z, then I = (y,z]. If = is not the endpoint of any side, then there exists
an interval of each kind. In all cases, Lemma [6.1.14 implies that the vertical
strip V := I + iR* is contained in K and therefore in F(r). If = r, then V
intersects the vertical side (r,00). If z = r + A, then V intersects the vertical
side (r + A, 00). In all other cases, V' does not intersect any side of F(r).

Combining these results with Lemmal6.1.20 we see that in each situation there
is an open interval I which contains x and for which the vertical strip V :=
I +iR™" intersects only the sides of F(r) with endpoint . Now note that the
neighborhood V7~ {00} of x in H’ intersects exactly those sides which are
intersected by V. Thus, F(r) is geometrically finite. By [Rat06, Cor. 2 of
Thm. 12.4.1], F(r) is finite-sided. O

Let v be an inner vertex of IC. Then there are two relevant isometric spheres I,
I, with relevant parts [a,v] resp. [v,b]. Let a(v) denote the angle at v inside K
between [a,v] and [v, b].

Corollary 6.1.37. There exists k > 0 such that for each inner vertex v of K
we have a(v) > k.

Proof. Let v be an inner vertex of K. Then v is the intersection point of two
isometric spheres, or more generally, of two complete geodesic segments, say s1
and so. Let 711,712 resp. 21,722 be the geodesics such that 711 (R) = s1 =
v12(R) resp. 121 (R) = s = v92(R). Let wi1, w12, w1, was be the unit tangent
vector to 11,712, Y21, Y22, TeSp., at v. Since v € H, each of the sets {wiy, w9 },
{wi1,wee}, {wi2,we1} and {wia, wee} contains two elements. Now «(v) is one
of the angles between the elements of one of these sets. Therefore a(v) > 0.

Let r € R and consider the set Vi, of all inner vertices of IC that are contained in
OF (r). Each element of Vi, is the endpoint of a side of F(r). Prop. shows
that F(r) is finite-sided, hence Vi, is finite. Thus, in turn, there exists k > 0
such that for all v € Vi, a(v) > k. Each inner vertex of K is Goo-equivalent to
some element of Vi,. Since the angle is invariant under G, the statement is
proved. O

Recall the geodesic projection pr.,: H® ~{co} — R from p.[107.

Theorem 6.1.38. If Rel # (), then let v be a vertez of K and set r := pr . (v) =
Re(v). If Rel =0, then pick any r € R. The set F(r) is a geometrically finite,
exact, convexr fundamental polyhedron for I' in H.

Proof. Theorem [6.1.15 shows that F(r) is open and Prop. [6.1.36] states that
F(r) is a convex polyhedron. Therefore, F(r) = F(r). By Theorem 6.1.15
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and Prop.[6.1.36] it remains to show that F(r) is locally finite and that F(r) is
exact. If Rel = 0, then F(r) = (r,r + A\) +iR". Obviously, F(r) is locally finite
and F(r) is exact.

Suppose that Rel # (). We start by determining the exact boundary structure of
F(r). Let s be the relevant part of some relevant isometric sphere and suppose
that proo(s) N (r,r + A) # 0. We claim that pro(s) C [r,r + A]. Let I be a

relevant isometric sphere such that its relevant part s; has v as an endpoint.
Suppose that r € pro.(s) and note that r € pro(s;). Lemmal6.1.35/implies that

re prgol(proo(r)) NI Csns.

Thus s and s; intersect. By Lemma [6.1.20] either s = s1 or sNs; = {v}. In
both cases, v is an endpoint of s. Therefore, since pro(s) N (r,r + \) # 0,
proo(s) C [r,00). If r & pro(s), then clearly pro(s) C (r,00). Cor. 2.2.15/shows
that K is I'so-invariant, and so is 9K. Therefore v+ ) is a vertex of K. A parallel
argumentation shows that pro(s) C (—oo,r + A]. Hence pr(s) C [r,r + Al.

Because F(r) is connected, we find that s C 0F(r). Hence, if the relevant part
of some relevant isometric sphere contributes non-trivially to 0F(r), then this
relevant part is completely contained in OF(r). In combination with Prop./6.1.34/
we see that F (r) consists of two vertical sides and a (finite) number of relevant
parts of relevant isometric spheres.

Suppose first that S is a vertical side. Then t{F(r) N F(r) = S for either € = 1
or ¢ = —1. Suppose now that S is a non-vertical side, and let I be the relevant
isometric sphere with relevant part S. Suppose that g € I'\I', is a generator of
I. Prop.[6.1.29 shows that ¢S is the relevant part of I(g~'). Then there is some

m € Z such that 3¢S intersects non-trivially a non-vertical side of F(r). Since
t7gS is the relevant part of I((t{'g)~1), it is a side of F(r). Now, I(t'g) = I(g),
and therefore (t7'g) "' F(r) N F(r) = S. Thus, F(r) is exact if F(r) is locally

finite.

Now let z € H. If z is I-equivalent to some point in F(r) or is contained in a
side of F(r) but not an endpoint of it, then the (argument for the) exactness
of F(r) shows that there is a neighborhood of U which intersects only finitely

many ['-translates of F(r). Suppose that z is an endpoint in H of some side of
F(r). Then z is an inner vertex of K. Suppose that there is v € F(r) and g € T
such that gv = z. Since F(r) is a fundamental domain, v € 9F(r). Prop.[6.1.29
implies that v is an inner vertex of K as well. Then Cor. implies that
there are only finitely many pairs (v,g) € F(r) x I' such that gv = z. Hence
there is a neighborhood U of z intersecting only finitely many I'-translates of

F(r). O

A subgroup A of PSL(2,R) is called geometrically finite if there is a geometrically
finite, exact, convex fundamental polyhedron for A in H.

Corollary 6.1.39. The group I' is geometrically finite.

We end this section with a discussion of the nature of the points in 0, F(r).

114



6.1. Isometric fundamental domains

Recall from Def. that the limit set of I' is the set L(I") of all accumulation
points of I' - z for some z € H. Further recall that L(I') is a subset of J,H,
moreover, that for each pair z1, 29, the accumulation points of I' - 21 and I' - 2
are identical.

Theorem 6.1.40. Let r be as in Theorem [6.1.38. Then 0,F(r) N L(T") is
finite and consists of cuspidal points of I'. Moreover, each cusp of I' has a
representative in 0y F (r) N L(T).

Proof. The first statement is an application of [Rat06, Cor. 3 of Thm. 12.4.4]
to Theorem [6.1.38. The second statement follows immediately from the com-
bination of Thm. 12.3.6, Cor. 2 of Thm. 12.3.5, Thm. 12.3.7 and 12.1.1 in
[Rat06]. O

Corollary 6.1.41. If I is cofinite, then each infinite vertex of IC is two-sided
and a cuspidal point of T'.

Proof. In [Kat92, Thm 4.5.1, Thm 4.5.2] it is shown that I' is cofinite if and
only if L(T') = OH. Then the statement follows from Theorem [6.1.40. O

6.1.7. A characterization of the group I

Let A be a geometrically finite subgroup of PSL(2,R) of which oo is a cuspidal
point. By [Rat06, Thm. 6.6.3] the group A is discrete. In this section we show
that A satisfies (A1) (and (A1’)), i.e., for each z € H, the set

H. = {ht(g2) | g € A}

is bounded from above. This shows that the conditions on I' from the previous
sections are equivalent to require that I" be geometrically finite and has oo as
cuspidal point. The strategy of the proof is as follows.

Let t, := ((1) ‘1‘) be the generator of Ay, with g > 0 and recall that for each
a € R, the set

Foola) :==pryf ((a,a+p))NH
is a fundamental domain for A,,. We show that there is a geometrically finite,
exact, convex fundamental polyhedron P for A in H of which oo is an infinite

vertex. Then there exist a € R, r > 0 and a finite number P;,..., P, of I'-
translates of P such that

l
N(a) :={z € H | ht(z) > r} N Fus(a) ={z € H|ht(z) =7} n | P;.

Now, for each z € H, the set N(a) N T - z is finite, which implies that H, is
bounded from above.

The following definition is consistent with Def.[6.1.22.

115



6. Cusp expansion

Definition 6.1.42. Let P be a convex polyhedron in H. We call z € 9,P an
infinite vertex of P if x is the endpoint of a side of P.

Lemma 6.1.43. There exists a geometrically finite, exact, convex fundamental
polyhedron P for A which has oo as an infinite vertex.

Proof. Let D(p) be a Dirichlet domain for A with center p. Then D(p) is a
geometrically finite, exact, convex fundamental polyhedron for A. By [Rat06,
Thm. 12.3.6] there exists g € A such that co € g9,D(p). Now, gD(p) = D(gp),
hence co € 94D (gp). Then [Rat06, Cor. 2 of Thm. 12.3.5, Thm. 12.3.7] shows

that oo is an infinite vertex of D(gp). Set P := D(gp). O

Let P be a geometrically finite, exact, convex fundamental polyhedron for A of
which oo is an infinite vertex. For each side S of P let gg¢ € A be the unique
element such that S = PN ggl(P). The existence and uniqueness of gg is given
by [Rat06, Thm. 6.7.5]. The set gg(S) is a side of P. The set

Q :={gs | S is a side of P}

is called the side-pairing of P. Each infinite vertex of P is an endpoint of exactly
one or two sides of P. We assign to each infinite vertex of  of P one or two
finite sequences ((xj, gj)) by the following algorithm:

(step 1) Set 1 := x and let S; be a side of P with endpoint x1. Set g; := gs; and
let x9 := g1(x1). Set j := 2.

(step j) If ; is an endpoint of exactly one side, then the algorithm terminates. In
this case, x; does not belong to the sequence. If z; is an endpoint of the two
sides g;—1(Sj—1) and S; of P, then set g; := gs;- If xj = 21 and S; = Sy,
the algorithm terminates. If x; # x1 or S; # Si, set x;41 = g;(x;) and
continue with (step j + 1).

Since P is finite-sided (see [Rat06, Cor. 2 of Thm. 12.4.1]), the previous algo-
rithm terminates for each x € J,P.

Lemma 6.1.44. Let S be a side of P with endpoint co. Then gg(oo) is an
endpoint of two sides of P.

Proof. For contradiction assume that a := gg(o0) is an endpoint of only one
side of P. Then there exists b € R such that the interval (a,b) is contained in
0y P. Then there is 7 > 0 such that K := (a,b) 4+ (0, 7] is contained in P. Note
that g5'(b) € R. The set gg'(K°), and therefore gg'(P°), contains one of the
open half-spaces {z € H | Rez > g5'(b)} and {z € H | Rez < g5'(b)}. Both of
which contain points that are equivalent under ¢,, which is a contradiction to
ggl(Po) being a fundamental domain for A. Thus, the claim is proved. O
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Proposition 6.1.45. Let ((xj,gj)) _,__ be one of the sequences assigned to
x = 0. Then there exists a € R, m 6 No and r > 0 such that

{z € H|ht(z) >r}ﬂUgl- TP ={z€H |ht(z >r}ﬂUt

Further, there exists 1 € {1,...,k} such that

{z € H|ht(z >r}ﬂUg1 ---g;lP:{zeH\ht(z)Zr}ﬂ]—"oo(a).
J=1

Proof. Let Ty = [, 00|, To = [, 00] be the two sides of P of which oo is an
endpoint. Suppose that Rea; < Reas and suppose further for simplicity that
S1 = T5. The argumentation for S; = T3 is analogous. For j = 1,...,k let
Sj = [aj, ;] be the side of P such that g; = gs,, and set hjy1 := gjgj—1---gag1
and hy :=id. By construction, z; = h;oc0 and
1 1 -1 -1
hig PRy P =h; g 9; PﬁP):hj S;.

for j = 1,...,k. Set r := max{ht(hj*laj) ‘ j = 1,...,k:}. Further define
H, :={z¢€ H |ht(z) > r}. Then

pra. ([Reay,Re h;lag]) NH,=hy,"PNH,

and Si, hy 1S, are precisely the (vertical) sides of hy L P with oo as an endpoint.
Inductively one sees that, for j =2,..., k+ 1,

j
pro) ([Reay,Rehaj]) N H, = by ' PN H, (6.5)
=2

and S, hj_lSj are the two (vertical) sides of U{:2 hl_lP having oo as an endpoint.
By iterated application of Lemma [6.1.44, we find that xp = x1 and S = 5.
Then hyzq = x = 21 and thus h = (§ ™) for some n € Z. Since h 'S =
h,;lsk = 51, the set

K :=prg ([Real,Reh ak])ﬂHr

has width |n|p. With a := Rea; and m := |n| — 1 we get

K =H.n|JtFola).
=0

Now, let [ be the minimal element in {1,...,k} such that

l
H,N Fyola) C H.N U hi'P.
j=2
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By (6.5), to show equality, it suffices to show that the vertical sides of both
sets are identical. The geodesic segement [a + ir, 0|, which is contained in S7,

is one of the vertical sides of H, N Fuoo(a) and of H, N Ué‘:g h;lP. The other

vertical side of H, N F(a) is the geodesic segment b := [a + p +ir, c0]. Assume
for contradiction that b is not a vertical side of H, N UgZQ hj_lP. Then the
minimality of [ implies that (a + p + ir,00) C hy ' P°. Let w € (a + p + ir, 00).
Then t;lw € S1 and hyw € P°. This means that the orbit Aw contains elements
in P° and in P, which is a contradiction to P° being a fundamental domain.

Hence b is a vertical side of H, N Ué’:g h;lP and

l
H,N Fula) = Hy 0 | J 1y 'P. O
j=2

Theorem 6.1.46. For each z € H, the set H, is bounded from above.

Proof. Fix a geometrically finite, exact, convex fundamental polyhedron P of
which oo is an infinite vertex. In particular, P is finite-sided. For r > 0 set
H, :={z € H | ht(z) > r}. Prop.[6.1.45 shows that we find a € R, » > 0 and
finitely many elements hq, ..., h; € A such that

k
H.0 | hyP = H, 0 Fos(a).
j=1

Choose r > 0 so that, for each j = 1,...,k, only the vertical sides of h;P with
endpoint co intersect H,. Let € > 0 and set s := r + €. Obviously,

k
H,N U hiP = H,N Fu(a).
j=1

Let 2 € H and consider
HT;(z) := {ht(gz) | g € A, ht(gz) > s}.

We will show that HTs(2) contains only finitely many elements. More precisely,
we will show that # HT,(z) < k + 2. Assume for contradiction that there are
k+3 elements in HT4(2), say b1, ..., bky3. Then there exist g1, ..., gr+3 € A such
that b; = ht(g;z). Since the height of a point in H is invariant under A, the
elements g1, ..., gr+3 are pairwise I's-inequivalent. Moreover, we can suppose
that g;z € Fo(a) for each [ =1,...,k+ 3. Let V be a connected neighborhood
of g1z such that, for each [ = 1,...,k 4+ 3, the neighborhood glgl_lv of gz is
contained in H, and intersects at most two I'-translates of P. Moreover, for
a # b, suppose gagl_1Vﬁgbgl_1V = (). By the choice of s, such a V exists. Thus,
there are hg, hy+1 € A such that

k+1

qor'V C | hyP
=0
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for each I = 1,...,k + 3. Fix an element w € V such that w € h;, P° for some
j1 € {0,...,k + 1}. Then, for each I = 1,...,k + 3, there exists a (unique)
ji €40,...,k+1} such that gjgflw € h; P°. Since P° is a fundamental domain
for A, from gagl_lw # gbgl_lw for a # b, it follows that j, # jp. But now

#Hagrlw [ 1=1,... k+3} >k+2=#{0,...,k+1}.

This gives the contradiction. Hence HT4(z) is finite, which implies that H, is
bounded from above. O

6.2. Precells in H

Throughout this section let I' be a discrete subgroup of PSL(2,R) of which
oo is a cuspidal point and which satisfies (Al), or, equivalently, let T be a
geometrically finite subgroup of PSL(2,R) with co as cuspidal point. To avoid
empty statements suppose that the set Rel of relevant isometric spheres is non-
empty, or in other words, that I' # I'c. As before let K := [;cgext I and
suppose that t) = ((1] i‘) is the generator of 'y with A > 0. For r € R set
Foo(r) == (r,r + A) +iRT and F(r) := Foo(r) N K.

This section is devoted to the definition of precells in H and the study of some
of their properties. To each vertex of K we attach one or two precells in H,
which are certain convex polyhedrons in H with non-empty interior. Precells
in H are the building blocks for cells in H and thus for the geometric cross
section. Moreover, precells in H determine the precells in SH and therefore
influence the structure of cells in SH, the choice of the reduced cross section
and its labeling. There are three types of precells, namely strip precells, which
are related to one-sided infinite vertices, cuspidal precells, which are attached to
one- and two-sided infinite vertices, and non-cuspidal precells, which are defined
for inner vertices. For the definition of strip precells we need to investigate the
structure of 9,k in the neighborhood of a one-sided infinite vertex, which we
carry out in Sec.[6.2.1. In that section we introduce the notion of boundary
intervals, which completely determine the strip precells.

In Sec. 6.2.2 we define all types of precells in H and investigate some of their
properties. For this we impose the additional condition (A2) on T, which is
defined there. In particular, we will introduce the notion of a basal family of
precells in H and show its existence. A basal family of precells in H satisfies all
properties one would expect from its name. It is a minimal family of precells in
H such that each precell in H is a unique 'y -translate of some basal precell.
For each precell A in H there is a basal family of precells containing A, and
the cardinality of each basal family of precells in H is finite and independent
from the choice of the particular precells contained in the family. Its existence is
shown via a decomposition of the closure of the isometric fundamental domain
F(r) for certain parameters r. In Sec. 6.4 these basal families of precells in
H are needed to define finite sequences, so-called cycles, of basal precells and
elements in I'\T', which are used for the definition of cells in H.
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6. Cusp expansion

We end this section with the proof that the family of all I'-translates of precells
in H is a tesselation of H. This fact will show, in Sec.[6.4] that also the family
of all I'-translates of cells in H is a tesselation of H, which in turn will allow to
define the base manifold of the geometric cross section.

6.2.1. Boundary intervals

If one considers an isometric sphere as a subset of HY, then the set of all isomet-
ric spheres need not be locally finite. For example, in the case of the modular
group PSL(2,7Z), each neighborhood of 0 in H? contains infinitely many isomet-
ric spheres. Therefore, a priori, it is not clear whether the set of all relevant
isometric spheres is locally finite in H?. This in turn shows that it is not ob-
vious whether or not the set of infinite vertices of K has accumulation points
and if so, whether these accumulation points are infinite vertices. In Prop.[6.2.4]
below we will show that if v is a one-sided infinite vertex of IC, then there is an
interval of the form (v,w) in J;K. Moreover, if (v, w) is chosen to be maximal,
then w is a one-sided infinite vertex as well and w is uniquely determined. The
main idea for this fact is to use that the fundamental domains F(r), r € R, from
Prop.[6.1.36 are finite-sided and that, for an appropriate choice of the parameter
r, the infinite vertices of F(r) in R coincide with the infinite vertices of K in
the relevant part of 9;H. Moreover, we will show that the set pr((v,w)) N H
is completely contained in K, which will be crucial for the properties of strip
precells in H. For the proof of Prop.[6.2.4] we need the following three lemmas.

Lemma 6.2.1. Let I be an isometric sphere and z € intg (pro(I)). Then
pr (z) NOK # 0.

Proof. Suppose that I is the complete geodesic segment [z, y] with = < y. Then
intg (pry(I)) is the real interval (z,y). Suppose that z € (z,y). Fix ¢ > 0 such
that (z—e,z+¢) C (x,y). Then B.(z) C int I. Moreover, the geodesic segment
(z,z + ie) is contained in

U intJ = U intJ =0C ﬂ ext J = CK.

JeIS JeIS JeIS

Thus pr!(z) NCK # (. Lemmal6.1.33 shows that pr;t(z) N K # 0. Since the
geodesic segment (z,00) is connected, it intersects OK. O

Lemma 6.2.2. Let I and J be relevant isometric spheres with relevant parts sy
and sy. If

Proo(sr) Nintr (prag(ss)) # 0,
then I = J.

Proof. Since pr,(sy) and pry,(s) are intervals in R, the set pro, (s7)Nintr (preo(ss))
is an open interval, say

(a,b) == pro(sr) Nintr (prao(s.))-
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6.2. Precells in H

Let ay, by € sy resp. ay,by € sy such that

(a,0) = (prog(ar); Prog (b)) = (Preo(as), prog(bs)).

Lemma[6.1.35 shows that
(ar,br) = prag ((a,b)) NOK = (as,by).

Hence the complete geodesic segments I and J intersect non-trivially, which
implies that they are equal. ]

Lemma 6.2.3. Let v be an infinite vertex of K. Then the geodesic segment
(v,00) is contained in K.

Proof. By the definition of infinite vertices we find a relevant isometric sphere 1
with relevant part s; such that v is an endpoint of s;. Assume for contradiction
that there is z € (v,00) such that z ¢ K. Then z € CK = |J,¢gintJ. Pick
an isometric sphere J € IS such that z € int J. This and z € H implies that
Pry(2) € intg (pre(J)). The combination of Lemmas 6.2.1 and [6.1.20] shows
that there is a relevant isometric sphere L such that its relevant part sy, intersects
(v,00) in H. Let sy, = [a,b] with Rea < Reb. We will show that all possible
relations between a,b and v lead to a contradiction.

Suppose first a € (v,00). Then a is the intersection point of sz with (v,00) and
hence in H. But then a is an inner vertex, which implies (see Lemma [6.1.20)
that there is a relevant isometric sphere Ly with relevant part so := [¢,a] and
Rec < Rea. Then

Proo(s2) Upre(sr) = [Rec,Reb),

which contains v in its interior. Hence either pr,,(s2) Nintg (pry(sr)) # 0 or
Prog(sr) Nintr (prog(sr)) # 0. By Lemma [6.2.2 either Ly = J or L = I. In
each case v = a, which contradicts to a being an inner vertex. An analogous
argumentation shows that b ¢ (v, 00).

Suppose that Rea < v < Reb (which is the last possible constellation). Then
there is € > 0 such that (v —e,v +¢) C [Rea,Reb] = pr(sr). It follows that
Pro(sr)Nintg (prog(sr)) # 0 and therefore I = L. But then s, cannot intersect
(v,00) in H. This is a contradiction. Hence (v, 00) C K. O

Proposition 6.2.4. Let v be a one-sided infinite vertex of IC. Then there exists a
unique one-sided infinite vertex w of K such that the vertical strip pr!({v, w))N
H is contained in K. In particular, prt((v,w)) does not intersect any isometric
sphere in H, and, of all vertices of K, prot((v,w)) contains only v and w.

Proof. Let I be the relevant isometric sphere with relevant part s; of which v
is an endpoint. W.l.o.g. suppose that I is the complete geodesic segment [v, z
with v < z. Consider the fundamental domain F(v) = Fo(v) NK of " in H.
Let Vg be the set of endpoints in R of the sides of F(v). Our first goal is to show
that Vg is the set V, of all infinite vertices of K in [v,v+ A]. Lemmal6.2.3 shows
that (v,00) € K. Then (v,00) C KN 0Fs(v), and hence (v,00) is a vertical
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6. Cusp expansion

side of F(v) with endpoint v. Recall from Cor. that K is I'so-invariant.
Therefore v + A is an infinite vertex of K. Analogously to above we see that
v+ A € Vr. Prop. shows that the elements in Vg N (v, v+ \) are endpoints
of non-vertical sides of F(v) and that the set of non-vertical sides of F(v) is
given by

{JNOF(v) | J contributes to dF (v)}.

Let w € VR N (v,v 4+ A) and J € IS such that the side J NIF(v) of F(v) has w
as an endpoint. Theorem |6.1.15 implies that

JNIOF(v) = Feo(v)NJNOK.

This shows that J is relevant and that w is an endpoint of its relevant part.
Hence, w € V,. Conversely, suppose that w € V, N (v,v + A). Then there is a
relevant isometric sphere L such that its relevant part s; has w as an endpoint.
Say sp, = [a,w]. Since Fo(v) is the open, convex vertical strip (v,v + \) +iR™
and w € (v,v + A), there exists b € sz, such that the geodesic segment [b, w] is
contained in F(v). Then

(b, w] C Foo(v) N LNIK,

which shows that w is an endpoint of some side of F(v). Thus, w € Vg and
Vr = V,.

Now we construct the vertex w of I with the properties of the claim of the
proposition. Prop. 6.1.34 states that F(v) is finite-sided. Thus Vg is finite.
This and the fact that Vg~ {v} is non-empty show that

w := min Vp~{v}

exists. We claim that pry!([v,w]) N H is contained in K. The proof of this claim
will also show the other assertions of the proposition. Assume for contradiction
that there exists z € pro}!([v,w])NH such that z ¢ K. Because 0K = |J ;g int J
by Prop. [6.1.6] we find J € IS such that z € intJ. This and z € H shows
that pr,.(z) € intg (pry(J)). Lemmas(6.2.1 and [6.1.20/ imply that there is a
relevant isometric sphere whose relevant part intersects pro!([v,w]) in H. By
Prop. [6.1.34 there are only finitely many of these, say I1,...,I,. Suppose that
their relevant parts are s; := [a;,b;], j = 1,...,n, resp., with Rea; < Reb;
and suppose further that Rea; < Reay for £k = 2,...,n. We will show that
a; € Vy~{v} with a; < w. By choice, there is z € prt([v,w]) N H such
that z € [a1,b1]. Lemma shows that pry!(v) N H and prt(w) N H are
contained in K. Since s; C 9K and K is open, s; Nprt({v,w})NH = (). Hence
z € prod((v,w)) N H. Since pr((v,w)) N H is connected, it follows that

(a1,by) C pro ((v,w)) NH.

Then a; € pry([v,w)). Since v is one-sided, a; # v. As before, we see that
ay ¢ prog(v) N H. Therefore a; € pry((v,w)). If aj is an inner vertex, then
Lemma [6.1.20 shows that there is a relevant isometric sphere Iy with relevant
part so = [c,a1] and Rec < Reaj. Then sq Npr!([v,w]) N H # 0. Hence
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Iy €{L,...,I,} and thus Rec < Rea;. This is a contradiction. Thus, ay is an
infinite vertex of IC. Then a; € Vg~ {v} with a1 < w = min Vg~ {v}. This is a
contradiction. Therefore pro!([v,w]) N H is contained in K, does not intersect
any isometric sphere, w is one-sided and unique and pry([v, w] contains only v
and w of all vertices of K. O

Definition 6.2.5. Suppose that v is a one-sided infinite vertex. Let w be the
unique one-sided infinite vertex of X such that the set pry}({v,w)) does not
intersect any isometric sphere in H, which is given by Prop.[6.2.4. The interval
(v,w) is called a boundary interval of IC, and w is said to be the one-sided infinite
vertex adjacent to v.

Example 6.2.6. Recall the group I' from Example [6.1.21] and the set X from
Example 6.1.23] The boundary intervals of IC are the intervals [1 + 4m, 3 + 4m]
for each m € Z.

6.2.2. Precells in H and basal families

In this section we introduce the condition (A2)), define the precells in H and
investigate some of its properties. In particular, we construct basal families of
precells in H. The statement of condition (A2) and the definition of precells in
H needs the notion of the summit of an isometric sphere.

Definition 6.2.7. The summit of an isometric sphere is its (unique) point of
maximal height.

Lemma 6.2.8. Let g = (%Y%) € PSL(2,R)\PSL(2,R)s. Then the summit of

I(g) is
d i
§=——+ —,
¢ el
and the summit of I(g~') is gs. Moreover, the geodesic projection pry,(s) of s
is the center g~ oo of I(g).

Proof. W.lo.g. we may assume that the representative (¢9) in SL(2,R) of g is
chosen such that ¢ > 0. Since

Hg)={zcH||[z+5[ =3},

we find that s = —4 + L and pro(s) = —4 — g~1o0. Further,

c c

as+b_ 1 —ad+bc+ia_a 7

cs+d ¢ —d+i+d ¢ ¢

9s =
is the summit of I(g~1). O

From now on we impose the following condition on I

For each relevant isometric sphere,
its summit is contained in OK but (A2)
not a vertex of K.
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6. Cusp expansion

The examples in the previous sections show that there are subgroups of PSL(2, R)
satisfying all the requirements we impose on I'. However, in Sec. 6.3 we provide
an example of a geometrically finite subgroup of PSL(2,R) of which oo is a
cuspidal point but which does not fulfill (A2).

We now define the precells in H. Recall that K = (;cgext 1. In the follow-
ing definition we implicitely make some assertions about the geometry of these
precells. These will be discussed in the Remark[6.2.10] just below the definition.

Definition 6.2.9. Let v be a vertex of IC. Suppose first that v is an inner vertex
or a two-sided infinite vertex. Then (see Lemma[6.1.20 resp. Def. [6.1.22) there
are (exactly) two relevant isometric spheres I, Iy with relevant parts [aq,v]
resp. [v, bo]. Let s1 resp. sy be the summit of I resp. Is.

If v is a two-sided infinite vertex, then define A; to be the hyperbolic triangl
with vertices v, s1 and oo, and As to be the hyperbolic triangle with vertices
v, S9 and oco. The sets Ay and Ay are the precells in H attached to v. Precells
arising in this way are called cuspidal.

If v is an inner vertex, then let A be the hyperbolic quadrilateral with vertices
s1, v, S92 and oo. The set A is the precell in H attached to v. Precells that are
constructed in this way are called non-cuspidal.

Suppose now that v is a one-sided infinite vertex. Then there exist exactly
one relevant isometric sphere I with relevant part [a,v] and a unique one-sided
infinite vertex w other than v such that pro!((v,w)) does not contain vertices
other than v and w (see Prop.[6.2.4). Let s be the summit of I.

Define A; to be the hyperbolic triangle with vertices v, s and oo, and As to be
the vertical strip pro!((v,w)) N H. The sets A; and Ap are the precells in H
attached to v. The precell A; is called cuspidal, and Ay is called a strip precell.

Remark 6.2.10. Let A be a precell in H. We use the notation from Def.

Suppose first that A is a non-cuspidal precell in H attached to the inner vertex
v. Condition (A2) implies that s; # v # sa. Therefore A is indeed a quadri-
lateral. The precell A has two vertical sides, namely [s1,00] and [s2, 00], and
two non-vertical ones, namely [s1,v] and [v, s3]. Moreover, (A2) states that s;
is contained in the relevant part of I;. Hence [s1,v] is a geodesic subsegment of
the relevant part of I;. Likewise, [v, s2] is contained in the relevant part of Is.
The geodesic projection of A from oo is

pro(A) = (Re sy, Re sg).

Suppose now that A is a cuspidal precell in H attached to the infinite vertex
v. Then A has two vertical sides, namely [v, 00| and [s, 00|, and a single non-
vertical side, namely [v,s]. As for non-cuspidal precells we find that [v, s] is
contained in the relevant part of some relevant isometric sphere. The geodesic
projection of A from oo is

proo(A) = (Res,v).

'We consider the boundary of the triangle in H to belong to it.
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6.2. Precells in H

Suppose finally that A is the strip precell pr!((v,w)) N H. Then A is attached
to the two vertices v and w. It has the two vertical sides [v, o0] and [w, co] and
no non-vertical ones. The geodesic projection of A from oo is

Proo(A) = (v, w).

In any case, A is a convex polyhedron with non-empty interior. Therefore

A° = A and 9(A°) = 0A.

Example 6.2.11. The Hecke triangle group G,, from Example 6.1.16 has only
one precell A in H, up to equivalence under (G, ). Its is given by

A={z€eH||z|>1,]z— A >1,0<Rez < \,}.

This precell is non-cuspidal.

A

i An +i
Qn

0 Xa Ao

2

Figure 6.7: The precell A of G,,.

Example 6.2.12. The precells in H of the congruence group PT'y(5) from Ex-
ample 6.1.17] are indicated in Fig. 6.8 up to PT'y(5)sc-equivalence.

Figure 6.8: Precells in H of PT'y(5).

The inner vertices of K are

2k+1 /3
= +Z—,
10 10

Vg k=1,2,3,
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6. Cusp expansion

and their translates under PI'g(5)s. The summits of the indicated isometric

spheres are
ki
mk:g—{—g, k/’zl,,4

The group PI'y(5) has cuspidal as well as non-cuspidal precells in H, but no
strip precells.

Example 6.2.13. The precells in H of the group I' from Example 6.1.21 are
up to I'so-equivalence one strip precell A; and two cuspidal precells As, A3 as
indicated in Fig.[6.9. Here, v; = =3, v = —1, v3 =1 and m = i.

Ay

Figure 6.9: Precells in H of T.

The following lemma is needed for the proof of Prop.[6.2.15. Beside that, the
combination of this lemma and Remark [6.2.10 shows that our definition of
non-cuspidal precells in H coincides with that in [Vul99] in presence of con-
dition (A2), whereas cuspidal and strip precells are not precells in the sense of

[Vul99].
Lemma 6.2.14. If A is a precell in H, then

A=pr) (proo(A) NK and A° =pry} (proo(A°)) NK.

Proof. For a strip precell, this statement follows immediately from Prop.6.2.4.
Suppose that A is cuspidal or non-cuspidal. We start with a general observation.
Let I be a relevant isometric sphere with relevant part [a,b]. Suppose that

¢,d € [a,b], ¢ # d. Lemmal6.1.35/ shows that
pry. ((Ree,Red)) NOK = [c,d],

and Lemma6.1.14 states that for each e € [c,d] the geodesic segment [e, 00) is
contained in IC. Hence, pr!({Rec,Red)) N K is the hyperbolic triangle with
vertices ¢, d and oo.

Suppose that A is a cuspidal precell with vertices v, s and oo, where v is an
(infinite) vertex of K. Let I be the relevant isometric sphere whose relevant
part has v as an endpoint and of which s is the summit. By (A2), s € K. Then
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Lemma [6.1.20 implies that [v,s] is contained in the relevant part of I. Our
observation from above shows that pr_ ((v, Re s)) N K is the hyperbolic triangle
with vertices v, s and oo. Since pr. (A) = (v,Res), the first claim follows. For
the second claim note that pr!(v) N K and pr}(s) N K are the vertical sides
of A and that the non-vertical sides of A are contained in 0K. Since K is open,
the second claim follows.

Suppose that A is a non-cuspidal precell with vertices s1, v, s3 and oo, where v is
an (inner) vertex of K. For j = 1,2, let I; be the relevant isometric sphere with
summit s; and relevant part of which v is an endpoint. As before, we deduce
that prol ((Rewv, Re s;)) NK is the hyperbolic triangle with vertices v, s; and oo.
Now

(pre ((Rev,Res1)) NK) N (prad ((Rewv,Ress)) NK) = [v,00).
Hence

(prsd ((Rewv,Res1)) NK) U (prad ((Rew,Ress)) NK)
= (prgo1 ((Rev,Re 51>) Upry ((Re v, Re 82))) nK
= pr} ((Resi,Resy)) NK

is the hyperbolic quadrilateral with endpoints v, s1, s2, and co. Then pr, (A) =
(Re s1,Re s2) implies the first claim. The second claims follows as for cuspidal
precells. This completes the proof. O

Proposition 6.2.15. If two precells in H have a common point, then either
they are identical or they coincide exactly at a common vertical side.

Proof. Let Ay, Ay be two non-identical precells in H that have a common point.
Suppose first that A; and Ay are both strip precells in H and suppose that
A = prd([vr,v2]) N H and As = prt([vs,va]) N H where vy < v3. From
Ay N As # () it follows that

0 # proo (A1) Nprog(A2) = [v1,v2] N [vs, v4).

Then v3 < ve. If v3 < vy, then pr}([v1, v2]) contains the vertex vz of K which
is not vy or vy. This contradicts Prop.[6.2.4. If v3 = vs, then

prgo1 ([01,1)4]) NH= (prgo1 ([?}1,?}2]) N H) U (prgo1 ([vg,m]) N H)

does not intersect any isometric sphere in H. But then vy is not a vertex of K.
This is a contradiction. Hence, strip precells are either identical or disjoint.

Suppose now that As is not a strip precell. Let z € A; N As. Remark 6.2.10
shows that for j = 1,2, the set pr,(A;) is a closed interval in R and pry, (A7) =
intg (pro(A;)) is an open interval in R. Assume for contradiction that z is

not contained in a vertical side of A;. Then pr..(z) € pro (A7) N pro(Asz) and
hence pr, (A9) Npro(A3) # 0. Lemma6.1.33] and Lemma [6.2.14] show that

0 # prog (Proo(A?) Nprao(A3)) NK = A N AS.
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Analogously, we see that A N.AS # 0 if z ist not contained in a vertical side of
Ay. We can find w € AJ N A$ such that pro (w) # pro(v) for each vertex v of
K. There is a non-vertical side S of Ay such that pr,,(w) € intg (pry(S5)).

Suppose first that A4; is a strip precell. Then pro (w) € pry (A7) N pro(S).
Recall that S is contained in the relevant part of some relevant isometric sphere.
By Lemmal6.1.35 and the definition of strip precell we find

0 # pro (proo(A) Npro(S)) NK = AN S,

Hence, there is an isometric sphere intersecting .AS. This contradicts Prop.[6.2.4.
Therefore AN A = () and z is contained in a vertical side of A1, say in (w, 00),
and in a vertical side of Aj, say in (a,00). Remark[6.2.10 shows that a is either
the summit of some isometric sphere or a is an infinite vertex of /.

If a is a summit, then a is not a vertex of K by (A2). Therefore, there is an
isometric sphere I such that pro,(a) € intg (pro,(1)). As before, I intersects A3,
which contradicts Prop.[6.2.4. Hence a is an infinite vertex, in which case As is
cuspidal and A; and Ay coincide exactly at the common vertical side (w, c0).

Suppose now that 4; is not a strip precell. Let T be the non-vertical side of
A; such that pry(w) € intg (pry (7). We will show that S and T intersect
non-trivially. We have that

(a,b) :=intg (pry(9)) Nintr (pre (7))
is a non-empty interval in R. Lemma6.1.35 shows that
prot((a, b)) NOK C SNT,

hence S and T intersect non-trivially. Recall that the non-vertical sides of pre-
cells in H are determined by a vertex v of K and the summit s of a relevant
isometric sphere I such that [s,v] is contained in the relevant part of I. There-
fore, S = T. This implies that A; and Ay have in common the vertices s, v
and oo, which completely determine A; and As. Therefore A; = A, which
contradicts to our hypothesis that Ay # As.

Thus, z is contained in a vertical side of Aj, say in (a;,00), and in a vertical
side of Ajg, say in (ag,00). Moreover, a; is contained in a (unique) non-vertical
side S7 of A; and as is contained in a (unique) non-vertical side Sy of Az. The
sides S and Sy intersect at most trivially. For j = 1,2 let I; be the relevant
isometric sphere with relevant part s; such that S; C s;. If aq is the summit of
Iy, then

proo(a2) = proo(z) = proo(a’l) € Intg (proo(sl)) N proo(82)'

Lemma [6.2.2| shows that Iy = Is. Then a7 is an endpoint of Sy, hence a; = as
and (ai,00) = (ag,00). Hence A; and Ay coincide exactly at the common
vertical side (a1,00). The same argumentation applies if ag is the summit of Is.

Suppose now that a; and ag are endpoint of I; resp. I5. Then (see Remark(6.2.10)
a1 and a9 are infinite vertices of I and A; and As are cuspidal. Then a1 = ao,
and A; and A coincide exactly at the common vertical side (a1, 00). O
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Proposition 6.2.16. The set K is the essentially disjoint union of all precells
m H,
K= U{A | A precell in H},

and IC contains the disjoint union of the interiors of all precells in H,

U{AO | A precell in H} C K.

Proof. Let A := {A | A precell in H}. Lemma implies that (JA C K.
Conversely, let z € K. Suppose first that pr!(pry(2)) NOK # 0. Let w €
prt(pry(2)) N OK. Then w is contained in the relevant part [a,b] of some
relevant isometric sphere I. Let s be the summit of I. By (A2), s € [a,b]. By
definition, the points a, b are vertices of K. Then [a, s] and [s, b] are non-vertical
sides of some precells in H. Since w € [a, s] or w € [s, b], the point w is contained
in some precell, say w € A. Since pro (w) = pro(z), Lemma6.2.14 shows that

z € prog (prog(A)) NK = A.

Suppose now that pro}(pro(2)) N OK = 0. Then pr.(z) is an infinite vertex
of K or pr(z) is contained in some boundary interval of K. In the first case,
pro.(z) is the endpoint of a vertical side of some cuspidal precell A. Then
z € prog(proy(2)) € A. In the latter case, z is contained in the strip precell
determined by the boundary interval. Therefore, X C (JA. The remaining
assertions follow directly from Prop.[6.2.15, Lemma [6.2.14] and the fact that K
is open. ]

Recall that ty := (é{‘ is the generator of I'sx with A > 0 and that for r € R
we defined Foo(r) = (1,7 + X) +iRT and F(r) = Foo(r) N K.

Lemma 6.2.17. If r € R is the center of some relevant isometric sphere, then
OF(r) contains the summits of all relevant isometric spheres contributing to
OF (1), and only these.

Proof. Recall the boundary structure of F(r) from Prop.[6.1.34. Let I be a
relevant isometric sphere with relevant part s;. Suppose that r is the center of
I and s its summit. Lemma [6.2.8 shows that pr. (s) = r. Hence s € 0F(r).
Since s € OK by (A2), (s,00) is a vertical side of F(r). Thus, s € 0F(r). By
, s is contained in s; but not an endpoint. Since Fi(7) is convex, all of its
sides are vertical and sy non-vertical, we find that s intersects Foo (1) NOK non-
trivially. Theorem implies that s; intersects 0F(r) non-trivially, which

shows that I contributes to 0F(r).

The other vertical side of F(r) is (s + A, 00). The I'o-invariance of I shows
that I + X is a relevant isometric sphere with relevant part s; + A and summit
s+ A. Analogously to above, we see that I + A contributes to 0F (r).

Finally, all other (relevant) isometric spheres that contribute to dF(r) have
their centers in (7,7 + \), and all other summits of relevant isometric spheres
contained in OF (r) arise from relevant isometric spheres with center in (r,7+\).

129
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Since Foo(r) is the vertical strip (r,r + A) + iR, Lemma implies that
each relevant isometric sphere with center in (r,7 + ) contributes to 0F (r). If
J is a relevant isometric sphere with center in (r,7 + A), then (A2) shows that
its summit s is contained in OK. Hence, s € 0K N F(r), which means that
s € OF(r). O

Remark 6.2.18. Let r be the center of some relevant isometric sphere I. Further
let [a,b] be its relevant part with Rea < Reb and s its summit. Consider the
fundamental domain F(r). Lemmal6.1.20/ and [6.2.17] show that the boundary of
F(r) decomposes into the following sides: There are two vertical sides, namely
[s,i00] and [s+ A, ic0], and several non-vertical sides, namely [s, ], [a+ A, s+ )]
and the relevant parts of all those relevant isometric spheres with center in
(ryr 4+ A).

Definition 6.2.19. Let A be a subgroup of PSL(2,R). A subset F of H is called
a closed fundamental region for A in H if F is closed and F° is a fundamental
region for A in H. If, in addition, F° is connected, then F is said to be a closed
fundamental domain for A in H.

Note that if F is a fundamental region for I in H, then F can happen to be a
closed fundamental domain.

Theorem 6.2.20. There exists a set {A; | j € J}, indexed by J, of precells
in H such that the (essentially disjoint) union \J;c; A; is a closed fundamental
region for I' in H. The set J is finite and its cardinality does not depend on
the choice of the specific set of precells. The set {A; | j € J} can be chosen
such that Uje 7 A;j is a closed fundamental domain for I' in H. In each case,
the (disjoint) union UjeJ AS is a fundamental region for I in H.

Proof. By Prop. the union of each family of pairwise different precells in
H is essentially disjoint. Let r be the center of some relevant isometric sphere 1.
The boundary structure of F(r) (see Remark|6.2.18) and Prop.[6.2.16 imply that
F(r) decomposes into a set A := {A; | j € J} of precells in H. By Prop.[6.1.34
F(r) is finite-sided. Therefore also the set V of vertices of K that are contained
in F (’I“)g is finite. Each vertex of K determines at most two precells in H. Hence
J is finite. Moreover, (m)o = F(r). Therefore F(r) is a closed fundamental
domain.

Let A := {A; | k € K} be a set of precells in H such that F := (J,cx Ax is a
closed fundamental region for I' in H. Cor.[2.3.5 implies that

K=J{hA|heTw, AcA}.

Let A € Ay and pick z € Aj. Then there exists h, € I'x and j, € J such
that hyz € Aj,. Therefore hp A5 N Aj, # 0. The I'o-invariance of K shows
that hpAy is a precell in H. Then Prop. implies that hp Ay = Aj,,
in turn hi and j; are unique. We will show that the map ¢: K — J, k — ji
is a bijection. To show that ¢ is injective suppose that there are [,k € K such
that ji, = j; =: j. Then ljA; = A; = hy A, hence h,;lhlAl = Aj,. In particular,

and
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h,;lhlA? NA; # 0. Since Upeg Aj, € F° and F° is a fundamental region, it
follows that h,;lhl =1id and [ = k. Thus, ¢ is injective. To show surjectivity
let j € J and z € .A;-’. Then there exists g € I' and k € K such that gz € A;.
On the other hand, A; = h,;lAjk. Hence hxgAj; N A, # (. Since A; and
Aj, are convex polyhedrons, it follows that hxgAj N A; # 0. Since F(r) is
a fundamental region and A7, A7 C F(r), we find that hxg = id and j = ji.
Hence, ¢ is surjective. It follows that #K = #J.

It remains to show that the disjoint union P := [J,cx Aj is a fundamental
region for I' in H. Obviously, P is open and contained in F°. This shows that
P satisfies and (F2). Since (A°) = A for each precell in H and K is finite,

it follows that
P = UAOZ UAk:j:'
keK keK

Hence, P satisfies (F3)) as well, and thus it is a fundamental region for I' in
H. O

Definition 6.2.21. Each set A := {A; | j € J}, indexed by J, of precells in H
with the property that F := e g A; is a closed fundamental region is called a
basal family of precells in H or a family of basal precells in H. If, in addition,
F is connected, then A is called a connected basal family of precells in H or a
connected family of basal precells in H.

Example 6.2.22. Recall the Examples [6.2.11] [6.2.12 and [6.2.13] The set {A}
resp. {A(vo), ..., A(vq)} resp. { Ay, A2, A} of precells in H for G, resp. PT'y(5)
resp. [" is a connected basal family of precells in H for the respective group.

The proof of Theorem [6.2.20 shows the following statements.

Corollary 6.2.23. Let A be a basal family of precells in H.

(i) For each precell A in H there exists a unique pair (A',;m) € A X Z such
that ty A" = A.

(ii) For each A € A choose an element m(A) € Z. Then {tT(A)A | Ac A} is

a basal family of precells in H. For each A € A, the precell tT(A)A is of
the same type as A.

(iii) The set K is the essentially disjoint union |J{hA | h € Ts, A € A}.

6.2.3. The tesselation of H by basal families of precells

Suppose that T' satisfies (A2)). The following proposition is crucial for the con-
struction of cells in H from precells in H. Note that the element g € I'\T's
in this proposition depends not only on A and b but also on the choice of the
basal family A of precells in H. In this section we will use the proposition as
one ingredient for the proof that the family of I'-translates of all precells in H
is a tesselation of H.
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Proposition 6.2.24. Let A be a basal family of precells in H. Let A € A be a
basal precell that is not a strip precell, and suppose that b is a non-vertical side
of A. Then there is a unique element g € I'\T'o such that b C I(g) and gb is
the non-vertical side of some basal precell A" € A. If A is non-cuspidal, then A’
is non-cuspidal, and, if A is cuspidal, then A’ is cuspidal.

Proof. Let I be the (relevant) isometric sphere with b C I. We will at first show
that there is a generator g of I such that gb is a side of some basal precell. Then
gb C gl(g) = I(g~ "), which implies that gb is a non-vertical side.

Let h € I'\I's be any generator of I, let s be the summit of I and v the vertex of
K that A is attached to. Then b = [v, s]. Further, b is contained in the relevant
part of I = I(h). By Prop.6.1.29, Remark [6.1.30 and Lemma [6.2.8, the set
hb = [hv, hs] is contained in the relevant part of the relevant isometric sphere
I(h™1), the point hv is a vertex of K and hs is the summit of I(h~1). Thus,
there is a unique precell A, with non-vertical side hb. By Cor. there is
a unique basal precell A" and a unique m € Z such that

Ap =t A = A +m.

Then ¢, ™hb is a non-vertical side of A’, and ¢, ™hb is contained in the relevant
part of the relevant isometric sphere I(h™1) — mA = I(h=11) = I((t}'h)™1)
(for the first equality see Lemma [6.1.3). Lemma 6.1.2 shows that g :=t,™h is
a generator of I.

To prove the uniqueness of g, let & be any generator of I. By Lemma [6.1.2,
there exists a unique n € Z such that k = t\h. Thus, kb = t\Yhb = hb + nX and
therefore Ay = Ap +nA. Then

A=A+ mA+n\ =014

(m+n) (m+n)

and t, k is a generator of I such that t, kb is a side of some basal
precell. Moreover,

—(min) _ —my—np _ —myp

T E = k= 5 h = g.
This shows the uniqueness.

The basal precell A’ cannot be a strip precell, since it has a non-vertical side.
Finally, A is cuspidal if and only if v is an infinite vertex. This is the case if and
only if gv is an infinite vertex, which is equivalent to A’ being cuspidal. This
completes the proof. O

Lemma 6.2.25. Let A be a precell in H. Suppose that S is a vertical side of
A. Then there exists a precell A" in H such that S is a side of A’ and A’ # A.
In this case, S is a vertical side of A’.

Proof. We start by showing that each precell in H contains a box of a fixed
horizontal width. Let A be a basal family of precells in H. Theorem
shows that A contains only finitely many elements. Let A denote the Lebesgue
measure on R. Then

m :=min {A(pro,(A)) | A€ A}
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exists. Cor.[6.2.23 implies that
m = min {A(pry(A)) | A precell in H }.
Lemma [6.1.33 shows that we find M > 0 such that
{z€ H|ht(z) > M} C K.

Let A be a precell in H and let S; = [a1,00) and Sy = [az,00) be the vertical
sides of A with Rea; < Reas. Remark[6.2.10 and Lemma [6.2.14 imply that

K(.@ :={z€ H | ht(z) > M, Rez € [Reas,Reay]} C A (6.6)

Our previous consideration shows that Reas — Rea; > m.

Now let A be a precell in H and let S = [a,00) be a vertical side of A. W.l.o.g.
suppose that A C {z € H | Rez < Rea}, which means that S is the right
vertical side of A. Consider

z:=Rea+ 5 +i(M +1).

Then z € K. By Cor.6.2.23 there is a precell A’ with z € A’. Let T' = [b,00) be
the vertical side of A’ such that A’ C {z € H | Rez > Reb}, which means that
T is the left vertical side of A’. Since z ¢ A, the precells A and A" are different.
We will show that AN A’ # (). Assume for contradiction that AN A" = (). Then
the box

K := (Rea,Reb) + i(M, o)

does not intersect A and A’, but 0K N A # ) and 0K N A" # (). Pick w € K.
Then there is a precell A” in H such that w € A”. Now w € K N K(A”). Since
Reb — Rea < m/3 < m, the box K(A") is not contained in K. Therefore we
have K(A")° N A # 0 or K(A")°N A" # 0. Then Lemma shows that
(A"°NA#Dor (A")°NA # (. By Prop.[6.2.15, A” = A or A” = A'. This
contradicts to w ¢ AU A". Hence AN A" # (). Prop. shows that A4 and
A’ coincide exactly at a common vertical side. If we assume for contradiction
that Reb < Rea, then K(A)° N K(A) # 0 (recall that z ¢ K(A)). But then
Lemma [6.2.14 shows that (A")° N A # 0, which by Prop. [6.2.15] means that
A’ = A. Hence Rea = Reb and therefore S = T. O

Proposition 6.2.26. Let A, Ay be two precells in H and let g1,90 € I'. If
g1 A1 NgoAs # 0, then either g1 A1 = ga Az and 91951 €T, or 1 A1 NG A s a
common side of g1 A1 and g2 Az, or g1.A1 N gaAs is a point which is the endpoint
of some side of g1.A1 and some side of goAs. If S is a common side of g1.A1 and
goAsa, then gflS is a vertical side of Ay if and only if 9515 is a vertical side of
As.

Proof. W.lo.g. g1 = id. Let A be a basal family of precells in H. Cor.
shows that we may assume that A; € A. Let S; = [a1,00] and Sy = [ag, 00] be
the vertical sides of A;. If A; has non-vertical sides, let these be S3 = [by, ba]
resp. S3 = [by,bo] and Sy = [b3, by]. Lemma [6.2.25 shows that we find precells

133
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A} and A} such that A} # A; # A} and S is a vertical side of A} and S5
is a vertical side of Af. Prop.[6.2.24 shows that there exist (h3, A5) € T' x A
resp. (hs, A%), (ha, A}) € T x A such that h3Ss is a non-vertical side of A} and
h4Sy is a non-vertical side of A) and hgA; # A% and hyA; # A). Recall that
each precell in H is a convex polyhedron. Therefore A; U A} is a polyhedron
with (ay,00) in its interior, and A; U hy *A% is a polyhedron with (by,be) in its
interior. Likewise for A; U A, and A; U hy LAY

Suppose first that A N g2.Ay # (). By Cor.[6.2.23 there exists (h, A’) € ', X A
such that Ay = hA’. Then A N goh A" # 0. Since A’ is a convex polyhedron,
A N gsh(A')° # 0. Now (J {(A\)o | Ae A} is a fundamental region for T' in
H (see Theorem 6.2.20). Therefore, goh = id and, by Prop. 6.2.15, A; = A'.
Hence 92—1 €l and A1 = g As.

Suppose now that A$ N gaAs = 0. If go A2 N (a1,00) # 0, then goAa N (A))° # 0
and the argument from above shows that A} = g2 A2 and gy € T's. From
this it follows that S is a vertical side of As. If go Ao N (by,b3) # 0, then
gaAs N hgl(Ag)o # (. As before, gohs € I', and go Ay = hgl.Ag. Then S3
is a non-vertical side of As. The argumentation for g As N (ag,00) # 0 and
g2.A2 N (b3, by) # 0 is analogous.

It remains the case that go Ao intersects A; is an endpoint v of some side of Aj;.
By symmetry of arguments, v is an endpoint of some side of Ay. This completes
the proof. O

Definition 6.2.27. A family {S; | j € J} of polyhedrons in H is called a
tesselation of H if

(Tl) H= Ujej S_]a

(T2) If S;NSy # 0 for some j, k € J, then either S; = Sy or S;N.S}, is a common
side or vertex of S; and S.

Corollary 6.2.28. Let A be a basal family of precells in H. Then
I'A={gAlgel, AcA}

is a tesselation of H which satisfies in addition the property that if 1. A1 = g2 As,

then g1 = go and A1 = As.

Proof. Let F := |J{A | A € A}. Theorem 6.2.20 states that F is a closed
fundamental region for T' in H, hence ger 9F = H. This proves (T1). (T2)
follows directly from Prop. [6.2.26. Now let (g1,.41), (g2,.42) € T x A with
g1A1 = g2 As. Then g1 A = g2.AS. Recalling that F° is a fundamental region
for I in H and that A, A5 C F°, we get that g1 = g2 and A; = As. O

6.3. A group that does not satisfy (A2)

The examples in the previous sections show that there are several subgroups of
PSL(2,R) that are discrete, have oo as a cuspidal point and satisfy the conditions
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and (A2). One might speculate that each geometrically finite group with
oo as cuspidal point fulfills (A2).

However, in the following we provide an example of a geometrically finite sub-
group I' of PSL(2, R) with co as a cuspidal point that does not satisfy (A2). We
proceed as follows: The group I' is given via three generators. We consider a
convex polyhedron F which is of the form of an isometric fundamental domain.
We prove, using Poincaré’s Theorem, that F is indeed a fundamental domain
for I'. The shape of F shows in addition that I' is cofinite, a property we will
not provide a proof for and we will not make use of. One of the generators of
I" is parabolic with oo as fixed point, which shows that oo is a cuspidal point of
I'. From F, we read off the relevant isometric spheres and their relevant parts.
At this point we will see that I' does not satisfy (A2).

Consider the matrices

1 18 -5 3 -1
= 11 = =
b (0 1)’ g (11 —3> and gz : (10 —3)

and let I be the subgroup of PSL(2,R) which is generated by ¢, g; and go. Set

. (4 =3
93 -= 9192 — 3 _92)°

let Foo := (£,13) +iRT and (see Fig. 6.10)
Fi= FooNext I(g)) Next I(g7") Next I(ga) Next I(g1ge) Next I((g192)71).

e
U1

Us U7

Figure 6.10: The fundamental domain F

We use the following points

Yo 1= 00 v;;::%%—% vw:%—l—i%
1)1::% v4::%+i% m::%
Vg 1= % + i% Vs 1
and the geodesic segments
s1 = [vo,v1] S84 :=[vs,v4] s7:= [Vg,V7]
s9:=[v1,v2] 85 1= [va,v5] S5 = [ur, ).
s3 = [va,v3] sg := [vs, vg]
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Lemma 6.3.1. The sides of F are s1, 82,53 U 84, S5, Sg, 57 and sg. Further we
have the side-pairing tsy = ss, g1S2 = S7, 283 = S4 and g3S; = sg, where
tvg = vp, tvy = V7, G1U1 = V7, g1V2 = Vg, JaU2 = V4, J2U3 = U3, g3V4 = Vg and
g3V5 = Us.

Proof. We have

o) ={z€H||]z=| =1},
o) ={zeH||:-1]=1},
Ig2)={z€H| |z~ 5| =15} =1(ga"),
Hgs) ={z€ H||z=5]=3},

and I(ggl):{ZEHHz—%‘:%}.

These isometric spheres are the following complete geodesic segments:

o) =& 1), e =1[53], Ig) =51
oY) =41 I(gs") =[13].

This already shows that s; and sg are the vertical sides of 7. Now we determine
the non-vertical sides of F by investigating with parts of the isometric spheres
I(g1), I(g7 1), I(g2), I(g3) and I(g3') are contained in the interior of some other
isometric sphere. The remaining parts then build up the non-vertical sides of
F. For that we need to find all intersection points of pairs of these isometric
spheres.

One easily calculates that vy is the intersection point of I(g;) and I(g2). Since
2/11 < 1/5, the segment [1/5,v2) of I(g2) is contained in int I(g;). Likewise,
since 4/11 < 4/10, the segment (vq,4/11] of I(g;) is contained in int I(g2).
Therefore, these two segments cannot contribute to the boundary of F. Analo-
gously, one sees that vg is the intersection point of I(g2) and I(g3), and there-
fore [1/3,v4) C int I(g2) and (v4,4/10] C int I(g3). Likewise, vg is the inter-
section point of I(g; ') and I(g3'), hence we have (vs,5/3] C int I(g;') and
[17/11,v6) C int I(g3"'). Moreover, vs is the intersection point of I(g3) and
I(g3'). The intersection point of I(g;) and I(gs) is contained in int I(gs) be-
cause Re(ve) = 14/55 < 1/3. Therefore it is not relevant. All other pairs of
isometric spheres do not intersect. This implies the claim about the sides of F.

Now one checks by direct calculation the claimed side-pairings. U

Proposition 6.3.2. The set F is a fundamental domain for " in H.

Proof. We apply Poincaré’s Theorem in the form of [Mas71] to show that F is
a fundamental domain for the group generated by ¢, g1, g2 and g3. This group
is exactly I'. We use the notions and notations from [Mas71]. In particular, we
refer to the conditions (a)-(g) and (f’) in [Mas71]. The sides of F in sense of
[Mas71] are the geodesic segments sq,...,ss. Obviously, F is a domain and a
polygon in the terminology of [Mas71]. Note that v is also called a vertex. The
side-pairing of F is given by Lemmal6.3.1l The conditions (a)-(c) are obviously
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satisfied. If s is a side of F and g is the element with which s is mapped to
another side, then s € I(g). Lemma [2.2.12 implies that (d) is fulfilled. The
condition (e) is trivially satisfied. Concerning the condition (f’) we have three
chains of infinite vertices. One is (vp). An infinite cycle transformation of
this chain is ¢, which is parabolic. Another chain is (v1,v7). An infinite cycle

transformation is
gitt=( 7 i
1 —-11 1)

which is a parabolic element. The third one is (v5) with an infinite cycle trans-
formation g3, which is parabolic. Hence (f’) is satisfied. Finally we have to show
that (g) holds. For the cycle (vs) this is clearly true since a(vs) = m. Consider
the cycle (va,vs,v4) with the cycle transformation gogs Lg1 = id. We claim that
a(vy) + a(vg) + a(vs) + a(vy) = 2m. Note that a(vs) = 0. Let U = B:(v2) be
a Euclidean ball centered at vy such that of all sides of F, the set U intersects
only s9 and ss, the set ¢g1U, which is a neighborhood of vg by Lemma 6.3.1,
intersects only the sides sy and sg and ¢oU, which is a neighborhood of wy,
intersects only s4 and s5. Suppose further, that ¢g;U does not intersect the
geodesic segment [vs, v7] and that goU does not intersect the geodesic segment
[v1,v5]. Moreover, the sets U, g1U and goU should be pairwise disjoint. Let
U :=UNZF,Uy:=qUNZF and Us := goU N F. We will show that the union
U U gflUg U g2Us is essentially disjoint and equals U. Since a(vy) is the angle
inside U; at vg, and similar for a(vg) and «(vy), this then shows that the angle
sum is 27.

Lemmal6.3.1 shows that gf157 = 59 and gf1v6 = vy. Then the side sg is mapped
by g7' to the geodesic segment [vg, g7 1] = [v2,2/7]. Thus the hyperbolic
triangle P; with vertices vy, v1,2/7 coincides with F precisely at the side s;.
Note that P is the image under g 1 of the hyperbolic triangle with vertices
V5, Vg, V7 which contains Us. Therefore

g =g (nUNF)NP =UNP.

Now g2 maps s5 to the geodesic segment [ve,2/7] and s4 to s3. Let P» be the
hyperbolic triangle with vertices vy, vs,2/7. Then

92Uz = g2(2UNF) NP, =U N P.

Now P, coincides with F exactly at the side s3 and with P; exactly at the side
[v2,2/7]. Thus, the union Uy U gl_lUg U goUs is essentially disjoint and

UNFHuUnPHUUNP)=U.
This shows that the angle sum is indeed 27. Hence (g) holds. Then Poincaré’s
Theorem states that F' is a fundamental domain for the group generated by

t,91,92 and g3. O

Proposition 6.3.3. T' does not satisfy (A2).
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Proof. Prop.[6.3.2 states that F is a fundamental domain for T in H. Its shape
shows that it is an isometric fundamental domain. Therefore, the isometric
sphere I(gy1) is relevant and sp is its relevant part. The summit of I(gy) is
s = % One easily calculates that s € int I(g2). Therefore, I" does not satisfy

(A2). 0

Remark 6.3.4. In [Vul99], Vulakh states that each geometrically finite subgroup
of PSL(2, R) for which oo is a cuspidal point satisfies (A2). The previous example
shows that this statement is not right. This property is crucial for the results
in [Vul99]. Thus, Vulakh’s constructions do not apply to such a huge class of
groups as he claims.

6.4. Cells in H

Let T be a geometrically finite subgroup of PSL(2,R) of which oo is a cuspidal
point and which satisfies (A2). Suppose that the set of relevant isometric spheres
is non-empty. Let A be a basal family of precells in H. To each basal precell in H
we assign a cell in H, which is an essentially disjoint union of certain I'-translates
of certain basal precells. More precisely, using Prop. [6.2.24 we define so-called
cycles in A x I'. These are certain finite sequences of pairs (A, h) € A x I'\T'o
such that each cycle is determined up to cyclic permutation by any pair which
belongs to it. Moreover, if (A, h4) is an element of some cycle, then hy4 is an
element in '\ Ty, assigned to A by Prop. (or hy = id if A is a strip
precell). Conversely, if h4 is an element assigned to A by Prop. 6.2.24, then
(A, h4) determines a cycle in A x I'\T'.

One of the crucial properties of each cell in H is that it is a convex polyhedron
with non-empty interior of which each side is a complete geodesic segment.
This fact is mainly due to the condition of I'. The other two important
properties of cells in H are that each non-vertical side of a cell is a I'-translate
of some vertical side of some cell in H and that the family of I'-translates of all
cells in H is a tesselation of H. To prove these facts, we devote a substantial
part of this section to the study of boundaries of cells.

6.4.1. Cycles in A x T’

Remark and Definition 6.4.1. Let A € A be a non-cuspidal precell in H. The
definition of precells shows that A is attached to a unique (inner) vertex v of K,
and A is the unique precell attached to v. Therefore we set A(v) := A. Further,
A has two non-vertical sides by and by. Let {k1(A), k2 (A)} be the two elements
in '\T'« given by Prop. such that b; € I(k;(A)) and k;(A)b; is a non-
vertical side of some basal precell. Necessarily, the isometric spheres I(k;(.A))
and I(ka(A)) are different, therefore ki(A) # ka(A). The set {k1(A), ko(A)}
is uniquely determined by Prop. [6.2.24, the assignment A — k;(A) clearly
depends on the enumeration of the non-vertical sides of A. By Remark[6.1.30,
w := kj(A)v is an inner vertex. Let A(w) be the (unique non-cuspidal) basal
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precell attached to w. Since one non-vertical side of A(w) is k;(.A)bj, which is
contained in the relevant isometric sphere I(k;(A)~1), and k;(A) " k;(A)b; = b,
is a non-vertical side of some basal precell, namely of A, one of the elements in

I'\T' assigned to A(w) by Prop.[6.2.24 is k;(A)~1.

Construction 6.4.2. Let A € A be a non-cuspidal precell and suppose that
A = A(v) is attached to the vertex v of K. We assign to A two sequences (h;)
of elements in I'\I' using the following algorithm:

(step 1) Let v1 := v and let hy be either ki(A) or ka(A). Set g1 :=1id, g2 :== Iy
and carry out (step 2).

(step j) Set v; := g;(v) and A; := A(vj). Let h; be the element in I'\\I's; such
that {hj,h;_ll} = {k1(A;)), k2(A;)}. Set gj41 := hjgj. If gj+1 = id, then
the algorithm stops. If g1 # id, then carry out (step j + 1).

Example 6.4.3. Recall the Hecke triangle group G, and its basal family A =
{A} of precells in H from Example[6.2.11. Let

A, —1
N )

The two sequences assigned to A are (Uy)}_; and (Uy 1)?:1.

Proposition 6.4.4. Let A = A(v) be a non-cuspidal basal precell.

(i) The sequences from Constr. are finite. In other words, the algorithm
for the construction of the sequences always terminates.

(ii) Both sequences have same length, say k € N.

(ili) Let (aj)j=1,..k and (bj)j=1,. k be the two sequences assigned to A. Then
they are inverse to each other in the following sense: For each j =1,... k
we have a; = b,;_lﬂ_l.

(iv) For j = 1,...,k set ¢j41 := ajaj_1---aza1, djq1 = bjbj_1---baby and
¢y :=1id =:dy. Then

k k
B:= U c]-_lA(cjv) = U d]-_l.A(djv).
j=1

Jj=1

Further, both unions are essentially disjoint, and B is the polyhedron with
the (pairwise distinct) vertices cfloo, cgloo, e cl;loo resp. d;loo, d;loo,

-1
ooy dy 00,

Proof. Suppose that A = A(v). Let (h;);cs be one of the sequences assigned to
A by Constr.[6.4.2. As in Constr. we set g1 :=1d, gj41 1= hjhj_1--- hohi,
vj = g;(v) and A; := A(v;) for j € J. Let s; denote the summit of I(h;) for
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j€J. Then A;NI(hj) = [vj,s;]. Let j € J such that also j 4+ 1 € J. Then the
non-vertical sides of A4 are

(041, hys] = Ajr O by (hy) = Aja 0 1(h5)

and [vj41,sj4+1]. Hence A; ;1 is the hyperbolic quadrilateral with vertices h;s;,
Vjy1, Sj+1, 00. Since gj;llhjsj = g;lsj and gJ:Lllij = v, the set gjj:lAjH is the

hyperbolic quadrilateral with vertices g;lsj, v, g;i18j+1, g;_:loo. Thus, g;lAj
jlsj,v] in common. Since A; and Aj 4
are both basal precells and h; # id, the sets gj_lAj and gjj:lAjH = gj_lhj_lAj+1

intersect at most at a common side (see Cor. 6.2.28). Hence

and 9]'_+11-Aj+1 have at least the side [g

-1 -1 -1
9; Ajn 9j+1~Aj+1 = [gj Sjav]-

Recall from Lemma [6.2.8 that pr. (s;) = h;loo. Hence s; is contained in the
(complete) geodesic segment [h;loo,oo]. Therefore, the sides [gj*loo,g;lsj] =
gj_l[oo,sj] of g]-_l.Aj and [gj_lsj,gjj:loo] = gj_l[sj,hj_loo] of g;lej+1 add up
to the complete geodesic segment [g;loo, gj:Llloo]. Further, since A; and A4
are basal and g;11 # id, the sets A; and 9;_:1«4j+1 have at most one side in
common.

For simplicity of exposition suppose that Re s; < Rew, and let s1,v,t, 00 denote
the vertices of A = A;. By the previous arguments, we find that A; U g5 LA, is
the hyperbolic pentagon with vertices oo, g, Lo, 95 Lso,v,t (counter clockwise).
Using that each A; is connected, we successively see that for each k£ € J the
union T} := Ule g;lAj is essentially disjoint. Further, T}, is either the polyhe-
dron with (pairwise distinct) vertices g;loo < ggloo <. < g,;loo, g,;lsk, v, t
and oo (counter clockwise), or k > 3 and gk_lAk intersects \A; in more than the

point v.

We will show that for k£ large enough, the set T} is of the second kind. By
Cor.|6.1.37, there is some ¢ > 0 such that for each j € J, the angle o inside A;
at v; enclosed by the two non-vertical sides of A; is bounded below by c. Thus,
for the angle at v we get

2w > Zaj > clJ|.

JjeJ

Therefore, J is finite.
Suppose that T}, is of the first kind. We will show that for some [ > k, the set
T is of the second kind. To that end we first show that gi,1 # id. Assume for
contradiction that hrgr = gr+1 = id, hence hy = g,;l. Then

b [Vks sk = g vk, 8] = [v, g5 si]

is not a non-vertical side of some basal cell, but h; was chosen to be the unique
generator of the isometric sphere I(hy) such that hg(Ag N I(hg)) = hg[vk, Sk
is the non-vertical side of some basal precell. Thus, grr1 # id and therefore
k+1 € J. Since J is finite, for some | € N, the set T; must be of the second
kind.
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Suppose now that T} is of the second kind. Then
9 P AR N AL = g o, 8] N o, ¢

and g;l[vk, sk N [v,t] is a geodesic segment of positive length. By Cor.[6.2.28

g,?l[vk,sk] = [v,t] and therefore I(gk_l) = I(hg). From the choice of hj now
follows that gkfl = hy. Thus, gg+1 = hrgr = id. This shows that J = {1,... k}.
Moreover, the set T}, is the polyhedron with vertices g, oo < g3 lo < ... <

g, oo and oo (counter clockwise).

Further, this argument shows that {h1,h;'} = {k1(A), k2(A)}. Let (a;) and
(bj) be the two sequences assigned to A by Constr. [6.4.2] and suppose that
a1 = hy and b; = h,;l. Then the sequence (a;) has length k and a; = h; for
j=1,...,k Note that b; maps [v,t] to the non-vertical side h; *[v,t] = [vy, sx]
of Ag. Now by is determined by by via {bg,b; '} = {b2, by} = {k1(Ax), k2(Ar)},

thus by = hkl1 Recursively, we see that b; = h, ~ 1 = Qi forj=1,...,k,
and

bpbp_1--- by = hlflh;l...hgl - 91;+11 =id.
For each j =1,...,k we have

djyi=bibjy - boby = hy Ly Ity

= hk_j"‘hlhll h ! hk 1J+1 h];l :gk—j-i-lg];il

-1 ;-1
2y hy,

= Gk—j+1-

Since djy1 = gr—j41 # id for j =1,...,k — 1, but dy41 = id, also the sequence
(bj) has length k. Let dy := id. Then

k
U d]-_lA(d v U gk ]+1 gk ]Hv

j=1 J=1

”CW

O

Definition 6.4.5. Let A € A be a non-cuspidal precell and suppose that A
is attached to the vertex v of IC. Let h4 be one of the elements in '\ Ty
assigned to A by Prop.(6.2.24. Let (h;);—1,. i be the sequence assigned to A by
Constr. 6.4.2lwith hy = hq. For j =1,... kset g; :=id and g;j41 := hjg;. Then
the (finite) sequence ((A(g;v), hj))j: is called the cycle in Ax T determined
by (A, ha).

Let A € A be a cuspidal precell. Suppose that b is the non-vertical side of A
and let h 4 be the element in I'\I', assigned to A by Prop.6.2.24. Let A’ be the

(cuspidal) basal precell with non-vertical side h4b. Then the (finite) sequence
((A, ha), (A", B (1) is called the cycle in A x T' determined by (A, ha).

Let A € A be a strip precell. Set hy4 := id. Then ((.A, hA)) is called the cycle
in A x T determined by (A, ha).

1,...k

Example 6.4.6.
(i) Recall Example [6.4.3. The cycle in A x G,, determined by (A,U,) is
(A Un) iy
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(ii) Recall the group PI'g(5) and the basal family A = {A(v),..., A(v4)}
from Example[6.2.12] The element in PTo(5)\PI'y(5)~ assigned to A(vp)
is h := (227). The cycle in A x PI'((5) determined by (A(vg),h) is
((A(vo), h), (A(vs),h1)). Further let hy := h, ho := (3 Z3) and hy =
(223). The cycle in A x PTy(5) determined by (A(v1), hy) is

((A(v1),h1), (A(v3), ha), (A(va), h3)).

(iii) Recall the group I' and the basal family A = {A;, A5, A3} from Exam-
ple6.2.13. The cycle in A x I' determined by (A, 5) is ((As2, S), (A3, S)).

Proposition 6.4.7. Let A € A be a non-cuspidal precell in H and suppose
that h g is one of the elements in I'\T' assigned to A by Prop.[6.2.24. Let
((A;, hj))j:1 4 be the cycle in AT determined by (A, ha). Letj € {1,...,k}

and define the sequence ((A], al))l:1 by

ay = hl—l—j—l forl=1,...,k—j5+1,
hl—l—j—l—k forl=k—3+2,...,k,

and

A,'_ AH’j*l fOT’lzl,...,k—j—f—l,
a .AlJrj,l,k forl=k—j7+2,... k.

Then a1 = h; is one of the elements in I' \T' assigned to A; by Prop.[6.2.24
and ((.A;,al))l:l . s the cycle in A x T' determined by (Aj, h;).

Proof. We first show that {h1,h;'} = {ki(A),k2(A)}. Suppose that h; =
k1(A). Prop.[6.4.4(iii) states that hj = ko(A)~'. This shows that {a;,a; "} =
{k1(A)), ka(A))} for L =2,... k. For l =1,...,k set ¢; :=id and ¢41 := aiq.
It remains to show that ¢; #id for [ =2,... ,k and cx41 =id. Forp=1,...,k
set g1 :=id and gp11 := hpgp. Then

o = gl+j—1g;1 for | = 1”k_]+1’
gl+j_1_kg;1 fori=k—j5+2,...,k+ 1.

Obviously, cx11 = gjgj_1 =id. Let l € {2,...,k—j+1}. Thenl+j—1+# j and
by Prop. gi+j—1 # gj. Hence ¢ # id. Analogously, we see that ¢; # id
forl € {k —j+2,...,k}. This completes the proof. ]

The proof of the next proposition follows immediately from the definition of h 4.

Proposition 6.4.8. Let A € A be a cuspidal precell in H and let hy be the
element in T'\T's, assigned to A by Prop.[6.2.2f. Let ((A, ha), (A',h;‘l)) be
the cycle in A x T determined by (A, ha). Then h;tl is the element in I'\T's
assigned to A’ by Prop. [6.2.2] and ((.A’,h;ll), (A, hy)) is the cycle in A x T
determined by (A',h').
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6.4.2. Cells in H and their properties

Now we can define a cell in H for each basal precell in H.

Construction 6.4.9. Let A be a basal strip precell in H. Then we set
B(A) = A.

Let A be a cuspidal basal precell in H. Suppose that g is the element in I'\T'
assigned to A by Prop.6.2.24 and let ((A,g), (A’,g~")) be the cycle in A x T’
determined by (A, g). Define

B(A):=AugtA.
The set B(.A) is well-defined because g is uniquely determined.

Let A be a non-cuspidal basal precell in H and fix an element hy in I'\T
assigned to A by Prop. [6.2.24. Let ((.Aj,hj))j:l _, be the cycle in A x T
determined by (A, h4). For j =1,...,k set g; :=id and g;41 := hjg;. Set

k
B(A) := U gj_lAj.
j=1

By Prop.[6.4.4, the set B(.A) does not depend on the choice of hy. The family
B := {B(A) | A € A} is called the family of cells in H assigned to A. Each

element of B is called a cell in H.

Note that the family B of cells in H depends on the choice of A. If we need to
distinguish cells in H assigned to the basal family A of precells in H from those
assigned to the basal family A’ of precells in H, we will call the first ones A-cells
and the latter ones A’-cells.

Example 6.4.10. Recall the Example 6.4.6. For the Hecke triangle group G5,
Fig.[6.11 shows the cell assigned to the family A = {4} from Example [6.2.11|
For the group PT'y(5), the family of cells in H assigned to A is indicated in

Ufoo UlooUZoo Usoo
=0 = )\5

Figure 6.11: The cell B(A) for Gs.

Fig. Fig.6.13 shows the family of cells in H assigned to the basal family
A of precells of I.
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SV
(S
—_

1 2
5 5

Figure 6.12: The family of cells in H assigned to A for PT(5).

B(A1) B(Asz) B(As3)

Figure 6.13: The family of cells in H assigned to A for T'.

In the series of the following six propositions we investigate the structure of
cells and their relations to each other. This will allow to show that the family
of I-translates of cells in H is a tesselation of H, and it will be of interest for
the labeling of the cross section.

Proposition 6.4.11. Let A be a non-cuspidal basal precell in H. Suppose that
ha is an element in INI'« assigned to A by Prop. 6.2.24 and let ((Aj, hj))j:l,...,k
be the cycle in A x T' determined by (A,h ). For j =1,...,k set g1 :=id and
gj+1 = h;g;. Then the following assertions hold true.

(i) The set B(A) is the convex polyhedron with vertices gfloo, g;loo, . ,g,;loo.

(ii) The boundary of B(A) consists precisely of the union of the images of the
vertical sides of A; under g;l, j=1,...,k. More precisely, if s; denotes
the summit of I(h;) for j=1,...,k, then

k k+1
aB(A) = U g;l[sj, OO] @) U g;l[hj,lsj,l,oo].
j=1 =2

iii) For each j = 1,...,k we have g;B(A) = B(A;). In particular, the side
j J
oo, gt 00| of B(A) is the image of the wvertical side [oo,h;  oo] of
[g] 9j+1 9 g
B(A;) under gj_l.

(iv) Let A be a basal precell in H and h € T such that hAN B(A)° # 0. Then
there exists a unique j € {1,...,k} such that h = gj_1 and A = A;. In

particular, A is non-cuspidal and hB(A) = B(A).
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Proof. By Prop.[6.4.4] B(.A) is the polyhedron with vertices gfloo, g;loo, e ,gkfloo
Since each of its sides is a complete geodesic segment, B(A) is convex. This
shows (i). The statement (ii) follows from the proof of Prop. 6.4.4.
To prove (iii), fix j € {1,..., k} and recall from Prop.[6.4.7/the cycle ((A},a;)),_, .
in A x I" determined by (Aj,h;). For I =1,...,k set ¢; := id and ¢;41 = a;¢.
Then

. gH_j_lgj*l fori=1,...,k—j+1

1= _ .

gH_j_k_lgjl foril=k—j54+2,...,k.

Hence

Ucl_lAl Ug] (cg5) A

k7g+1 k
—1 —1
U gl+j_1Al+j—1 U g; U gl+j_k_1Al+j—k—1
=1 I=k—j+2

k
=g [ Jg A = g;B(A).
=1

This 1mmed1ately implies that the side [g; lo . 9; +1oo] of B(.A) maps to the side
9ilg; oo,gj+1oo] [00, by Yoo] of B(A;), Wthh is vertical.

To prove (iv), fix z € hA N B(A)°. Then there exists [ € {1,...,k} such
that z € hAN gfl.Al. Let b := hAN gfl.Al. By Prop.[6.2.26 there are three
possibilities for b.

Ifb=hA= g, 1 4;, then glhﬁ = A;. Since A and A; are both basal, it follows
that h = gfl and A = A,

Suppose that v is the vertex of K to which A is attached. If b is a common side
of hA and g, Y A;, then, since z € B(A)°, g;b must be a non-vertical side of A
(see (ii)). This implies that v ) € b. In turn, there is a neighborhood U of v such

that U C B(A) and U N h(A)° # 0. Hence, h(A)° N B(A)° # 0. Thus there
exists j € {1,...,k} such that h(A)° Ng; 1./4 # (. Prop. [6.2.26] implies that

./Zl\:.Aj and h :gj*l.

If b is a point, then b = 2z must be the endpoint of some side of g,” ' A,. From
z € B(A)° it follows that z = v. Now the previous argument applies.

To show the uniqueness of j € {1,...,k} with A= Aj and h = g;l, suppose
that there is p € {1,...,k} with A= A, and h = g;l. Then g; = gp,. By
Prop. j = p. The remaining parts of (iv) follow from (iii). O

Proposition 6.4.12. Let A be a cuspidal basal precell in H which is attached
to the vertex v of K. Suppose that g is the element in I'\T's assigned to A by
Prop. [6.2.24. Let ((A,g),(A',g71)) be the cycle in A x T determined by (A, g).
Then we have the following properties.

(i) The set B(A) is the hyperbolic triangle with vertices v, g~ oo, oo.
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(ii) The boundary of B(A) is the union of the vertical sides of A with the

images of the vertical sides of A" under g='.

(i) The sets gB(A) and B(A’) coincide. In particular, the non-vertical side
[v, g oo] of B(A) is the image of the vertical side [gv, 0| of A" under g=*.

(iv) Suppose that A is a basal precell in H and h € T' such that hANB(A)° + 0.
Then either h =id and A=A or h = g~ ' and A = A'. In particular, A

~

is cuspidal and hB(A) = B(A).

Proof. Let s be the summit of I(g) and denote the non-vertical side of A by b.
Then b = [v, s] and gb = [gv, gs] is a non-vertical side of A’. By Prop.6.2.24, A’
is cuspidal. Hence A’ is the hyperbolic triangle with vertices gs, gv,o0o. Since
g~ loo is the center of I(g) and pr (s) = g 'oo, the cell B(A) = AUg 1A is
the hyperbolic triangle with vertices v, g~'oo, co. Moreover,

dB(A) = g~ [gv,00] U g~ [gs, 00] U [s,00] U [v, o]
as claimed. Now ¢! is the element assigned to A’ by Prop.[6.2.24. Hence
B(A) = AU gA = gB(A).

The remaining assertions are proved analogously to the corresponding state-
ments of Prop.[6.4.11. O

Proposition 6.4.13. Let A be a basal strip precell in H. Let A be a basal
precell in H and h € T such that hANB(A)° # (. Then h =id and A = A.

Proof. This follows from B(A) = A and Cor.[6.2.28. O

Corollary 6.4.14. The map A — B, A~ B(A) is a bijection.

Proof. Let

] A —- B
. { A = B(A),
By definition of B, the map ¢ is surjective. To show injectivity, let A7, 45 be
basal precells in H such that B(A;) = B(Asz). From Ay C B(As) = B(A;) it
follows that AN B(A1)° = (). Then Prop.6.4.11({iv) resp.[6.4.12(iv) resp.[6.4.13]
states that Ay = A;. O

Proposition 6.4.15. Let A be a non-cuspidal basal precell in H. Suppose
that (hj)j=1,..k is a sequence in I'\T's assigned to A by Constr. 6.4.2. For
j=1,...,k set g1 :==id and gj41 := hjgj. Let A’ be a basal precell in H and
g € T such that B(A) N gB(A") # 0. Then we have the following properties.

(i) Either B(A) = gB(A’), or B(A) N gB(A’) is a common side of B(A) and
gB(A").

(i) If B(A) = gB(A"), then g = gj_1 for a unique j € {1,... k}. In particular,
A’ is non-cuspidal.
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(ii) If B(A) # gB(A’), then A’ is cuspidal or non-cuspidal. If A" is cuspidal
and k € T\T' s the element assigned to A’ by Prop. 6.2.24, then we have
B(A) N gB(A") = gk~ oo, ).

Proof. Since B(A) N gB(A") # (), there exist a basal precell A and an clement
h € T such that hA C B(A') and ghA N B(A) # 0. From Prop. [6.4.11(iv) it
follows that hB(A) = B(A').

If gh ANB(A A)° # 0, then Prop.[6.4.11 QW) shows that B(A) = ghB(A) = gB(A").
Moreover, A is non- cuspidal and g = g; ! for a unique j € {1,...,k}.

Suppose that ghA N B(A)° = 0. Then ghA N B(A) C dB(A). Let v be the
vertex of IC to which A is attached. Then there exists j € {1,...,k} such that
ghA N gj_l.%l(gjv) # 0. Let b := ghAn gj_lA(gjv). The boundary structure
of B(A) (see Prop.[6.4.11(ii)) implies that g;b is contained in a vertical side of
A(g;v). In particular, b is not a complete geodesic segment. By Cor.[6.2.28] b
is either a common side of ghA and gj_l.A(gjv) or a point which is the endpoint

of some side of gh.»zl\ and some side of g;l.A(gjv). Each case excludes that A is
a strip precell.

Suppose that Ais a cuspidal precell, attached to the vertex w of K. Then
(gh)~1b N [w, 00] = () because b is not a complete geodesic segment. Let [w, a]
be the non-vertical side of A. By Prop. 6.4.12(ii), h(w,a) C B(A')°. If we had
(gh)~tbN (w,a) # 0, then gB(A")°NB(A) # 0. Since gB(A’) and B(A) are both
convex polyhedrons, it follows that gB(A’)° N B(A)° # (. The very first case
shows that then gB(A’) = B(A) and A’ is non-cuspidal, which is a contradiction
to A being cuspidal. Thus, (gh)~'b C [a, o] and therefore

g~ 1b = h(gh)~'b C [ha, hoo] C [k~ oo, co].

On the other hand, b is contained is some side ¢ of B(A). Since both g[k~'o0, o]
and c are complete geodesic segments which are not disjoint but do not intersect
transversely, they are identical. Hence B(A) N gB(A’) = g[k~ o0, 00].

Suppose that Ais a non-cuspidal precell which is attached to the vertex w of K
and let [a, w], [w, c] be its two non-vertical sides. If (gh) ~*bN ((a, w]U[w, c)) # 0,
then, as before, gB(A") N B(A)° # () and by the very first case, gB(A’) = B(A),
which contradicts to ghA N B(A)° = 0. Therefore (gh)~'b is contained in a
vertical side of A and thus in a vertical side of B(A’). As in the discussion
of a cuspidal A it follows that B(A) N gB(A’) is a common side of B(A) and
gB(A). O

The proofs of the following two propositions go along the lines of the proof of
Prop.16.4.15.

Proposition 6.4.16. Let A be a cuspidal basal precell in H which is attached
to the vertex v of K. Suppose that h € I'\T' is the element assigned to A
by Prop. [6.2.24. Let A" be a basal precell in H and g € T' such that we have
B(A)NgB(A") # 0. Then the following assertions hold true.
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(i) PEither B(A) = gB(A’), or B(A) N gB(A’) is a common side of B(A) and
gB(A").

(ii) If B(A) = gB(A"), then either g = id or g = h™!. In particular, A’ is
cuspidal.

(iii) If B(A) # gB(A), then A’ is cuspidal or non-cuspidal or a strip precell. If
A’ is a strip precell, then [h~1oo, 00] # B(A)NgB(A"). If A" is a cuspidal
precell attached to the vertex w of IC and k € I'\I' is the element assigned
to A" by Prop. then B(A) N gB(A') is either [v,00] = glw, 0] or
[v,00] = g[w, k~1oc] or [v,h 1oc] = glw,00] or [v,h too] = glw, k~Loo]
or [h~loo, 0] = g[k~too,00]. If A’ is a non-cuspidal precell, then B(A) N
gB(A") = [h oo, x0].

Proposition 6.4.17. Let A be a basal strip precell in H. Let A" be a basal
precell in H and g € T such that B(A) N gB(A") # 0. Then the following
statements hold.

(i) Either B(A) = gB(A’), or B(A) N gB(A’) is a common side of B(A) and
gB(A").

(ii) If B(A) = gB(A’), then g =id and A= A'.

(i) If B(A) # gB(A"), then A’ is a cuspidal or strip precell. If A" is cuspidal
and k € I\I', is the element assigned to A’ by Prop.|6.2.24, then we have
B(A) N gB(A") # g[k~" o0, 00].

Corollary 6.4.18. The family of I'-translates of all cells provides a tesselation
of H. In particular, if B is a cell in H and S a side of B, then there exists a
pair (B',g) € BxT such that S = BNgB'. Moreover, (B, g) can be chosen such
that g—1S is a vertical side of B'.

Proof. For each precell A in H we have A C B(A). Therefore, the covering
property of the family of all I™-translates of the cells in H follows directly from
Cor.[6.2.28. The property is proven by Prop.6.4.16, 6.4.15 and[6.4.17. [

6.5. The base manifold of the cross sections

Let T" be a geometrically finite subgroup of PSL(2,R) of which oo is a cuspidal
point and which satisfies (A2), and suppose that Rel # (. In this section we
define the set CS which will turn out, in Sec. 6.7.1, to be a cross section for
the geodesic flow on Y = I'\H w.r.t. to certain measures p, which will be
characterized in Sec.[6.7.1 (see Remark-) Here we will already see that CS
satisfies (C2) by showing that pr(CS) is a totally geodesic suborbifold of Y of
codimension one and that CS is the set of unit tangent vectors based on pr(CS)
but not tangent to it. To achieve this, we start at the other end. We fix a basal
family A of precells in H and consider the family B of cells in H assigned to A.
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6.5. The base manifold of the cross sections

We define BS(B) to be the set of I'-translates of the sides of these cells. Then
we show that the set BS := BS(B) is in fact independent of the choice of A. We
proceed to prove that BS is a totally geodesic submanifold of H of codimension
one and define CS to be the set of unit tangent vectors based on BS but not
tangent to it. Then CS := m(CS) is our (future) geometric cross section and
pr(é\S) = BS = m(BS). This construction shows in particular that the set CS
does not depend on the choice of A. For future purposes we already define the
sets NC(B) and bd(B) and show that also these are independent of the choice
of A.

Definition 6.5.1. Let A be a basal family of precells in H and let B be the
family of cells in H assigned to A. For B € B let Sides(B) be the set of sides of
B. Then set
Sides(B) := U Sides(B)
BeB
and define

BS(B) := T - Sides(B) = J{gS | g €T, S € Sides(B)}.

For B € B define bd(B) := 9,8 and let NC(B) be the set of geodesics on Y
which have a representative on H both endpoints of which are contained in

bd(B). Further set

bd(B) := | J [ g-bd(B)

gel’ BeB

and

NC(B) := | J NC(B).
BeB

Proposition 6.5.2. Let A and A’ be two basal families of precells in H and
suppose that B resp. B’ are the families of corresponding cells in H assigned to
A resp. A'. There exists a unique map A — Z, A— m(A) such that

A — {precells in H}
A — 74

is a bijection from A to A’. Then

B — B
B(A) — t7YBA)

is a bijection as well. Further we have that BS(B) = BS(B’), NC(B) = NC(B')
and bd(B) = bd(B’).

Proof. Cor.6.2.23 shows that for each precell A € A there exists a unique pair
(A", —m(A)) € A’ x Z such that tT(A)A = A’. Conversely, again by Cor.6.2.23|
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6. Cusp expansion

for each A" € A’ there exists a unique pair (A, s) € A x Z such that t;A = A’
Hence, the map

- A — {precells in H}
1A = WA

maps into A’ and is surjective. Since A and A’ have the same finite cardinality
(see Theorem [6.2.20), the map 1 is a bijection.

We will now show that tT(A)B(A) =B (tT(A)A) for each A € A. From this it
follows that the map

' B — {U|UCH)
X By — B

maps into B’. Since 1 is a bijection and the maps A — B, A — B(A) and
A — B, A — B(A’) are bijections (see Cor. [6.4.14), x is a bijection as well.
Recall that for A € A, the A-cell B(A) is constructed w.r.t. A and the A’-cell

B(tT(A)A) is constructed w.r.t. A’.

Let A € A. Suppose that A is a strip precell. Then tT(A)A is a strip precell in
H (see Cor.6.2.23). It follows that

B3 A) = 7 A = 7Y B(A).

Suppose that A is a cuspidal precell. Let b be the non-vertical side of A and
g € I\I', the element that is assigned to A by Prop.6.2.24 w.r.t. A. Let A; € A
be the (cuspidal) precell in H with non-vertical side gb. Set A" := tT(A)A and

= t;\n(Al)Al. By Cor. A’ and A} are cuspidal precells. The non-
vertical side of A’ is tT(A)b and that of A} is tT(Al)gb. Hence the element
h = tT(AI) gt;m(A) maps the non-vertical side of A’ to that of A]. Moreover,
by Lemmas [6.1.2] and [6.1.3]

I(h) = 1(E7" g™ ) = I(g) +m(A)A.

Since b C I(g) by the choice of g, we have tT(A)b C I(h), which shows that h is
the element assigned to A’ by Prop.[6.2.24 w.r.t. A’. Then
Bty A) = B(A) = AU A

_ tT(A)A U tT(A)g_lt;m(Al)t;n(Al)A1

— 1T (AugtA)

— 17 WB(A).
Suppose that A is a non-cuspidal precell. Let a; be one of the elements in I'\I'y,
assigned to A by Prop.[6.2.24] w.r.t. A and let ((Aj,aj))jzl . be the cycle in

A x T determined by (A, a1). For j =1,... k set .»49 = tT(Aj).Aj, let b; denote
the non-vertical side of A; for which b; C I(a;). Recall that for j =1,...,k—1,
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6.5. The base manifold of the cross sections

the geodesic segment a;b; is the non-vertical side of A;, 1 which is different

from bj41, and that aiby is the non-vertical side of .4; which is not b;. For
j=1,...,k—1set¢; = tm(AJ“)a]t)\m(Aj) and ¢y, m(Al) _m(A’“) Then ¢j
)b of A’ to the non- vertlcal 51de t)\

maps the non-vertical side t)\( i a;b;

of A i1 for y=1,....k —1, and ¢; maps the non-vertical side t)\( ’“)b of A},
to the non-vertical side tT(Al)akbk of A]. As before, for j = 1,...,k, we have
I(cj) = I(aj)+m(A;)A and tm(A')b C I(c¢j). This implies that ¢ is an element
assigned A} by Prop.[6.2.24 w.r.t. A" and that {c;,c;’ 1) = {E1(A)), k2 (A)) }
for j = 2,...,k. We will show that ((.A; ))]:17.“7 is the cycle in A’ x T’
determined by (A},c1). For j =1,... kset dy :=1id, dj11 := a;d;, e; :=id and
ej+1 = cje;. Then

eji1 = tm(A +1) 4. o t;m(Al)
forj=1,...,k—1and exy1 = t)\( )dk+ —mAY) _ 4. Assume for contradic-
tion that e;;1 = id for some j € {1,. - 1} Then d; 1 = t;\n(Al)_m(Aj“) is
an element in I's. Prop.[6.4.4(iv) states that d;. 1100 # 00, hence dj;1 ¢ I'
This shows that e;q # id for j=1,...,k—1 and hence ((.A;-, Cj))jzl,...,k is the
cycle in A’ x " determined by (A}, c1). Therefore
(A) *
B(ty"WA) = B(A)) = | &' 4
j=1

k
U gmA) 4 J 1t;m(Aj)tT(Aj)Aj

j=1
— 17" WB(A).

This shows that x is a bijection.

Let A € A. Then the sides of B(A) are the t;m(A)—translates of the sides
of B(t7™A) and bd(A) = ;"W bd (7™ A). This shows that BS(B) =
BS(B’) and bd(B) = bd(B’). Now let 4 be a geodesic on Y which belongs to
NC (B(A)) This means that 4 has a representative, say v, on H such that

v(£00) € bd (B(A)). Then tT(A)7 is also a representative of 4 on H and
t7 5 (+00) € 7 bd (B(A)) = bd (17 B(A4)) = bd (B(17 A)).

Hence 5 € NC (B (tT(A) A)). Therefore NC(B) C NC(B’) and by interchanging
the roles of A and A’ we find NC(B) = NC(B'). O

We set
BS:=BS(B), bd:=bd(B) and NC:=NC(B)
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6. Cusp expansion

for the family B of cells in H assigned to an arbitrary family A of precells in H.
Prop.6.5.2 shows that BS, bd and NC are well-defined.

Proposition 6.5.3. The set BS is a totally geodesic submanifold of H of codi-
mension one.

Proof. Let A be a basal family of precells in H. Let B be the family of cells in
H assigned to A. Let B € B. Prop.[6.4.11(i) resp.[6.4.12(i) resp. Remark[6.2.10|
shows that the set of sides of B is a finite disjoint union of complete geodesic
segments. Since B is finite and I' is countable (see [Rat06, Cor. 3 of Thm. 5.3.2]),
BS is a countable union of complete geodesic segments. Cor.[6.4.18 states that
the family of I'-translates of all cells is a tesselation of H. Therefore, BS is
a disjoint countable union of complete geodesic segments. Hence, if BS is a
submanifold of H of codimension one, then it is totally geodesic. Now let z € BS.
Suppose that z € ¢S for some g € I and S € Sides(B). By the tesselation
property there exist (B1,g1), (B2, g2) € B x I' such that S is a side of g1 81 and
goBs and g1B1 # goBs. Since each cell is a convex polyhedron with non-empty
interior, we find e > 0 such that B:(g7'z) N g;B; C g;B; U S for j = 1,2.
Hence B.(g~'z) N BS is an open subset of S. Since S is a submanifold of H of
codimension one, so is BS. This completes the proof. ]

Let CS denote the set of unit tangent vectors in SH that are based on BS
but not tangent to BS. Recall that ¥ denotes the orbifold I'\H and recall the
canonical projections 7: H — Y, w: SH — SY from Sec. 4. Set BS = m(BS)
and CS := w(CS).

Proposition 6.5.4. The set BS is a totally geodesic suborbifold of Y of codi-
mension one, CS is the set of unit tangent vectors based on BS but not tangent

to BS and CS satisfies (C2).

Proof. Since BS is I'-invariant by definition, we see that BS = 7T_1(]_5>§). There-
fore, BS is a totally geodesic suborbifold of Y of codimension one. Moreover,
CS = 77*1(6\8) and hence CS is indeed the set of unit tangent vectors based on
BS but not tangent to BS. Finally, pr(é\S) = BS. By Sec. 5 the set CS satisfies

(C2). 0

Remark 6.5.5. Let NIC be the set of geodesics on Y of which at least one
endpoint is contained in 7(bd). Here, 7: H — I'\H’ denotes the extension of
the canonical projection H — Y to H”. In Sec.6.7.1 we will show that CS is a

cross section for the geodesic flow on Y w.r.t. any measure p on the space of
geodesics on Y for which p(NIC) = 0.

We end this section with a short explanation of the acronyms. Obviously, CS
stands for “cross section” and BS for “base of (cross) section”. Then bd is for
“boundary” in sense of geodesic boundary, and bd(B) is the geodesic boundary
of the cell B. Moreover, which will become more sense in Sec. [6.7.2/ (see Re-
mark 6.7.34), NC stands for “not coded” and NC(B) for “not coded due to the
cell B”. Finally, NIC is for “not infinitely often coded”.
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6.6. Precells and cells in SH

6.6. Precells and cells in SH

Let T be a geometrically finite subgroup of PSL(2,R) which satisfies (A2). Sup-
pose that oo is a cuspidal point of I' and that the set of relevant isometric
spheres is non-empty. In this section we define the precells and cells in SH
and study their properties. The purpose of precells and cells in SH is to get
very detailed information about the set CS from Sec. and its relation to the
geodesic flow on Y, see Sec.[6.7.1. To each precell in H we assign a precell in
S H in an easy, geometric way. Then we fix a basal family A of precells in H and
a set of choices S, that is, a set of generators of equivalence classes of cycles in
A xT'. Let A be the family of precells in SH that correspond to the elements in
A. In an effective “cut-and-paste” procedure we construct a finite family B of
cells in SH assigned to A and S by partitioning the elements in A, translating
some subsets in these partitions by certain elements in I' and afterwards reunion
them in a specific way. However, this procedure involves some choices, which
are unimportant for all further applications of Bs.

The union of the elements in IE%S is a fundamental set for I' in SH, and each cell
in SH is related to some cell in H in a specific way. We will see that the cycles
in A x I" play a crucial role in the construction of cells in SH as well as in the
proofs of the relations between cells in SH and cells in H. We end this section
with the definition of the notion of a shift map for IE%S.

Definition 6.6.1. Let U be a subset of H and z € U. A unit tangent vector v
at z is said to point into U if the geodesic v, determined by v runs into U, i.e., if
there exists € > 0 such that v,((0,¢)) € U. The unit tangent vector v is said to
point along the boundary of U if there exists € > 0 such that v,((0,¢)) C oU. It
is said to point out of U if it points into H\U.

Definition 6.6.2. Let A be a precell in H. Define A to be the set of unit
tangent vectors that are based on A and point into .A°. The set A is called the
precell in SH corresponding to A. If A is attached to the vertex v of IC, we call
Aa precell in SH attached to v.

Recall the projection pr: SH — H on base points.

Remark 6.6.3. Let A be a precell in H and A the corresponding precell in SH.
Since A is a convex polyhedron with non-empty interior (see Remark [6.2.10),
at each point x € A there is based a unit tangent vector which points into A°.
Hence pr(A) = A. From this it follows that if Ais a precell in SH, then pr(A)
is the precell in H to which A corresponds. Thus, we have a canonical bijection
between precells in H and precells in SH.

Lemma 6.6.4. Let Ay, Az be two different precells in H. Then the precells ./Tl
and Az in SH are disjoint.

Proof. This is an immediate consequence of Prop.[6.2.15 and Def. [6.6.2l U

Definition 6.6.5. Let A be a precell in H and A the corresponding precell in

SH. The set vb(.A) of unit tangent vectors based on d.A and pointing along 9.4

153



6. Cusp expansion

is called the visual boundary of A. Further, ve(A) := AU vb(A) is said to be
the visual closure of A.

i

Figure 6.14: The precell in SH and its visual boundary for a non-cuspidal precell
in H.

The next lemma is clear from the definitions.

Lemma 6.6.6. Let A be a precell in H and A be the corresponding precell in
SH. Then vc(A) is the disjoint union of A and vb(A).

The following lemma shows that the visual boundary and the visual closure of
a precell A in SH is a proper subset of the topological boundary resp. closure
of Ain SH.

Lemma 6.6.7. Let A be a precell in SH corresponding to the precell A in H.
The topological boundary 0A is the set of unit tangent vectors based on 0A.

Proof. The topology on SH implies that the projection pr: SH — H on base
points is continuous and open. The set pr—1(.A°) of all unit tangent vectors
based on A° is obviously open. Since A is convex, it is an (open) subset of
A. We claim that (A)° = pr~!(A°). For contradiction assume that pr—'(.A4°)
does not equal (A)°, hence pr—'(A°) S (A)°. Then (A)° contains unit tangent
vectors that are based on d.A. But then pr((.A)°) is not open, in contradition to

pr being an open map. Hence pr=!(A4°) = (A)°. An analogous argumentation

shows that pr~!(CA) = (CA)°. Thus Cel (A) = Cpr~1(A), which shows that
OA=cl (.Z) ~ (.Z)O = pri(A)~pr (A% = pri(ANA°) = prt(0.A)
is the set of unit tangent vectors based on 0A. O

Proposition 6.6.8. Let {A; | j € J} be a basal family of precells in H and
let {A; | j € J} be the set of corresponding precells in SH. Then there is a
fundamental set F for T in SH such that

A € Fcve(4)). (6.7)

jeJ jeJ

Moreover, pr(]?) = UjeJ A;. If]? is a fundamental set for I' in SH such that
FC Ujejvc(.hvj), then F satisfies (6.7). Conversely, if {A; | j € J} is a set,
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6.6. Precells and cells in SH

indexed by J, of precells in SH such that (6.7) holds for some fundamental set
F for T in SH, then the family {pr(A;) | j € J} is a basal family of precells in
H.

Proof. Let A := {A; | j € J} be a basal family of precells in H and suppose
that {:47] | j € J} is the set of corresponding precells in SH. Set P := ;¢ ; Aj.
Recall from Theorem [6.2.20 that P is a fundamental region for I' in H. Further
set V= ;e A; and W=,y ve(Aj).

At first we show that SH is covered by the I'-translates of W. To that end
let v € SH. Since P is a fundamental region for I' in H, we find ¢ € T
such that gpr(v) € P = Ujes Aj- W.lo.g. we may and shall assume that
g = id. Pick a basal precell A in H such that pr(v) € A. Since A is a convex
polyhedron, v either points into 4° or along 0.A or out of A. In the first two
cases, v € VC(.Z) C W. In the latter case, since the I'-translates of the elements
in A provide a tesselation of H (see Cor. [6.2.28)), there is some h € T' and
some basal precell A; in H such that hv points into h.AS or along hdA;. Then
h=lv € Vc(;{vl) C W. This shows that I'- W = SH.

Now we show that each nontrivial I'-translate of V' is disjoint from V. To that
end consider any g € I'\{id} and v € V. For contradiction assume that gv € V.
Let v be the geodesic determined by v. Then g7 is the geodesic determined by
gv. By definition, there are some ¢ > 0 and basal precells Ay, A2 in H such
that v((0,¢)) € A and gv((0,¢)) C AS. Hence, v(¢/2) € AS and gv(g/2) € A3,
which is a contradiction to P being a fundamental region for I' in H. Thus,
gV NV =0.

This shows that there is a fundamental set F for I' in SH such that V - F CcCWw.
From

U4 = Jpr (&) = pr(v) € pr (F) S pr(W) = [ pr (ve (A)) = | 4
jeJ jeJ i€t 7€/

it follows that pr(F) = U;c s A;-

Now let F be a fundamental set for T' in SH such that F C Ujes VC(.Z;‘). To
prove that F satisfie 6.7), it suffices to show that for each j € J no unit

tangent vector in Vb(;\t}) is I'-equivalent to some element in V. Let v € Vb(.Zj)
and assume for contradiction that there exists (g, k) € I x J such that gv € .Z;
Let n be the geodesic determined by v. Then gn is the geodesic determined by
gv. By definition we find € > 0 such that 7((0,¢)) € 0A; and gn((0,¢)) C Aj.
Then n(e/2) € dA; N g~ LA, which contradicts to Cor.[6.2.28. This shows that

VCF.

Finally, let {.Z] | 7 € J} be a set, indexed by J, of precells in SH and F a
fundamental set for I" in SH such that

U.ngfg VC(AV]').

jeJ jeJ
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Recall from Remark [6.6.3 that A; := pr(.Zj) is the precell in H to which .Zj
corresponds. Set F := [J;c;A; and let 2 € H. Pick any v € SH such that

pr(v) = z. Then there exists g € I' such that gv € F. Now

F = UAj:pr(UAj) Qpr(]:) gpr(ch(Aj)) = U.Aj:]:,
= jeJ jeJ jeJ
hence pr(}:) = F. This implies that gz = pr(gv) € F. Therefore, I' - F = H.
Moreover, since F is a fundamental set, Lemma [6.6.4 implies that A; # Ay, for
J,k € J, j # k. Thus, the union UjeJ Aj; is essentially disjoint. Finally, let
z € F° and g € I'. Suppose that gz € F°. We will show that g = id. Pick
J € J such that z € A;. Fix an open neighborhood U of z such that U C F°
and gU C F°. Since A; is a non-empty convex polyhedron, UNA7 # (). Choose
w € UNAJ and pick k € J such that gw € Ay. Then A;?ﬁgfl.Ak # (), which, by
Prop. means that A; = g~ ' Ay. In turn, .Zj = g1 A,. Since .Zj,.ik CF
and F is a fundamental region for I' in SH, it follows that g = id. Therefore F
is a closed fundamental region for I in H, which means that {A; | j € J} is a
basal family of precells in H. O

Remark 6.6.9. Recall from Theorem [6.2.20/ that each basal family of precells in
H contains the same finite number of precells, say m. Prop.[6.6.8 shows that if
{Ag | k € K} is a set of precells in SH, indexed by K, such that (6.7) holds for
some fundamental set F for I' in SH, then #K = m.

Definition 6.6.10. Let A := {4, | j € J} be a basal family of precells in H.
Then the set A := {:45; | 7 € J} of corresponding precells in SH is called a basal
family of precells in SH or a family of basal precells in SH. If A is a connected
family of basal precells in H, then A is said to be a connected family of basal
precells in SH or a connected basal family of precells in SH.

Let A := {A; | j € J} be abasal family of precells in H and let A := {:4? |jeJ}
be the corresponding basal family of precells in SH.

Definition and Remark 6.6.11. We call two cycles ¢1, co in A X I' equivalent if
there exists a basal precell A € A and elements g1, g2 € I'\I', such that (A, g1)
is an element of ¢; and (A, g2) is an element of ¢3. Obviously, equivalence of
cycles is an equivalence relation (on the set of all cycles). If [¢] is an equivalence
class of cycles in A x T, then each element (A, h4) € A xT" in any representative
c of [c] is called a generator of [c].

Lemma 6.6.12. Let A be a non-cuspidal basal precell in H and suppose that
ha is an element in I'\I's assigned to A by Prop. 6.2.24. Let ((Aj, hj))j:L...,k
be the cycle in A x T determined by (A, ha). If A= A; for somel € {2,...,k},
then h; = hq. Moreover, if

g:=min{le{l,....k—1} | A = A}

exists, then q does mot depend on the choice of ha, k is a multiple of ¢, and
(Artgs Pivg) = (A, ly) for L€ {1,....k —q}.
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6.6. Precells and cells in SH

Proof. We start by showing that A; = Ay implies hy = ho. If A1 = As, then
Constr. [6.4.2 and Prop.[6.4.4(iii) yield that

{hg,hl_l} = {kl(AQ),kQ(AQ)} = {kl(A1)7k2(-A1)} = {hhhlzl}-

Assume for contradiction that hg = h,;l. Then h1_1 = h;. Let v be the vertex of
K to which A is attached and let s denote the summit of I(hy). It follows that

[v,8] = I(h) N Ay = I(h') N Ay = hy[o, 5.

Thus hi1s = s and hiv = v. But then hy fixes two points in H, which shows
that hy = id. This is a contradiction to h; € I'\\I's,. Hence ho = h;. From
Prop. [6.4.7 now follows that A; = A;1 implies h; = h;.q and h; # hl_1 for
le{l,...,k—1} and also that Ay = A; implies hy = hy.

Suppose now that there is [ € {2,...,k} such that A = A;. If [ = k, then our
previous considerations show that h 4 = h; = hy. Suppose that [ < k. Then
{h, by} = {k1(A), ko (A) } = {k1(A), ke (A)} = {h1, b '}

Assume for contradiction that by = h; . Then (A, hy) = (A, h,'). Prop.[6.4.4(iii)
implies that
(Arrgs hirg) = (Ar—(g-1): h;;lq)

forall 1 <g<k-—1I. If | =k — 2p for some p € N, then
(Arps hisp) = (Arppin b))
Hence Ajy), = Ajypt1 and by = hl;lp, which is a contradiction according to

our previous considerations. Hence h; = h1. If l = k — 2p — 1 for some p € Ny,
then

(Aripr1s hrgpar) = (Aipprn, i)
Hence hl:_lp = hyyp41. This contradicts to
#{hﬁrlp’ hippi1} = #{k1(Aipyr), ka(Aipyn) = 2.

Thus, h; = hy. This proves the first statement of the lemma.
Now suppose that

q::min{lé{l,...,k—l}|.Al+1:./4}

exists. Since (Aj41, hy+1) is determined by (A;, hy), it follows that (Ajyq, hiyqe) =
(Aj, ) for L € {1,...,k — q}. Moreover,

{hl,hgl} = {k1(A1), ko (A1)} = {k1(Agq1), ko (Agi1) } = {h17hq_1}'
Therefore hy = hy and in turn Ay, = A,. Thus k is a multiple of g. The indepen-

dence of ¢ from the choice of h 4 is an immediate consequence of Prop. .
]
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6. Cusp expansion

Definition 6.6.13. Let A be a non-cuspidal basal precell in H and let h 4 be an
element in I'\I", assigned to A by Prop.[6.2.24l Suppose that ((Aj, hj))
is the cycle in A x T" determined by (A, hy4). We set

j:17"'7k

cyl(A) :==min ({{ € {1,...,k =1} | Aip1 = A} U{k}).

Lemmal6.6.12/shows that cyl(.A) is well-defined. Moreover, it implies that cyl(.A)
does not depend on the choice of the generator (A, h4) of an equivalence class
of cycles. For a cuspidal basal precell A in H we set

cyl(A) := 3,
and for a basal strip precell A in H we define
cyl(A) == 2.

Example 6.6.14. Recall Example[6.4.6l For the Hecke triangle group G, and
its basal precell A in H we have A = As and hence cyl(A) = 1. In contrast, the

basal precell A(vy) in H of the congruence group PI'y(5) appears only once in
the cycle in A x PI'g(5) and therefore cyl (A(vy)) = 3.

Construction and Definition 6.6.15. Set 7 := | J;.; A;. Pick a fundamental
set F for T' in SH such that

UAic7cJve(d),

jedJ jeJ
which is possible by Prop. [6.6.8. For each basal precell A € A and each z € F
let E,(A) denote the set of unit tangent vectors in F N vc(A) based at z. Fix

any enumeration of the index set J of A, say J = {j1,...,Jjr}. For z € F and
le{l,...,k} set

Further set B B
F(A) = F(A)
z€A

for A € A. Recall from Prop. that pr(F) = F. Thus,

UUzrw=7x (6.8)

zEF A€A

and the union is disjoint. For each equivalence class of cycles in A x I' fix a
generator and let S denote the set of chosen generators. Let (A, h4) € S.

Suppose that A is a non-cuspidal precell in H and let v be the vertex of I to
which A is attached. Let ((Aj, hj))jzl . be the cycle in A x T' determined by

(A, hg). For j=1,...,kset g1 :=id and gj41 := h;g;, and let s; be the summit
of I(hj). Further, for convenience, set hg := hy and sg := s;. In the following we
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6.6. Precells and cells in SH

partition certain F (Aj;) into k subsets. More precisely, we partition each element
of the set {F(A;)|j=1,...,k} into k subsets. Let j € {1,...,cyl(A)}.
For each z € AU (hj_15;-1,g;v]U[g;v, s;) we pick any partition of F, (A;) into

k non-empty disjoint subsets Wj(}z), cey Wj(fz).

For z € [sj,00) we set W»(l) = .7-"Z(A') and W(Q) =...= W(k = 0.
For z € |hj_18j_1,00) we set W( =0, W 2) = F.(A;) and W( ) =
-=@
For me{l,...,k} and j € {1,...,cyl(A)} we set
Aj,m = U W](;ﬂ)
ZEA;
and

Bj(A, ha) : Ugygl A

where the first part (1) of the subscript of Al,l—j-‘,—l is calculated modulo cyl(A)
and the second part (I — j + 1) is calculated modulo k.

Suppose that A is a cuspidal precell in H. Let ((A1, h1), (A2, ha)) be the cycle
in A x I" determined by (A, h4). Set g := hy = hg, g1 :=1id and g9 := hy = g.
Suppose that v is the vertex of I to which A is attached, and let s be the summit
of I(g). Let j € {1,2}. We partition J;E(Aj) into three subsets as follows.

For 2 € Aj U (gjv,g;s) we pick any partition of .7-"Z(Aj) into three non-empty
disjoint subsets WJ( z), Wj(i) and Wj(i).
For z € (gjv,00) we set Wj(l) = .7-"Z(.A-) and W~(2) = W(‘? =0.
For z € [g;s,0) we set Wj(}) T/V(2 =0 and W(?’) = F.(A)).
For m € {1,2,3} and j € {1,2} we set
= |J wim.
zZEA;

Then we define

[5’1(_,47 ha) = «11,1 U 9_1-[12,2,
By(A ha) = gAio U A1,
Bs(A, ha) = A13Ug ' Ay s.
Suppose that A is a strip precell in H. Let v1,v2 be the two (infinite) vertices

of K to which A is attached and suppose that v; < ve. We partition F(.A) into
two subsets as follows.

For z € A° we pick any partition of J;EZ(.A) into two non-empty disjoint subsets
Wi and W%,
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6. Cusp expansion

For z € (v1,00) we set Wi = F.(A) and W = . For z € (v2,00) we set
W =0 and W = F.(A).
For m € {1,2} we define

Bi(Aha) = | J WD and By(A ha) = | WP,
ze€A z€A

The set S (“selection”) is called a set of choices associated to A. The family

B = {BNJ-(.A,hA)‘ (A ha) €S, = 1,...,Cyl(A)}

is called the family of cells in SH associated to A and S. The elements in this
family are subject to the choice of the fundamental set F , the enumeration of
J and some choices for partitions in unit tangent bundle. However, all further
applications of Bg are invariant under these choices. This justifies to call Bs the
family of cells in SH associated to A and S. Each element in Bs is called a cell

in SH.

Example 6.6.16. For the Hecke triangle group G5 from Example [6.4.6 we
choose § = {(A,Us)}. Here we have k = 5 and cyl(A) = 1. The first figure in
Fig. indicates a possible partition of F(A) into the sets A; 1, 412,...,415.

F(A)

Figure 6.15: A partition of F(A) and the cell B1(A,Us) in SH.

The unit tangent vectors in red belong to -Z1,1, those in dark blue to AVLQ, those
in green to A; 3, those in violet to Ay 4, and those in light blue to A; 4. The
second figure in Fig.[6.15] shows the cell By (A,Us) in SH.

Example 6.6.17. For the group I' from Example 6.1.21] we choose as set of
choices S = {(A1,1d), (A2, S)} (cf. Example6.4.6). The cells in SH which arise
from (Aj,id) are shown in Fig.[6.16. The cells in SH arising from (A, S) are
indicated in Fig.
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6.6. Precells and cells in SH

Bi(As,id) | | By (As,id)
Lo

U1 U2 U1 U2

Figure 6.16: The cells in SH arising from (A;,id).

Bi(As,S)

Figure 6.17: The cells in SH arising from (A;,id).

Let S be a set of choices associated to A.

Proposition 6.6.18. The union UEE]ES B is disjoint and a fundamental set for
I'in SH.

Proof. Constr. picks a fundamental set F for T in SH and chooses a
family P := {F,(A) | z € F, A € A} of subsets of it. Since the union in (6.8)
is disjoint, P is a partition of F. Recall the notation from Constr.[6.6.151 One
considers the family

Pri= {F(4))

e F, (Aha) €S, jzl,...,cyl(A)}.

The elements of P, are pairwise disjoint and each element of P is contained in
P1. Hence, P; is a partition of F. The next step is to partition each element of
1 into a finite number of subsets. Thus, Fis partitioned into some family P of
subsets of F. Then each element W of P, is translated by some element g(1V)
in T to get the family P3 := {g(W)W | W € P,}. Since F is a fundamental set
for T in SH, the elements of P3 are pairwise disjoint and | J Ps is a fundamental
set for I in SH. Now Pj is partitioned into certain subsets, say into the subsets
Q;, l € L. Each cell B in SH is the union of the elements in some Ql(E) such

that I(B1) # [(By) if By # Ba. Therefore, the union | {B~ ‘ Be @g} is disjoint
and a fundamental set for I' in SH. O
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6. Cusp expansion

For each B € Bg set b(B) := pr(B) N 8pr(~B~) and let CS'(B) be the set of unit

tangent vectors in B that are based on b(B) but do not point along 9 pr(B).

Example 6.6.19. Recall the congruence subgroup PI'4(5) and its cycles in
A x PI'g(5) from Example[6.4.6. We choose S := {(A(va), h™ 1), (A(v1), 1)} as

set of choices associated to A and set

gl = gl (.A(U4), hil), 5;4 = gl (.A(Ul), hl),
52 = gQ(A(U4), hil), gg, = gQ(A(Ul), hl),
gg = gg(A(U4), h_l), g@ = gg(A(Ul), hl),

as well as

Cs) = CS'(B))
for j =1,...,6. Fig.[6.18 shows the sets CS.

CS} cs, CS} Cst cs,  CS,

Figure 6.18: The sets CS.

Lemma 6.6.20. Let Ay, A2 be two basal precells in H and let g € T' such that
g-ve(Ar) Nve(Az) # 0. Suppose that Ay # Ay or g #id. Then

g-vc(:élvl)ﬂvc(;\l;) gg-vb(z)ﬂvb(%).

Moreover, suppose that Ay is cuspidal or non-cuspidal and that there is a unit
tangent vector w € ve(Ay) pointing into a non-vertical side Sy of Ay such that
gw € vc(Az). Then gw points into a non-vertical side Sy of Ay and gS1 = Ss.

Proof. We have pr(g-ve(Ay)) = gpr(ve(Ar)) = gA; and pr(g-vb(A;)) = gdAi,
and likewise for pr(vc(Az)) = Az and pr(vb(Az)) = dAs. From g - ve(Ay) N
Vc(.,z;) # () then follows that gA; N As # (. By Prop. [6.2.26, either gA; =
A and g € T' or gA; N Ay € gdA; N OAy. Assume for contradiction that
gA1 = As with g € T',. Since A; and Ay are basal, Cor. [6.2.23 shows that
g = id and A; = Ay. This contradicts the hypotheses of the lemma. Hence

gA1 N Ay C g0 A1 NOAs and therefore g-ve(Ay) Nve(Az) C g-vb(](l) ﬁvb(ﬂ;).

Let A; and w be as in the claim. Further let v be the geodesic determined by
w. Then gy is the geodesic determined by gw. By definition there exists € > 0
such that v((0,¢)) € Sy and gv((0,¢)) C As. Then

7((0,e)) CSiNg ' CANg A
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6.6. Precells and cells in SH

Since the sets A; and g~'A, intersect in more than one point and A; # g~ Aj,
Prop.[6.2.26 states that A; N g~ ! Ay is a common side of A; and g~ Ay. Neces-
sarily, this side is S1. Prop. shows further that ¢S is a non-vertical side
of As. Thus, gw points along the non-vertical side ¢S of As. O

Proposition 6.6.21. Let (A,ha) € S and suppose that A is a non-cuspidal

precell in H. Let ((A;, hj))jzl . be the cycle in A x T' determined by (A, ha).

For each m = 1,...,cyl(A) we have b(By, (A, h4)) = (h,loo,00) and

pr (BNm(.A, hA)) = B(A;,)° U (h oo, 00).

Moreover, CS' (B, (A, ha)) is the set of unit tangent vectors based on (h;,' oo, 00)

that point into B(Ay,)°, and pr(CS' (B (A,ha))) = b(Bim (A, ha)).

Proof. We use the notation from Constr.[6.6.15. Let j € {1,...,cyl(A)} and
z € Aj. At first we show that F,(A;) # 0. For each choice of F we have

:Zl;- - fﬂvc(;t;-). Remark|6.6.3/states that pr(A;) = A;. Hence EZ(.AJ-)H.ZJ' # 0.
More precisely, if (.Z;)z denotes the set of unit tangent vectors based on z that
point into A7, then (:4?)2 = EZ(.Aj) N :4? The set (.jélv])z is non-empty, since
Aj; is convex with non-empty interior. Let k € J such that Ay # A;. Then

E.(Ax)N ENJZ(.AJ-) C ve (./Tk) Nve (:I]) Cvb (./Tk) Nvb (:47]),

where the last inclusion follows from Lemma [6.6.20 Since :4? N Vb(:‘lvj) =0 by
Lemmal6.6.6], it follows that

(Aj) N E.(Ay) = Aj N E,(A)) N E.(A) € Ajnvb (4;) = 0.

Hence

(A7), S Fo(Ay). (6.9)
Let j € {1,...,cyl(A)} set Ej = BNJ-(.A, ha) and
T = .A; U (hj—18j-1,9;v] U [g;v, s;).

Let m € {1,...,k}. Then

pr (Ajm) = | pr(W2)

ZG.AJ'
~Upr@™u | e )u U o)
z€Ty z€[s,00) z€lhj_18;-1,00)
T; for m ¢ {1, 2},
= ¢ TjU|[s;,00) for m =1,

T U [hj_15j-1,00) form = 2.
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6. Cusp expansion
Note that necessarily £ > 3. Then

71 5
979, Ali—j+1

C =

B -

Q.N
ol
_

k
T a1 1 T

= U 99 Ai-j+1Y959; AjiUgig; 1 Ajr2U U 959, Ali—jy1-

! 1=j+2

I
A

Since l—j+1# 1,2 mod kforl € {1,...,7—1}U{j+2,...,k}, it follows that

-1 k
pr(B;) = J gjg " pr (Aii—jr1) Upr (Aj0) by pr (Ajiao) U U 950" pr (A i)
=1 l—j+2
j—1
9;9; TZUT U[Sja )Uhngj+1Uh h j S5, 00 U 9;9; Tl
=1 I=j+2

k
:Ug]gl TZU(h 00, 00).
=1

For the last equality we use that pro,(s;) = hj_loo by Lemmal6.2.8. Hence s; is
contained in the geodesic segment prgol(hjloo) NH = (h;loo, o0), which shows
that the union of the two geodesic segments [s;,00) and [s;, hj_loo) is indeed
(hj_loo, 00). Prop.[6.4.11 implies that

pr (B;) = B(A;)° U (h; 00, 00).

This shows that b(BNJ-) = (h;loo, 00). The set of unit tangent vectors in BNJ- that

are based on b(gj) is the disjoint union

= U wlurt | wZ,

z€[s;,00) z€lh;s;,00)
= U EZUApunrt | FEAim).
z€[s,,00) z€[hjs;,00)

To show that CS'(B ) is the set of unit tangent vectors based on b(B ) that point
into B(A;)° we have to show that D’ contains all unit tangent vectors based

on [sj,00) that point into A7 and all unit tangent vectors based on (h;loo, 5]

that point into hj_l.A; 41 and the unit tangent vector which is based at s; and
points into [s;, g;jv]. If w is a unit tangent vector based on [h;s;,c0) that points
into A7, then, clearly, hj_lw is a unit tangent vector based on [sj,hj_loo)

that points into hj_l.A;? 11- Hence, (6.9) shows that D; contains all unit tangent
vectors of the first two kinds mentioned above. Let w be the unit tangent vector
with pr(w) = s; which points into [s;, g;v].

Suppose first that w € F. Then w € Vc(;\g)ﬂf and therefore w € Esj (Aj). Let
k € J with A, # A;. Assume for contradiction that w € vc(Ay). Lemmal6.6.20
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6.6. Precells and cells in SH

implies that [s;, g;v] is a non-vertical side of Ay, which is a contradiction. Hence
w ¢ Es;(Ay). Therefore, w € F,(A;) and hence w € Dj.

Suppose now that w ¢ F. Then there exists a unique g € ' {id} such that
gw € F. Let A be a basal precell in H such that gw € vc(A)NF. Lemmal6.6.20)
shows that g[s;, g;v] is a non-vertical side S of A. Thus, g~ AN B(A;)° # 0.
By Prop. [6.4.11(iv) there is a unique | € {1,...,k} such that g = glgj_1 and
A = A;. Now [sj, g;v] is mapped by h; to the non-vertical side [hjs;, gj+1v] of

—

Aji1. Thus, g = hj and A = Aj1. Then hjw € ve(Ajyq). As before we see

that w € D’;. Moreover, pr(CS'(B;)) = b(B;). O

Analogously to Prop.[6.6.21 one proves the following two propositions.

Proposition 6.6.22. Let (A,hy) €S and suppose that A is a cuspidal precell
in H. Let v be the vertex of K to which A is attached and let ((A,g), (A, g71))
be the cycle in A x T determined by (A, h4). Then

b(Bi(A, ha)) = (v,00), b(Ba(A, ha)) = (gv,00), b(Bs(A, ha)) = (g7 o0, 00)

and

pr (B~1 (A, hA))
pr (EQ(A, hA))

pr (Bs(A, ha))

B(A)° U (v, 00),
B(A')° U (gv, 00),
B(A)° U (g7 00, 00).

Moreover, CS'(Byn (A, ha)) is the set of unit tangent vectors based on b(Byn (A, hg))

that point into pr(Bm (A, ha))°, and pr(CS (Bn(A,ha))) = b(Bm(A, ha)) for
m=1,23.

Proposition 6.6.23. Let (A,hy) € S and suppose that A is a strip precell. Let
v1,v9 be the two (infinite) vertices of K to which A is attached and suppose that

vy < ve. Form =1,2 we have b(B,,(A,ha)) = (U, 00) and

pr (B (A, ha)) = B(A)° U (v, 00) = A° U (0, 00).

Moreover, CS' (B (A, ha)) is the set of unit tangent vectors based on (U, c0)
that point into B(A)°, and pr(CS' (B (A, ha))) = b(Bm(A, ha)).

Corollary 6.6.24. Let B € Bs. Then B := cl(pr(B)) is a cell in H and b(B) a

side of B. Moreover, pr(B) = B° Ub(B) and pr(B)° = B°.

Proof. This follows directly from a combination of Prop.[6.6.21 with[6.4.11 resp.
of Prop.[6.6.22 with [6.4.12 resp. of Prop.[6.6.23] with [6.4.13. O

The development of a symbolic dynamics for the geodesic flow on Y via the
family Bg of cells in SH is based on the following properties of the cells B in SH:

It uses that cl(pr(B)) is a convex polyhedron of which each side is a complete
geodesic segment and that each side is the image under some element g € I' of
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6. Cusp expansion

the complete geodesic segment b(g’) for some cell B’ in SH. It further uses that
\UBs is a fundamental set for I’ in SH and that {g - cl(pr(B B)|gel, Be IBBS}
is a tesselation of H. Moreover, one needs that b(B) is a vertical side of pr(B)
and that CS’ (B) is the set of unit tangent vectors based on b(B) that point into
pr(B)°. It does not use that {cl(pr(B )) |Be Bg} is the set of all cells in H nor
does one need that for some cells By, By € Bs one has cl(pr(B;)) = B(pr(B2)).
This means that one has the freedom to perform (horizontal) translations of
single cells in SH by elements in I'y,. The following definition is motivated by
this fact. We will see that in some situations the family of shifted cells in SH
will induce a symbolic dynamics which has a generating function for the future
part while the symbolic dynamics that is constructed from the original family
of cells in SH has not.

Definition 6.6.25. Each map T: Bs — D' (“translation”) is called a shift map
for Bs. The family

Bst = {T(B)B | B € B}
is called the family of cells in SH associaled to A, S and T. Each element of
Bg,t is called a shifted cell in SH.

For each B € Bgr define b(B) := pr(B) N (9pr(B) and let CS'(B) be the set of
unit tangent vectors in B that are based on b(B) but do not point along 3pr(B)

Let T be a shift map for Bs.

Remark 6.6.26. The results of Prop. [6.6.18 and [6.6.2146.6.23 remain true for
IBBS T after the obvious changes. More premsely7 the union (J IBBS T is dlsJ01nt and
a fundamental set for T' in SH, and if B € Bg, then pr (T(B)B) = T(B) pr(B)
and b(T (B)BN) = T(B)b(B). Then CS' (T (T (B)E) is the set of unit tangent vectors
based on T(B)b(B) that point into T(B) pr(B)°.

6.7. Geometric symbolic dynamics

Let T" be a geometrically finite subgroup of PSL(2,R) of which oo is a cuspidal
point and which satisfies (A2)). Suppose that the set of relevant isometric spheres
is non-empty. Let A be a basal family of precells in H and denote the family of
cells in H assigned to A by B. Suppose that S is a set of choices associated to A
and let IE%S be the family of cells in SH associated to A and S. Fix a shift map
T for Bs and denote the family of cells in SH associated to A,S and T by Egm.
Recall the set CS'(B) for B € I@S,T from Def. [6.6.25. We set

IBBST = U Cs'( and G\S(EST) = W(CS/(@&T)).
BeBgs 1

In Sec. [6.7.1, we will use the results from Sec. [6.6 to show that CS satisfies

(C1) and hence is a cross section for the geodesic flow on Y w.r.t. certain
measures . It will turn out that the measures p are characterized by the
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condition that NIC (see Remark [6.5.5) be a p-null set. We start by showing
that CS = C/J\S(ﬁgm). This suffices to characterize the geodesics on Y which
intersect CS at all. Then we investigate the location of the endpoints in 0,H
of the geodesics on H determined by the elements in CS'(B), B € IB%ST This
result and the fact that CS'(BS T) is a set of representatives for CS allows us

to provide a rather explicit description of the structure how CS = W*I(CS)
(see Sec. 6.5) decomposes into I-translates of the sets CS'(B), B € IB%S 1. These
investigations culminate, in Prop.[6.7.12] in the determination of the location
of next and previous points of intersection of a geodesic v on H and the set
CS. The purpose of Prop. [6.7.12 is two-fold. At first we will use it to decide
which geodesics on Y intersect CS infinitely often in future and past and for the
determination of the maximal strong cross section contained in CS. In Sec. 6.7.2,
the results of Prop. 6.7.12 will allow to define a natural labeling of CS and a
natural symbolic dynamics for the geodesic flow on Y.

6.7.1. Geometric cross section

Recall the set BS from Sec. [6.5.

Lemma 6.7.1. Let B € Eg]‘ Then pr(B) is a convex polyhedron and 0 pr(B)

consists of complete geodesic segments. Moreover, we have that pr(B) NBS =10
and O pr(B) C BS and pr(B)NBS = b(B) and that b(B) is a connected component
of BS.

Proof. Let By be the (unique) element in Bs such that B = T(5;)B;. Cor.
states that By := cl(pr(Bl)) is a cell in H and that b(B;) is a side of B;. More-
over, pr(By) = BS U b(B;) and hence pr(B;)° = BS. Thus, dpr(Bi) = 0B,
consists of complete geodesic segments, pr(B1)° N BS = 0, dpr(B;) C BS
and pr(Bl) NBS = b(B;). Now the statements of the lemma follow from
pr(B) = T(By) pr(B:) and b(B) = T(B1)b(B;) and the [-invariance of BS. [

Proposition 6.7.2. We have CS = 68(@87T). Moreover, the union

CS'(Bs) = | J{CS'(B) | BeBsr}

is disjoint and CS'(IEESJT) is a set of representatives for CS.

Proof. We start by shovvlng that CS(IB%S T) C CS. Let B e ES,T. Then there
exists a (unique) By € Bg such that B = T(B;)B;. Lemma 6.7.1 shows that
b(By) is a connected _component of BS. The set CS'(B) consists of unit tangent
vectors based on b(B) which are not tangent to it. Therefore, CS'(B;) C CS.
Now b(B) = ']I'(El)gl and CS'(B) = T(By) CS'(B,) with T(B;) € I'. Thus, we
see that W(b(B)) C w(BS) = BS and 7(CS'(B)) C 7(CS) = CS. This shows that
CS(IB%S 1) € CS.

Conversely, let v € CS. We will show that there is a unique B e IE%SJT and a
unique v € CS'(B) such that 7(v) = v. Pick any w € 7~ !(v). Remark 6.6.26
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6. Cusp expansion

shows that the set P := [J{B | B € Bg ;) is a fundamental set for I' in SH.
Hence there exists a unique pair (B g) € IB%S T % I' such that v := gw € B. Note
that w_l(CS) CS. Thus, v € CS and hence pr(v) € pr(B) NBS. Lemmal6.7.1]
shows that pr(v) € b(B). Therefore, v € 7 2(b(B)) N B. Since v € CS, it does
not point along b(B) Hence vd does not point along O pr(B), which shows that
v € CS'(B). This proves that CS C CS(IB%S T).

To see the uniqueness of B and v suppose that w; € 77 1(0). Let (B1,g1) €

IB%S T X I' be the unique pair such that g;w; € 81 There exists a unlque element
h € T such that hw = w;. Then gihg ‘v = gw; and v,g1hg ‘v € P. Now
P being a fundamental set shows that gihg~! = id, which proves that gjw; =
githw = gw = v and B, = B. This completes the proof. U

Corollary 6.7.3. Let 7y be a geodesic on'Y which intersects CS int. Then there
is a unique geodesic v on H which intersects CS'(Bst) in t such that w(y) =7.

Definition 6.7.4. Let 7 be a geodesic on Y which intersects CS in ' (to). If
s:=min{t >ty | 7(t) € 6@}

exists, we call s the first return time of 7'(to) and 7'(s) the next point of in-
tersection of v and CS. Let v be a geodesic on H. If 4/(t) € CS, then we say
that v intersects CS in t. If there is a sequence (t,)neny with lim, o ¢, = 00
and 7/(t,) € CS for all n € N, then ~ is said to intersect CS infinitely often in
future. Analogously, if we find a sequence (¢, )neny with lim,_,t, = —oo and
v (t,) € CS for all n € N, then ~ is said to intersect CS infinitely often in past.
Suppose that « intersects CS in tg. If

s :=min {t > to ‘ 7'(t) e CS}

exists, we call s the first return time of 7/(tg) and +/(s) the next point of inter-
section of v and CS. Analogously, we define the previous point of intersection
of 4 and CS resp. of 7 and CS.

Remark 6.7.5. A geodesic 4 on Y intersects CS if and only if some (and hence
any) representative of ¥ on H intersects 71*1(6\8). Recall that CS = 71*1((/3\8),
and that CS is the set of unit tangent vectors based on BS but which are not
tangent to BS. Since BS is a totally geodesic submanifold of H (see Prop.[6.5.3),
a geodesic y on H intersects CS if and only if -y intersects BS transversely. Again
because BS is totally geodesic, the geodesic v intersects BS transversely if and
only if v intersects BS and is not contained in BS. Therefore, a geodesic 7 on
Y intersects CS if and only if some (and thus any) representative v of ¥ on H
intersects BS and v(R) ¢ BS.

A similar argument simplifies the search for previous and next points of inter-
section. To make this precise, suppose that 7 is a geodesic on Y which intersects
CS in ~'(to) and that ~ is a representative of ¥ on H. Then 7/(ty) € CS. There
is a next point of intersection of 5 and CS if and only if there is a next point of
intersection of v and CS. The hypothesis that 4/(tg) € CS implies that v(R) is
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not contained in BS. Hence each intersection of v and BS is transversal. Then
there is a next point of intersection of v and CS if and only if v((tg, c0)) inter-
sects BS. Suppose that there is a next point of intersection. If 4/(s) is the next
point of intersection of v and CS, then and only then 7’(s) is the next point of
intersection of 7 and CS. In this case, s = min{t > ¢y | 7(t) € BS}.

Likewise, there was a previous point of intersection of 4 and CS if and only if
there was a previous point of intersection of v and CS. Further, there was a
previous point of intersection of v and CS if and only if vy((—o0,tp)) intersects
BS. If there was a previous point of intersection, then 7/(s) is the previous
point of intersection of v and CS if and only if 7'(s) was the previous point of
intersection of 7 and CS. Moreover, s = max{t < to | v(t) € BS}.

Prop. provides a characterization of the geodesics on Y which intersect CS
at all. Its proof needs the following lemma.

Lemma 6.7.6. Let U be a convex polyhedron in H and v a geodesic on H.

(i) Suppose that t € R such that v(t) € OU. If v((t,00)) C U, then either
there is a unique side S of U such that v((t,00)) C S or v((t,00)) C U°.

(ii) Suppose that t1,ta,t3 € R such that t1 < to < t3 and y(t1),7(t2),v(t3) €
OU. Then there is a side S of U such that S C v(R).

(ili) If v(£o0) € 04U, then either v(R) C U° or y(R) C oU. Ify(t) € U and
v(00) € 04U, then either v((t,00)) C U or v([t,00)) C OU.

Proof. We will use the following specialization of [Rat06, Thm. 6.3.8]: Suppose
that s is a non-trivial geodesic segment with endpoints a,b (possibly in d,H)
which is contained in U. If there is a side S of U such that s~ {a,b} intersects
S, then s C S.

For (i) suppose that there exists t; € (¢,00) such that v(t1) € oU. If ~(t1)
is an endpoint of some side of U, then there are two sides S, 59 of U which
have v(t1) as an endpoint. Assume for contradiction that Sq,S2 C v(R). Since
~(t1) € S1 N Se, the union 7' := S; U 59 is a geodesic segment in QU and hence
S is contained in a side of U. This contradicts to y(¢1) being an endpoint of the
sides S and Ss. Suppose that S; Z y(R). Let (S1) be the complete geodesic
segment which contains S;. Then (S;) divides H into two closed halfplanes
H, and Hs (with Hy N Hy = (S7)) one of which contains ~(t), say Hy. Now
~v(R) intersects (Sp) transversely in «(t1). Since t; > t, the segment y((t1,00))
is contained in Hp. This contradicts to y((t,00)) € U. Hence (1) is not an
endpoint of some side of U. Let S be the unique side of U with (¢1) € S. Then
S C v((t,00)). The previous argument shows that ~((,00)) does not contain
an endpoint of S, hence v((t,00)) C S. Finally, since S is closed, ~v([t,00)) C S.

For (ii) let s := [y(t1),v(t3)]. Since v(t1) and v(t3) are in U, the convexity
of U shows that s C U. Now ~(t2) € (y(t1),7(t3)) N OU. As in the proof of
it follows that ~y(t2) is not an endpoint of some side of U. Let S be the
unique side of U with ~y(t2) € S. Then s C S. Since the geodesic segment S
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contains (at least) two point of the complete geodesic segment v(R), it follows
that S C v(R).

For (iii) it suffices to show that (R) C U resp. that «((¢,00)) C U. This follows
from [Rat06, Thm. 6.4.2]. O

Proposition 6.7.7. Let 5 be a geodesic on'Y . Then 7 intersects CS if and only
if ¥ ¢ NC.

Proof. Let B be the family of cells in H assigned to A. Recall from Prop.
that NC = NC(B). Suppose first that 7 € NC. Then we find B € B and a
representative 7 of 4 on H such that y(+oo) € bd(B). Since B is a convex
polyhedron and y(£o00) € 9,8, Lemma [6.7.6(iii) states that either v(R) C B°
or 7(R) C 9B. Cor. shows that B° N BS = () and 0B C BS. Thus, either
~v(R) does not intersect BS or y(R) € BS. Remark [6.7.5 shows that in both

cases v does not intersect CS, and therefore 4 does not intersect CS.

Suppose now that 7 does not intersect CS. Then each representative of 4 on
H does not intersect CS. Let v be any representative of 7 on H. We will
show that there is a cell B in H and a to 7 equivalent geodesic 7 such that
1n(£o0) € bd(B). Pick a unit tangent vector v to 7. Recall from Prop. 6.6.18]
that U{B | B € Bs} is a fundamental set for I' in SH. Thus, there is a pair
(B,g) € Bs x I such that gv € B. Set 1 := g~. Lemma 6.7.1 states that dpr(B)
consists of complete geodesic segments and 3pr(B) C BS. By assumption,
n does not intersect BS transversely, which implies that n does not intersect
0 pr( B) transversely. Because n(R) N cl(pr(B B)) # 0, it follows that n(R) C
cl(pr(B)). Thus, n(+o0) € d, cl(pr(B)). By Cor.[6.6.24, B := cl(pr(B)) is a cell
in H. Therefore n(£o0) € bd(B), which shows that y =7 € NC(B) C NC. O

Suppose that we are given a geodesic 4 on Y which intersects CS in 7 (to) and
suppose that v is the unique geodesic on H which intersects CS’(IE%SJT) in /(o)
and which satisfies 7(y) = 7. Our next goal is to characterize when there is a
next point of intersection of 54 and CS resp. of v and CS, and, if there is one,
where this point is located. Further we will do analogous investigations on the
existence and location of previous points of intersections. To this end we need
the following preparations.

Definition 6.7.8. Let B € IE%SJT and suppose that b(g) is the complete geodesic
segment (a,00) with a € R. We assign to B two intervals I(B) and J(B) which
are given as follows:

I(B) := (a,00) if pr(B:) C{z€ H|Rez>a},
| (~o0,a) ifpr(B) C{z € H|Rez < a},
and
J(B) = (—o0,a) if pr(B) C {z € H |Rez > a},
" \(a,00)  ifpr(B) C {z € H|Rez < a}.
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Note that the combination of Remark [6.6.26] with Prop. [6.4.11(i) and [6.6.21
resp. with Prop. 6.4.12(ﬁb~ang 6.6.22/resp. with Remark[6.2.10/and Prop. 6.6.23
shows that indeed each B € Bg 1 gets assigned a pair (I(B), J(B)) of intervals.

Lemma 6.7.9. Let B € IEESJT. For each v € CS'(BN) let 7y, denote the geodesic

on H determined by v. If v € CS'(B), then (vy(00),vs(—00)) € I(B) x J(B).
Conversely, if (z,y) € I(B) x J(B), then there exists a unique element v in
CS'(B) such that (v,(0), 1y (—0)) = (z,y).

Proof. Let v € CS'(B). By Prop. [6.6.21] resp. [6.6.22] resp. 6.6.23| (recall Re-

mark [6.6.26), the unit tangent vector v points into pr(5)° and pr(v) € b(B).

By definition we find ¢ > 0 such that 7,((0,¢)) € pr(8)°. Then ,(R) in-

tersects b(B) in 7,(0) = pr(v). From 7,(e/2) € pr(B)° and hence ~,(¢/2) ¢
b(B), it follows that ~,(R) # b(B). Since 7,(R) and b(B) are both com-
plete geodesic segments, this shows that pr(v) is the only intersection point

of 7, (R) and b(B). Now b(B) divides H into two closed half-spaces H; and Ho
(with H; N Hy = b(B)) one of which contains pr(B), say pr(8) C H;. Then
Y0 ((0,00)) € Hy and 7, ((—00,0)) € Hs. The definition of I(B) and J(B) shows
that (7,(00),vu(—00)) € I(B) x J(B).

Conversely, let (x,y) € I(B) x J(B). Suppose that b(B) is the geodesic segment
(a,00) and suppose w.l.o.g. that I(B) is the interval (a, c0) and J(B) the interval
(—o00,a). Let ¢ denote the complete geodesic segment [x,y]. Since z > a > y,
the geodesic segment ¢ intersects b(g) in a (unique) point z. There are exactly
two unit tangent vectors wj, j = 1,2, to ¢ at z. For j € {1,2} let v, denote

the geodesic on H determined by w;. Then v,,(R) = ¢ and

(71111 (OO)’ Ywy (_OO)) = (7102 (OO)’ Ywa (_OO))

with
('le (OO)ale(_OO)) = (x’y) or (le(oo)’rywl(_oo)) = (y’x)

W.lo.g. suppose that (7, (00),Yuw, (—0)) = (z,y) and set v := wi. We will

show that v points into pr(B)°. The set b(B) is a side of cl(pr(B)) and, since

cl(pz(g)) is a convex polyhedron with non-empty interior, b(B;) is a side of

pr(B)°, hence b(B) C dpr(B)°. Since z is not an endpoint of b(B), there exists
€ > 0 such that

B.(z) Npr (BN)O = B.(z)N{z€ H|Rez > a}.

Now 7, ((0,00)) C {z € H | Rez > a} with 7,(0) = z. Hence there is 6 > 0 such
that

75 ((0,8)) € B.(2) N {z € H|Rez > a}.

Thus 7, ((0,6)) € pr(B)°, which means that v point into pr(B)°. Then Prop./6.6.21
resp. [6.6.22| resp. [6.6.23 states that v € CS'(B). This completes the proof. O
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Let B € @S,T and g € I'. Suppose that I(B) = (a,cc). Then

2 (9a, goo) if ga < goo,
gI(B) = .
(9a,00] U (=00, g00)  if goo < ga,
and
~ ga, 00|l U (—oo,goo) if ga < goo,
wr(F)  {mxlU(x.g)
(ga, goo) if goo < ga.

Here, the interval (b, oo] denotes the union of the interval (b, c0) with the point
oo € 0,H. Hence, the set I := (b, 00] U (—00, ¢) is connected as a subset of 9,H.
The interpretation of I is more eluminating in the ball model: Via the Cayley
transform C the set d,H is homeomorphic to the unit sphere S*. Let b := C(b),
¢ :=C(c) and I’ := C(I). Then I’ is the connected component of S~ {¥',c'}
which contains C(c0).

Suppose now that I(B) = (—oc,a). Then

JI(B) = {(—oo,gcw U (g(-oe),oc] if ga < g(=o0).
(9(—00), ga) if g(—o0) < ga,
and
97 (B) = {(g(—OO),ga) if ga < 9(=00),
(—00,ga) U (g(—00),00] if g(—o0) < ga.

Note that for g = <3‘ g) we have

at—i—ﬁ_l. oz—l—ﬂs_l, o+ Bs

9(=0) :t\fr_noo vt + 6 _sl}% v+ s _sl\r% v+ ds — 9%
In particular, id(—o0) = oo.
Let a,b € R. For abbreviation we set (a,b); := (min(a,b), max(a,b)) and

(a,b)_ := (max(a,b), oo] U (—oo, min(a,b)).

Proposition 6.7.10. Let Be Egm and suppose that S is a side of pr(g). Then
there exist exactly two pairs (B~1,gl), (gg,gg) € @gm x I' such that S = gjb(gj).
Moreover, gy cl(pr(By)) zfl(pr(g)) and g2 cl(pr(By)) N cl(pr(B)) = S or vice
versa. The union g1 CS'(By) U g2 CS'(B2) is disjoint and equals the set of all
unit tangent vectors in CS that are based on S. Let a,b € 0,H be the endpoints

of S. Then giI(B1) x g1J(B1) = (a,b)4 x (a,b)— and go1(By) x g2J(Ba) =

(a,b)— x (a,b)+ or vice versa.
Proof. Let D’ denote the set of unit tangent vectors in CS that are based on

S. By Lemma S is a connected component of BS. Hence D’ is the set of
unit tangent vectors based on S but not tangent to S. The complete geodesic
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segment S divides H into two open half-spaces Hy, Hy such that H is the disjoint
union HyUSU Hs. Moreover, pr(B) is contained in Hy or Ho, say pr(B) C H;.
Then D' decomposes into the disjoint union D} U D5 where D} denotes the non-
empty set of elements in D’ that point into H;. For j = 1,2 pick v; € D;. Since
cs’ (Bg T) is a set of representatives for CS = 7m(CS) (see Prop. [6.7.2), there
exists a uniquely determined pair (Bj,gj) € Bg 1 X I' such that v; € g; CS’ (B ).
We will show that S = gjb(gj). Assume for contradiction that S # g;b(B;).
Since S and gjb(gj) are complete geodesic segments, the intersection of S and
gjb(gj) in pr(v;) is transversal. Recall that S C dpr(B) and b(B ) C Bpr(B )
and that 9 pr(B')° = dpr(B) for each B’ € Bgr. Then there exists & > 0 such
that B.(pr(v;)) N pr(B)° = Bc(pr(vj)) N Hy and

B (pr(vj)) Ng;pr (B ) N Hy # 0.

Hence pr(B)° N gj pr(B. i) # 0. Prop. 6.4.15 resp. [6.4.16/ resp. (6.4.17] in com-
bination with Remark [6.6.26 shows that cl(pr(B)) = gj Cl(pr(B )). But then
dpr(B) = g;0 pr(B ), which implies that S = g]b(B ). This is a contradiction to
the assumption that S # g;b( j). Therefore S = gjb(gj). Then Lemma [6.7.9]
implies that gjf(gj) X ng(BNJ-) equals (a,b)4+ X (a,b)_ or (a,b)_ x (a,b);. On
the other hand

O0gH1 x OgHy = {(%(oo),%(—oo)) ‘ vE D'l} = {(%( 00), Yy (00 ) { vE D2}
equals (a,b); x (a,b)_ or (a,b)_ x (a,b);. Therefore, again by Lemma [6.7.9,
g9j CS'(B;j) = Dj. This shows that the union g; CS'(B1) U g2 CS'(B2) is disjoint
and equals D’.

We have cl(pr(B)) C H; and g; cl(pr(B1)) C H, with S C dpr(B) N g18pr(By).
Let z € S. Then there exists ¢ > 0 such that

B:(z)Npr (B)° = B(2) N Hy = B=(2) N g1 pr (B1)”.

Hence pr(B)° N glpr(gl)o £ (. As above we find that cl(pr(B)) = g1 cl(pr(By)).
Finally, g cl(pr(Bz)) C Hy with

S Cgycl (pr (gg)) NHyCHsNHy=S5.
Hence cl(pr(B)) N gz cl(pr(Bs)) = S. O

Let B € IEESJT and suppose that S is a side of pr(g). Let (B~1,gl), (Eg, g2) be the
two elements in Bg x I' such that S = g;b(B;) and g; cl(pr(B1)) = cl(pr(B))
and gy cl(pr(Bz2)) Ncl(pr(B)) = S. Then we define

p(g, S) = (gl,gl) and n(g, S) = (g27gg).

Remark 6.7.11. Let B € IE%SJT and suppose that S is a side of pr(BN). We will
show how one effectively finds the elements p(B,S) and n(B,S). Let

(gl,kl) = p(g, S) and (gg,kg) = n(g, S).
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Suppose that B is the (unique) element in Bg such that T(B')B’' = B and suppose
further that B' € Bs such that T(B')B’ B; for j = 1,2. Set S’ := T(B')~'S.

Then S’ is a 81de of pr(B'). For j = 1,2 we have
S = T(B)™s = T(B) " kp(Ey) = () hT(E))b(5)

and

kjcl (pr (BNJ)) = k:"]I‘(BN() cl (pr (BNI))
Moreover, cl(pr(B)) = T(B') cl(pr(B')). Then ki cl(pr(B1)) = cl(pr(B)) is equiv-
alent to

T(g/)flkl’]l‘(gi) cl (pr (gll)) =cl(pr (g')),
and ky cl(pr(B2)) Ncl(pr(B)) = S is equivalent to

T(BNI)_lk:QT(gé) cl (pr (Eé)) Nel (pr (E/)) =9

Therefore, (By, k1) = p(B,S) if and only if (B, T(B) 'k T(B,)) = p(B,S5"),
and (By, ks) = n(B, S) if and only if (B}, T(B) " kyT(B,)) = n(B, S").

By Cor. 6.6.24, the sets B’ := cl(pr(B’)) and B = cl(pr(g;)) are A-cells in
H. Suppose first that B’ arises from the non-cuspidal basal precell A" in H.
Then there is a unique element (A,h4) € S such that for some h € T' the
pair (A’,h) is contained in the cycle in A x I' determined by (A,hy). Nec-
essarily, A is non-cuspidal. Let ((.Aj,hj))j:1 _, be the cycle in A x T' de-
termined by (A, h4). Then A" = A, for some m € {1,...,cyl(A)} and hence
B = B(Ap) and B' = B,,(A, ha). For j=1,... kset g :=id and gj1 := h;g;.
Prop. states that B(A,,) = gmB(A) and Prop. shows that
S’ is the geodesic segment [gmgjfloo,gmgj:&loo] for some j € {1,...,k}. Then
gigmts = [oo,h;loo]. Let n € {1,...,cyl(A)} such that n = j mod cyl(.A).
Then h,, = h; by Lemma 6.6.12. Prop 6.6.21 shows that b( W(A hg)) =
[00, hytoo] = gigmtS’. We claim that ( ](A, ha), 9mg; Y = p(B, 8"). For this is
remains to show that gmgj_1 cl(pr(B;(A, ha))) = cl(pr(B')). Prop.[6.6.21] shows
that Cl(pr(gj(A, ha))) = B(Ay) and Lemmal6.6.12 implies that B(A,) = B(A;).
Let v be the vertex of K to which A is attached. Then gjv € B(A;)° and
gmgj*lgjv = gmv € B(Ap)°. Therefore gig; “1B(A;)° N B(A,)° # 0. From
Prop. it follows that g,g; 'B(A;) = B(Ap). Recall that B(A,) =
cl(pr(B')). Hence (B;(A, hA),gmgj*l) = p(B',5') and

(T(Bj(A, ha)) B; (A, ha), T(B) gmg; "T(Bj(A, ha)) ") = p(B,S).
Analogously one proceeds if A’ is cuspidal or a strip precell.

Now we show how one determines (gg, k2). Suppose again that B’ arises from the
non-cuspidal basal precell A" in H. We use the notation from the determination
of p(g' S’). By Cor. [6.2.23 there is a unique pair (A,s) € A x Z such that

b(B, (A, hA))ﬂtSA # () and tS.A # An. Then ty *gigm-S" is a side of the cell B(A)
in H. As before, we determine (Bs, k3) € Bg x I' such that ksb(Bs) = 95918
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~

and ks cl(pr(B3)) = B(A). Recall that g;g1S is a side of B(A;) = B(Ay). We
have

~

gmg; tiks cl (pr (Bs)) Nel (pr (B)) = gmg; 't3B(A) N B(A )
= gmgj 1t>\B( A) N gmgj (“4)

= gmg; " (3B(A) N B(A)))

= gmg; " (t3B(A) N B(A,))
= 9md;  Gigm S

=9

Thus n(B, ') = (gg,gmgj_ltjkg) and
n(g, S) = (T(gg)gg,T(g,)gmgj_ltikgr]?(gg)il).

If B’ arises from a cuspidal or strip precell in H, then the construction of n(B~, S)
is analogous.

Proposition 6.7.12. Let 74 be a geodesic on'Y and suppose that 7 intersects
CS in 7 '(to). Let ~y be the unique geodesic on H such that v '(ty) € CS’ (IB%S T)

and 7(7'(to)) = 7' (to). Let B € IBBgT be the unique shifted cell in SH such that
~(to) € CS'(B).

(i) There is a next point of intersection of v and CS if and only if y(co) does
not belong to Jg pr(B).

(ii) Suppose that v(oco) & 0Oy pr(B). Then there is a unique side S of pr(B)
intersected by v((to,00)). Suppose that (B1,g) = n(B,S). The next point
of intersection is on g CS'(By).

(iii) Let (B',h) = n(B,b(B)). Then there was a previous point of intersection
of v and CS if and only if y(—o0) ¢ hdy pr(B’).

(iv) Suppose that y(—oo) ¢ hoy pr(B'). Then there is a unique side S of
hpr(B') intersected by ~((—oo,to)). Let (Ba,h™'k) = p(B',h~1S). Then
the previous point of intersection was on k CS'(Bs).

Proof. We start by proving (i). Recall from Remark [6.7.5] that there is a next
point of intersection of v and CS if and only if v((t9, c0)) intersects BS. Since
~'(to) € CS'(B), Prop.[6.6.21 resp. 6.6.22| resp. [6.6.23] in combination with Re-
mark [6.6.26/ shows that /(o) points into pr(B)°. Lemma states that
pr(B)°NBS = ) and (9pr(B) C BS. Hence y((to, 00)) does not intersect BS if and
only if v((tg, 00)) € pr(B)°. In this case, y(c0) € clygo (pr(B)) NOgH = 0, pr(B).
Conversely, if y(c0) € 0y pr(B) then Lemma [6.7.6(iii) states that v((tp,00)) C
pr(B)° or y((ty,00)) C Apr(B). In the latter case, Lemma 6.7.1 shows that
v((to,00)) C BS. Hence, if y(o0) € 9, pr(B), then ’y((to, 00)) C pr(B)°.
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Suppose now that vy(oco) ¢ d, pr(B B). The previous argument shows that ((to, c0))
intersects 9 pr(B), say v(t1) € apr(B) with ¢ € (tg,00). If there was an element
to € (tp,00)~{t1} with v(t2) € dpr(B), then Lemmal6.7.6(ii) would imply that
there is a side S of pr(g) such that v(R) = S, where the equality follows from
the fact that S is a complete geodesic segment (see Lemma [6.7.1). But then,
by Lemma 6.7.1) v(R) C BS, which contradicts to 7/(tg) € CS. Thus, y(¢1) is
the only intersection point of d pr(B) and ~((tg, 00)). Since v((to,t1)) C pr(B)°,
v'(to) is the next point of intersection of v and CS. Moreover, 7/(¢1) points out
of pr(B), since otherwise v((t1,00)) would intersect @ pr(B) which would lead to
a contradiction as before. Prop.[6.7.2 states that there is a unique pair (Bl, g) €
IB%S rx T such that 4/(t;) € g CS'(B1). Then +/(¢;) points into gpr(Bl) Let S be
the side of pr(B) with (tl) € S. By Prop.16.7.10, either gcl(pr(Bl)) = Cl(pr(BN))
or gcl(pr(B1))Nel(pr(B)) = S. In the first case, v/(¢1) points into pr(B)°, which
is a contradiction. Therefore gcl(pr(51)) N cl(pr(g)) = S, which shows that
(B1,g) = n(B,S). This completes the proof of (i).

Let (B',h) = n(B,b(B)). Since v(ty) € b(B) and v/ (ty) € CS'(B), Prop. [6.7.10]
implies that y(tg) € hb(B') and ' (ty) ¢ hCs' (B). Since v(R) Z hd pr(B'), the
unit tangent vector 7/ (¢g) points out of pr(B’). Because the intersection of (R)
and hb(g’) is transversal and pr(BN’ ) is a convex polyhedron with non-empty
interior, v((tg — &,t9)) N hpr(B)° # () for each € > 0. As before we find that
there was a previous point of intersection of v and CS if and only if v((—o0, tg))
intersects & pr(B’) and that this is the case if and only if y(—o0) ¢ ho, pr(B).

Suppose that y(—o0) ¢ hd, pr(B'). As before, there is a unique t_; € (—oo, ty)
such that y(t_1) € hd, pr(B’). Let S be the side of hpr(B') with v(t_1) €
S. Necessarily, v((t-1,t0) C hpr(B')°, which shows that ~/(t_;) points into
hpr(B' )° and that ~/(t_;) is the previous point of intersection. Let (By, k) €
Bst x I' be the unique pair such that v/(t_1) € k CS’ (82) (see Prop.[6.7.2). By
Prop.[6.7.10, either kcl(pr(Bs)) = hcl(pr(B)) or kcl(pr(Bz)) Nhel(pr(B) = S.
In the latter case, 7/(¢_1) points out of hpr(g' )° which is a contradiction. Hence
h1k cl(pr(Bs) = cl(pr(B')), which shows that (By, h~'k) = p(B,h1S). O

Corollary 6.7.13. Let 5 be a geodesic on'Y and suppose that 5 does not inter-
sect CS infinitely often in future. If7 intersects CS at all, then there existst € R
such that 7' (t) € CS and F((t,00)) N ]§§ = (. Analogously, suppose that 7 is a
geodesic on'Y which does not intersect CS infinitely often in past. Ifn intersects
CS at all, then there exists t € R such that 7 n(t) € CS and n((—o0,t)) NBS = 0.

Proof. Since 7 does not intersect CS infinitely often in future, we find s € R such
that 7' ((s, 00))NCS = 0. Suppose that 7 intersects CS. Remark[6.7.5 shows that
then 7'((s, oo))ﬂé\s = () is equivalent to J((s, oo))ﬂ]% = (. Pick r € (s,00) and
let v be any representative of 4 on H. Then «(r) ¢ BS. Hence there is a pair
(B, g) € BxI'such that y(r) € gB°. Since g0B C BS by the definition of BS, we
have v((s,00)) € gB°. Since 7 intersects CS, v(R) intersects g0B transversely.
Because ¢gB is convex, this intersection is unique, say {v(t)} = v(R)NgdB. Then
v((t,00)) C gB°. Hence '(t) € CS. Thus 7'(t) € CS and F((t,00)) N BS = 0.
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6.7. Geometric symbolic dynamics

The proof of the claims on 7 is analogous. O

Example 6.7.14. For the Hecke triangle group G5 with A = {A}, S = {(A,Us)}
(see Examplel6.6.16) and T = id, Fig.[6.19 shows the translates of CS’ := CS'(B)

which are necessary to determine the location of next and previous points of in-
tersection.

T 08 S-cs’|cs Us-CS' | Ts - CS'
T'Ug - 08 T, 'Uu2 - CS’
T, 'U - Cs
T oo = —)s T U0 T U200 0 Udoo U2co Usoo = As

Figure 6.19: The shaded parts are translates of CS’ (in unit tangent bundle) as
indicated.

Example 6.7.15. Recall the setting of Example 6.6.19. We consider the two
shift maps T; = id, and

TQ(gl) = <(1) _11> and TQ(gj) :=id for j=2,...,6.

For simplicity set g_l =Ty (gl)gl and CS' | :=Ty (gl) CS). Further we set

(10 (2 -1 (3 -2 (4 -1
g1 = 5 1)° g2 = 5 9/ gs = 5 3/ g4 = 5 1/
(4 =5 (11 (-1 0

Fig.16.20 shows the translates of the sets CS;- which are necessary to determine
the location of the next point of intersection if the shift map is Ty, and Fig.
those if Ty is the chosen shift map.

CSy  g4CS} 96CSh

(SN
SV
SUES

—_

1
5

Figure 6.20: The translates of CS’ relevant for determination of the location
next point of intersection for the shift map Ty.
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g7C'S} 96C'S5

atf=
(SN
ol
(ST

—_

1
5

Figure 6.21: The translates of CS’ relevant for determination of the location
next point of intersection for the shift map Ts.

Recall the set bd from Sec.

Proposition 6.7.16. Let 5 be a geodesic on Y.

(i) 7 intersects CS infinitely often in future if and only if ~(c0) ¢ w(bd).

(ii) 7 intersects CS infinitely often in past if and only if ~F(—00) ¢ m(bd).

Proof. We will only show (i). The proof of (ii) is analogous.

Suppose first that 4 does not intersect CS infinitely often in future. If 5 does
not intersect CS at all, then Prop. states that 4 € NC. Recall from
Prop. [6.5.2] that NC = NC(B). Hence there is B € B and a representative ~
of ¥ on H such that y(£oo) € bd(B). Thus 7 € w(bd(B)) C w(bd). Suppose
now that 7 intersects CS. Cor. shows that there is ¢ € R such that
J'(t) € CS and J((t,00)) N BS = (). Let ~ be the representative of 5 on H such
that 7/(t) € CS/(IEESJT). Let B € @S,T be the unique shifted cell in SH such that
v/ (t) € CS'(B). From F((t, oo))ﬂ]% = () it follows that v((¢,00))NBS = (. Since
dpr(B) C BS by Lemmal6.7.1, ((t, 00)) C pr(B)°. Hence y(cc) € 9, pr(B). Let
B’ € Bs such that T(B)B' = B. Cor. 6.6.24 shows that B’ := cl(pr(B)) € B.

Hence
9, pr(B) = 9, cl(pr(B)) = T(B")3,B' = T(B') bd(B') C bd(B).

Recall from Prop. that bd = bd(B). Therefore y(c0) € bd and 7(o0) €
m(bd).

Suppose now that J(co) € 7w(bd). We will show that 5 does not intersect
CS infinitely often in future. Suppose first that ~(oc0) = 7(o0). Choose a
representative v of 4 on H such that y(co) = oo. Lemma shows that
YyR)NK # 0. Pick 2 € v(R) N K, say v(t) = 2. By Cor. [6.2.23 we find a
(not necessarily unique) pair (A, m) € A x Z such that t}'z € A. The geodesic
n := "y is a representative of 4 on H with n(co)oo € dy.A and n(t) € A. Since
A is convex, the geodesic segment 7([t,00)) is contained in A and therefore in
B(A) with n(co) € 9,B8(A). Because B(A) is convex, Lemma [6.7.6(iii) states
that either n([t,00)) C B(A)° or n([t,00)) C IB(A). Since 0B(.A) consists of
complete geodesic segments, Lemma [6.7.6] implies that either n(R) C B(A)°
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or n(R) C 9B(A) or n(R) intersects OB(A) in a unique point which is not an
endpoint of some side. In the first two cases, n(—oo) € 9,8B(.A) and therefore

—

v =1 € NC(B(A)). Prop.6.7.7 shows that 7 does not intersect CS. In the latter
case, there is a unique side S of B(A) intersected by n(R) and this intersection
is transversal. Suppose that {n(s)} = S Nn(R) and let v := n/(s). Since
n((s,00)) C B(A)°, the unit tangent vector v points into B(A)°. Note that
v € CS. By Prop.[6.7.10, there exists a (unique) pair (g, g) € I@S,T x I' such that
v € gCS'(B). Moreover, gcl(pr(B)) = B(A). Then o := g~ 11 is a representative
of 3 on H such that o/(s) = g~ v € CS'(B) and a(c0) € Oy pr(B). Prop.[6.7.12(3)
shows that there is no next point of intersection of o and CS. Hence 7 does not
intersect CS infinitely often in future.

Suppose now that y(oco) ¢ m(co0). We find a representative v of ¥ on H and a
cell B € B in H such that y(c0) € 9,8 N R. Assume for contradiction that
intersects CS infinitely often in future. Let (¢,)nen be an increasing sequence
in R such that v/(¢,) € CS for each n € N and lim;, . t, = co. For n € N
let S,, be the connected component of BS such that v(t,) € S,. Note that S,
is a complete geodesic segment. We will show that there exists ng € N such
that both endpoints of S,, are in R. Assume for contradiction that each S,

is vertical, hence S, = [ay,o0] with a, € R. Then either a; < ay < ... or
a1 > as > .... Theorem [6.2.20 shows that A is finite. Therefore B is so by

Cor. Recall that each S, is a vertical side of some Iy -translate of some
element in B. Hence there is r > 0 such that |a,4+1 — a,| > r for each n € N.
W.l.o.g. suppose that a; < as < .... Then lim,,_. a, = co. For each n € N,
7(00) is contained in the interval (an,c0). Hence y(o0) € (,en(@n,00) = 0.
This is a contradiction. Therefore we find & € N such that Sy = [ag, bg] with
a, by, € R. W.lo.g. aj, < by. Let (B, g) € Egﬂr x I such that ~/(t;) € g CS'(B).
Prop. [6.7.10 states that gb(B) = Sj, and y(c0) € (ag, b)+ or (00) € (ak, by)—.
In each case aj, < y(00) < bg. Lemmal6.7.6(iii) shows that the complete geodesic
segment S := [y(00), 00| is contained in B. It divides H into the two open half-
spaces

Hy:={z€ H|Rez<~v(c0)} and Hy:={z€ H|Rez>vy(c0)}
such that H is the disjoint union Hy U.SU Hy. Neither a,, nor b, is an endpoint
of S but (an,bn) € 0gH1 x OgH or (an,b,) € 04Ha x OgH;. In each case, S,
intersects S transversely. Then S, intersects B°. Since S, is the side of some
I’-translate of some cell in H, this is a contradiction to Cor.[6.4.18. This shows

that + does not intersect CS infinitely often in future and hence 7 does not
intersect CS infinitely often in future. This completes the proof of (i). O

Recall the set NIC from Remark [6.5.5!

Theorem 6.7.17. Let i1 be a measure on the space of geodesics on'Y . Then CS
is a cross section w.r.t. p for the geodesic flow on'Y if and only if w(NIC) = 0.

Proof. Prop. shows that CS satisfies . Let 4 be a geodesic on Y. Then
Prop. 6.7.16 implies that 7 intersects CS infinitely often in past and future if
and only if 4 ¢ NIC. This completes the proof. U
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6. Cusp expansion

Let £ denote the set of unit tangent vectors to the geodesics in NIC and set

CSg := CSN\E.

Corollary 6.7.18. Let u be a measure on the space of geodesics on'Y such that
u(NIC) = 0. Then CSg; is the mazimal strong cross section w. r.t. p contained

mn G\S

6.7.2. Geometric coding sequences and geometric symbolic
dynamics

A label of a unit tangent vector in CS or CS is a symbol which is assigned
to this vector. The labeling of CS resp. CS is the assigment of the labels to
its elements. The set of labels is commonly called the alphabet of the arising
symbolic dynamics.

We establish a labeling of CS and CS in the following way: Let v € CS/(I@S,T)

and suppose that Be I@S,T is the unique shifted cell in SH such that v € CS'(g).
Let v be the geodesic on H determined by wv.

Suppose first that v(co) ¢ dy pr(B). Prop.[6.7.12(ii) states that there is a unique
side S of pr(B) intersected by ¥((0,00)) and that the next point of intersection
of v and CS is on g CS'(By) if (B1,g) = n(B,S). We assign to v the label (B, g).

Suppose now that y(co) € d, pr(B). Prop.[6.7.12(i) shows that there is no next
point of intersection of v and CS. Let £ be an abstract symbol which is not
contained in I'. Then we label v by € (“end” or “empty word”).

Let © € CS. By Prop.[6.7.2 there is a unique v € CS'(I@M) such that 7(v) = v.
We endow o and each element in 7~1(?) with the labels of v.

The following proposition is the key result for the determination of the set of
labels.

Proposition 6.7.19. Let B e @S,T and suppose that S;, j = 1,...,k, are the
sides of pr(B). For j =1,...,k set (BNJ-,gj) = n(B, Sj). Letw € CS'(B) and
suppose that v is the geodesic determined by v. Then ~y(c0) € gjl(gj) if and
only if v((0,00)) intersects S;. Moreover, if S; # b(B), then gjl(gj) C I(B). If

Sj = b(B), then ng(Bj) = J(B)

Proof. Suppose that v((0, 00)) intersects S; for some j € {1,...,k}, say in y(to).
Assume for contradiction that y(co) € dypr(B). Since cl(pr(B)) is a convex

polyhedron (see Lemma6.7.1) and v(0) € cl(pr(B)), Lemmal6.7.6(iii) shows that

7((0,00)) € pr(B)° or ¥([0,00)) € dpr(B). From y(tg) € dpr(B) it follows that
7([0,00)) € dpr(B). On the other hand '(0) € CS'(B), hence there is € > 0 such

that v((0,¢)) C pr(B)°. This is a contradiction. Therefore v(oc0) # 9, pr(B).

Then Prop. [6.7.12(ii) shows that S; is the only side of pr(B) intersected by
7((0,00)) and that v/(tg) € g; CS'(B;). Let n be the geodesic determined by
7'(to). Note that (y(c0),v(—00)) = (n(00),n(—00)). By Lemma[6.7.9, we have

that (co) = n(co) € g;1(B;).
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6.7. Geometric symbolic dynamics

Conversely suppose that vy(co) € g;1 (E]) The complete geodesic segment S
divides H into two open convex half-spaces Hy, Ha such that H is the disjoint
union H; U SU Hy. Then Cl(pr(B )) C Hy, for some k € {1,2}. W.lo.g. k = 1.
Prop.[6.7.10 shows that cl(pr(B)) C H,. From v(0) € Hs and y(c0) € gJI(B )=
int,(0yH1) it follows that v((0,00)) N S; # 0.

Finally suppose that S; # b(B). Let z € gjf(gj) and choose y € ng(gj).
Lemma [6.7.9 shows that there is w € g; CS'(gj) such that the geodesic a on
H determined by w satisfies a(o00) = 2. We will show that a(co) € I(B). By
definition, pr(w) € S;. Prop. [6.7.10 implies that w points out of cl(pr(B)).
Hence there is ¢ > 0 such that a((0,e)) C Ccl(pr(B)). At first we will show
that a((0,00)) C Cel(pr(B)). Assume for contradiction that we find r € [g, 00)
such that a(r) € cl(pr(B)). Let Hy and Hy be the open convex half-spaces
of H such that H is the disjoint union H; U S U Hy and suppose w.l.o.g. that
gj Cl(pr(B )) € Hy. Then cl(pr(B)) C Hy. Note that there is § € (0,¢) such
that a((0,0]) C g; pr(gj)o. Then a(r) € Hy and () € Hy. Hence

a([6,r]) NOH; = a([0,r]) N S; # 0.

Then the complete geodesic segments a(R) and S; have two points in common,
which means that they are equal. This contradicts to «(d) € Hj.

Now let K1, K5 be the open convex half-spaces of H such that H is the disjoint
union K U b(g) U K3 and suppose that pr(g) C K;. Prop.[6.7.10l implies that
inty(0yK1) = I(B). Assume for contradiction that a(co) ¢ inty(9y/1). Then
a(oo) € 9gKsy. If a(oo) is an endpoint of b(B), then a(co) € Oy pr(B). Since
cl(pr(B)) is a convex polyhedron, 0y pr(B) = 0y cl(pr(g)) and «(0) € cl(pr(B)),
Lemma [6.7.6(iii) shows that «((0,00)) C cl(pr(B)). This is a contradiction.
Therefore o(00) € int,(9dyK2). Then a0, 00) Nb(B B) # 0, say a(ty) € b(B) Since
pr(B) is a convex polyhedron with non-empty interior, for each z € b(B) there
exists € > 0 such that B.(z) N K, = B.(z) Npr(B). Consider z = a(ty). Then
there exists s € (0,00) such that a(s) € pr(B), which again is a contradiction.
Thus a(oc0) € inty(0yK1) = I(B).

Finally suppose that 5;j = b(B). Since p(B,b(B )) = (B, ) Prop. [6.7.10/ implies
that I(B) x g]I(B ) = I(B) x J(B). Hence gj (BJ = ( B). O

For B € Bt let Sides(B) denote the set of sides of pr(B).

Corollary 6.7.20. Let B € IEESJT. For each S € Sides(B) set (Bs, gs) := n(B, S).
Then I(B) is the disjoint union

18)= (1B)no,prB) U |J  gsl(Bo).
SeSides(B)b(B)

Proof. Let K(B) denote the set on the right hand side of the claimed equality.

Prop. [6.7.19 shows that K (B) C I(B) For the converse inclusion let z € I(B).
Pick any y € J (B) By Lemma [6.7.9] there is a unique element v € CS’ (B) such
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6. Cusp expansion

that (7 (00), ¥ (—o0)) = (2, y). Prop.[6.7.12 shows that either ~,(c0) € 9 pr(g)
or there is a unique side S € Sides(B) such that 7, ((0, 00)) intersects gg CS’ (Bs)
In the latter case, Lemmal6.7.9 shows that v, (co) € 9s1(Bs) and, 51nce~I(B)

J(B) = 0, Prop. [6.7.19 implies that S # b(B B). Therefore I(B) C K(B). The
dichotomy between “x = 7,(c0) € Jq4 pr(B)” and “y,((0,00)) intersects a side S
of pr(g)” and the uniqueness of .S shows that the union on the right hand side
is indeed disjoint. O

Let X be the set of labels.
Corollary 6.7.21. The set X of labels is given by
Y={c}U

U{(B.g) € Bsr xT| 3B € Box 38 € Sides(B)b(B): (B, g) = n(B,9) }

Moreover, 3 is finite.

Proof. Note that for each B’ € Bg we have 8, pr(B') N I(B') # 0. Thus, ¢ is
a label. Then the claimed equality follows immediately from Cor. 6.7.20. Since
Bst is finite and each shifted cell in SH has only finitely many sides, ¥ is
finite. O

Example 6.7.22. For the Hecke triangle group Gy, let A = {A}, S = {(A,U,)}
and T = id. Then IB%ST = {81(A Upn)}. Set B := Bi(A,U,). Then the set of
labels is (cf. Example [6.7.14)

v={e (BUiS)|kefl,...,n-1}}.

Example 6.7.23. Recall Example [6.7.15. If the shift map is Ty, then the set
of labels is

2 = {e, (Ba, 91), (Bs,id), (Bs, g2), (Be,id ), (B3, g3),(Bs,id ), (Bs, 9), (B3, id ),
(g17g5), (g2796)7 (g47g4)}-

With the shift map To, the set of labels is

s =g, (54,97)7 (5—1797),(52,91)7 (34,id), (g5,92)7 (gﬁ,id)7 (g3,93)7
(Bs,id), (Bs, ga), (Bs,id ), (B-1,94), (B2, 96) }-

Definition and Remark 6.7.24. Let v € CS’ (ES,T) and suppose that ~ is
the geodesic on H determined by v. Prop.[6.7.12/implies that there is a unique
sequence (t,)nes in R which satisfies the following properties:

(i) J =7ZnN(a,b) for some interval (a,b) with a,b € Z U {+o0} and 0 € (a,b),
(ii) the sequence (t,)nes is increasing,

(iii) to =0,
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6.7. Geometric symbolic dynamics

(iv) for each n € J we have 7/(t,) € CS and ' ((tn,tn+1)) N CS = 0 and
¥ ((tn—1,tn)) N CS = () where we set t, := oo if b < co and t, := —o0 if
a > —o0.

The sequence (t,)nes is said to be the sequence of intersection times of v

(w.r.t. CS).

Let 5 € CS and set v := <7T|CS’(EST)> (v). Then the sequence of intersection

times (w.r.t. CS) of ¥ and of each w € 7~ () is defined to be the sequence of
intersection times of v.

Now we define the geometric coding sequences.

Definition 6.7.25. For each s € ¥ we set

—

CS, = {i)\ e CS ‘ v is labeled with s}
and
CS; = 71_1(6\88) = {v e CS ‘ v is labeled with s}.

Let o € CS and let (tn)nes be the sequence of intersection times of ¥. Suppose
that 7 is the geodesic on Y determined by ©. The geometric coding sequence of
v is the sequence (a,)nes in ¥ defined by

an :=s if and only if 7'(t,) € (/355

for each n € J.

Let v € CS. The geometric coding sequence of v is defined to be the geometric
coding sequence of 7(v).

Proposition 6.7.26. Let v € CS'. Suppose that (tp)nes is the sequence of
intersection times of v and that (an)nes is the geometric coding sequence of v.
Let v be the geodesic on H determined by v. Suppose that J = 7 N (a,b) with
a,b € ZU{xoo}.

(i) If b = oo, then a, € ¥~ {e} for eachn € J.
(ii) If b < oo, then a, € ¥~{e} for each n € (a,b—2]NZ and ap—1 = €.

(i) Suppose that an = (Bp, hy) for n € (a,b—1)NZ and set

go == ho ifb>2,
In+1 = gnhnt1 forne[0,b—-2)NZ,
g-1:=1d,
._ -1
9—(n+1) = g—nh_, forme[l,—(a+1))NZ.

Then ~'(tp+1) € gn CS'(By,) for each n € (a,b—1) N Z.
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Proof. We start with some preliminary considerations which will prove and
(ii) and simplify the argumentation for (iii). Let n € J and consider w := ~/(¢,).
The definition of geometric coding sequences shows that v/(t,) € CS,, . Since
CS is the disjoint union ngrkcsl(ﬁS,T) (see Prop. [6.7.2), there is a unique
k € T such that k= lw € CS’(I@S,T). The label of k~!w is a,. Let n be the
geodesic on H determined by k~!w. Note that n(t) := k~!v(t + t,) for each
t € R. The definition of labels shows that a,, = ¢ if and only if there is no next
point of intersection of 7 and CS. In this case v/'((tn,00)) N CS = @ and hence
b =mn+ 1. This shows (i) and (ii). Suppose now that a,, = (g, g). Then there is

a next point of intersection of n and CS, say 7/(s), and this is on g CS'(B). Then

k71 (s + tn) € g CS'(B) and k™' ((tn, s + t,)) N CS = 0. Hence tyq1 = s +ty
and 7/ (tn4+1) € kg CS'(B).

Now we show (iii). Suppose that b > 2. Then v = ~/(to) is labeled with (Bo, hq).
Hence for the next point of intersection +/(¢1) of v and CS we have

’y'(tl) € hyg CS/(B;()) = 9o CS,(gO)

Suppose that we have already shown that

Y (tns1) € gn CS'(By)
for some n € [0,b—1)NZ and that b > n+3. By (i) resp. (ii), v/ ((¢tn+1,00))NCS #

() and hence 7/ (t,41) is labeled with (By+1,hns1). Our preliminary considera-
tions show that

WI(thrQ) € gnhn+1 Csl(gnJrl) = On+1 CS/(gnJrl)-

Therefore ' (tp+1) € gn CS'(B,,) for each n € [0,b — 1) N Z.

Suppose that @ < —2. The element ~/(t_1) is labeled with (B_1,h_;). Since
Y(t-1) € k CS,(@g’T) for some k € I, our preliminary considerations show that
v (to) € kh_1 CS'(B_1). Because +(ty) = v € CS/(@S,T), Prop. [6.7.2 implies
that k = h”] and

Y(tg) € CS'(B_1) = g1 CS'(B_y) and~'(t_1) € h=} CS'(Bg 1) = g-2 CS'(Bg 7).
Suppose that we have already shown that
Yt no1)) € 9-n CS'(B_y) and ~(t_n) € g_(ny1) CS'(Bs)

for some n € [1, —a)NZ and suppose that a < —n—2. Then +'(t_,—1) exists and
is labeled with (B_,—1,h_p—1). Since 7' (t_,—1) € hCS'(Bs 1) for some h € T,
we know that 7/(t_,,) € hh_,—1 CS'(B_p,—1). Therefore

Y (t-n) € hh_(ns1) CS' (B_(n11)) N g—(ns1) CS' (Bs.r).

Prop. implies that hh_(,41) = g—(n41) and v/ (t—n) € g—(nt1) CS'(B,(nJrl))

and
Y (t-(n11) € 9-(n11)h g1y CF' (Bs,t) = 9—(n12) CS'(Bsyr).

Therefore ¥/ (t,11) € gn CS'(B,,) for each n € (a,—1] N Z. This completes the
proof. O
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Let A denote the set of geometric coding sequences and let A, be the subset
of A which contains the geometric coding sequences (an)ne(a,b)mz with a,b €
7 U {#+oc} for which b > 2. Let ¥ denote the set of all finite and one- or
two-sided infinite sequences in . The left shift o: 22 — »all,

0((an)n€J)k ‘=apy, forall ke J

induces a partially defined map o: A — A resp. a map o: A, — A. Suppose
that Seq: CS — A is the map which assigns to v € CS the geometric coding
sequence of U. Recall the first return map R from Sec. [5.

Proposition 6.7.27. The diagram

—~ R —~
CS—=CS
Seql lSeq

A—0>A

commutes. In particular, for v € é\S, the element R(V) is defined if and only if
Seq(v) € A,.

Proof. This follows immediately from the definition of geometric coding se-
quences, Prop.[6.7.12 and [6.7.26. O

Set CSy := 7 1(CSs) and CS,(Bs,r) := CSe NCS' (Bs.r) and let Ay denote

the set of two-sided infinite geometric coding sequences.

Remark 6.7.28. The set of geometric coding sequences of elements in CSy; (or
only CS,(Bs.1)) is Ast. Moreover, Ay, C A,.

In the following we will show that (Agt, 0) is a symbolic dynamics for the geodesic
flow on .

Lemma 6.7.29. Suppose that x,y € 0,H ~bd, x < y. Then there exists a
connected component S = [a,b] of BS with a,b € R, a < b, such that x < a <
y <b.

Proof. Consider the point z := y + i45%. By Cor.[6.4.18 we find a pair (B, g)
in B x I' such that z € gB. Recall that each side of gB is a complete geodesic
segment. We claim that there is a non-vertical side S of gB which intersects
(y,z]. Assume for contradiction that no side of gB intersects the geodesic seg-
ment (y, z]. Then B arises from a strip precell in H and the two sides of g3 are
vertical. Then gB = pr!([e,d]) N H for some ¢,d € R, ¢ < d. From z € gB
it follows that y = pro,(2) € 9498 = [c,d]. This is a contradiction to y ¢ bd.
Hence we find a side S of gB8 such that SN (y, 2] # 0. Assume for contradiction
that S is vertical. Then S = (y,00) and y € JygB, which again is a contradic-
tion. Thus, S is non-vertical. Suppose that .S is the complete geodesic segment
[a,b] with a,b € R, a < b. Since S is a (Euclidean) half-circle centered at some
r € R and S intersects (y,y + 2%), we know that x < a <y <b. O
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6. Cusp expansion

For the proof of the following proposition recall that each connected component
of BS is a complete geodesic segment and that it is of the form pr(g CS' (B))
for some pair (B,g) € Bst x I'. Conversely, for each pair (B,g) € Bs T, the set
pr(g CS'(B)) is a connected component of BS.

Proposition 6.7.30. Let v,w € CS;t(I@g,T). If the geometric coding sequences
of v and w are equal, then v = w.

Proof. Let ((gj, hj))jEZ be the geometric coding sequence of v and let ((gg, k;))
be that of w. Suppose that v # w. Suppose first that

('yv(oo), ’yv(—oo)) = (’yw(oo), ’yw(—oo)).

Prop. shows that v € CS'(B_;) and w € CS'(B’_ ;). Lemmal6.7.9 implies

that B_; # B 1> which shows that the geometric coding sequences of v and w
are different.

JET

Suppose now that

(’yv(oo), %(_OO)) a (’yw(oo), 'yw(—oo)).

Assume for contradiction that ((B5;, hj))jeZ = ((B;., kj))jeZ' Let (tn)nez be the
sequence of intersection times of v and (sy)nez be that of w. Prop [6.7.26(iii)
implies that for each n € Z, the elements pr(v,(t,)) and pr(v,,(s,)) are on the
same connected component of BS. For each connected component S of BS let

H s, Hs s denote the open convex half spaces such that H is the disjoint union
H = HLS usSu H27S.

Suppose first that v, (00) # Y (00). Prop./6.7.16 shows that v, (00), v, (00) ¢ bd.
By Lemma 6.7.29 we find a connected component S of BS such that ~,(c0) €
O0gH1 5045 and v,,(00) € OgHa 5045 (or vice versa). Since BS is a manifold,
each connected component of BS other than S is either contained in Hy g or in
Hj g. In particular, we may assume that pr(v), pr(w) € Hy,g. Then 7,([0,00)) C
Hi g and 7,((t,00)) € Ha g for some t > 0. Hence there is n € N such that
pr(v.,(sn)) € Ha g, which implies that pr(v, (t,)) and pr(v,,(s,)) are not on the
same connected component of BS.

Suppose now that ,(—00) # v,(—00) and let S be a connected component
of BS auch that ~,(—o00) € d;H1,5\0y4S and 7,,(—00) € OyHz 5045 (or vice
versa). Again, we may assume that pr(v),pr(w) € Hyg. Then v,((—o0,0]) C
Hi s and v,(—00,s)) € Hy g for some s < 0. Thus we find n € N such that
pr(vy,(s-n)) € Has. Hence pr(y,(t-n)) and pr(v,(s—n)) are not on the same
connected component of BS. In both cases we find a contradiction. Therefore
the geometric coding sequences are not equal. U

Corollary 6.7.31. The map Seq |(/?\S E é\Sst — Ay is bijective.

Remark 6.7.32. If there is more than one shifted cell in SH or if there is a strip
precell in H, then the map Seq: CS\CSSt — AN Ay is not injective. This is
due to the decision to label each v € CS’ (B), for each B € IB%M, with the same
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6.8. Reduction and arithmetic symbolic dynamics

label € if ~,(c0) € 0y pr(BN) without distinguishing between different points in
0y pr(B) and without distinguishing between different shifted cells in SH.

-1 —
Let Cod := <Seq |(/3\Ssc> : Ayt — CSqt.

Corollary 6.7.33. The diagram

é\Ssiﬁ —R> é\Ssiﬁ

CodT TCod

A — A
commutes and (Mg, 0) is a symbolic dynamics for the geodesic flow on Y.

We end this section with the explanation of the acronyms NC and NIC (cf.
Remark [6.5.5)).

Remark 6.7.34. Let ¥ be a unit tangent vector in SH based on BS and let 5 be
the geodesic determined by v. Then v has no geometric coding sequence if and
only if v ¢ CS. By Prop.[6.7.7 this is the case if and only if ¥ € NC. This is the
reason why NC stands for “not coded”.

Suppose now that v € CS. Then the geometric coding sequence is not two-sided
infinite if and only if 4 does not intersect CS infinitely often in past and future,
which by Prop. [6.7.16] is equivalent to 7 € NIC. This explains why NIC is for
“not infinitely often coded”.

6.8. Reduction and arithmetic symbolic dynamics

Let T' be a geometrically finite subgroup of PSL(2,R) of which oo is a cuspidal
point and which satisfies (A2). Suppose that the set of relevant isometric spheres
is non-empty. Fix a basal family A of precells in H and let B be the family of
cells in H assigned to A. Let S be a set of choices associated to A and suppose
that Bg is the family of cells in SH associated to A and S. Let T be a shift map
for Bs and let Bs T denote the family of cells in SH associated to A, S and T.

Recall the geometric symbolic dynamics for the geodesic flow on Y which we
constructed in Sec. 6.7 with respect to A, S and T. . In particular, recall the
set CS’(IB%S T) of representatives for the cross section CS = CS(IB%g T), its subsets

CS'(B) for B € Bgm, and the definition of the labeling of CS.

Let v € CS'(BN) for some B € @S,T and consider the geodesic v, on H determined
by v. Suppose that (a,)nes is the geometric coding sequence of v. The com-
bination of Prop.[6.7.19 and [6.7.12 allows to determine the label ag of v from
the location of v,(c0), and then to iteratively reconstruct the complete future
part (an)nejo,00)ns Of the geometric coding sequence of v. Hence, if the unit

tangent vector v € CS'(IE%SJT) is known, or more precisely, if the shifted cell B
in SH with v € CS'(B) is known, then one can reconstruct at least the future
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6. Cusp expansion

part of the geometric coding sequence of v. However, if -, intersects CS/(IE%S,T)

in more than one point, then one cannot derive the shifted cell B in SH from
the endpoints of v, and therefore one cannot construct a symbolic dynamics
or discrete dynamical system on the boundary d,H of H which is conjugate to

(6\8, R) or (é\SSt, R). Recall from Sec. [5/that R denotes the first return map.

To overcome this problem, we restrict, in Sec. 6 our cross section é\S to a
subset CSred (IB%S T) (resp to CSst red (Bg T) for the strong cross section CSst) We

will show that CSred(IB%g T) and CSSt red (Bg T) are cross sections for the geodesic

flow on Y w.r.t. to the same measure as CS and CSSt More precisely, it will
turn out that exactly those geodesics on Y which intersect CS at_all also in-
tersect CSred(IB%g T) at all, and that exactly those which intersect CS infinitely

often in future and past also intersect CSred (B&T) infinitely often in future and
past. Moreover, é\ssmred(@S,T) is the maximal strong cross section contained in
é\Sred (ﬁ%gm). In contrast to CS and é\SSt, the sets é\Sred(@g T) and é\Sst red(@g T)
do depend on the choice of the family Eg'{r Moreover, we will find discrete
dynamical systems (DS F) and (DSSt, Fst) with DSSt C DS C R x R which are
conjugate to (Csred(BS,T) R) resp. (CSSt red(lB%g T), R).

In Sec. [6.8.2 we will introduce a natural labeling of CSred(ﬁ%g,T) and define for

each U € G\Sred(ﬁ%gm) and each v € CSred(E&T) a so-called reduced coding se-
quence. The labeling is not only given by a geometric definition analogous
to that for the geometric symbolic dynamics. It is also induced, in the way ex-
plained in Sec.[5, by a certain decomposition of the set DS resp. DSg. Therefore,
contrary to the geometric coding sequence, the reduced coding sequence of v can
completely be reconstructed from the location of the endpoints of the geodesic
vy- The labeling of CS,eq (ﬁgm) clearly restricts to a labeling of CSg req (IES,T). In
Sec. [6.8.3/ we will provide a (constructive) proof that in certain situations there
is a generating function for the future part of the symbolic dynamics arising
from the labeling of CSg yed(Bs T)-

All construction in this process are of geometrical nature and effectively doable
in a finite number of steps. Moreover, the set of labels is finite.

6.8.1. Reduced cross section
The set {I(B) | B € Bg T} decomposes into two sequences

Ty (Bs) = {1(B1a) 2 1(B12) 2. 2 I(Biy) }
where I(B ;) = (aj,00) and a1 < ag < ... < ay,, and

To(Bsr) i= {1(Bor) 2 1(Boz) 2. 2 I(Boys) }

where I(By ) = (—00,b;) and by > by > ... > by,.
Set I(BNLkl_H) =0 and
Ired (ng) = I(ng) \I(ng_H) for ] = 1, ce ,kl,
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6.8. Reduction and arithmetic symbolic dynamics

and set I(g27k2+1) := () and
Ired (Eg,j) = I(Eg,j) \I(gQJJrl) for j = 1, ey k2.

For each B € IE%SJT set

CSleq(B) = {v e CS'(B) ( (70(00), 70 (=00)) € Trea(B) x J (g)}

and
CSpea(Bst) = | CSla(B
BeBg

Define
CSred (ﬁsm) =7 Cséed(ﬁsm)) and  CS;eq (@S,T) =1 (é\sred (ﬁsm))-
Further set

CS., red(B) = CSred(B) N CSqt for each B € Bg kY
CSy red(BS T) = Csred(BS T) NCSg = U CS.; red(B)
BeBs 1
CSstred (BsT) 1= CSred (Bs,r) N CSy,
and @st,red (Esm) := CSyed (Bs,r) N CSt.-

Remark 6.8.1. Let B € ﬁgm. Note that the sets Leq(B) and CS’ 4(B) not only
depend on B but also on the choice of the complete family IB%S,T. The set CS.4(B)
is identical to

{ve CS'(B) | 7((0,00)) NCS' (Bs1) = 0}.

In other words, if we say that v € CS’ (g) has an inner intersection if and only if
7 ((0,00))NCS’ (IB%S 1) # 0, then CSred(B) is the subset of CS'(B) of all elements

without inner intersection.

Remark 6.8.2. By Prop.[6.7.2, the union CS'(Bs 1) = U{CS( B) | B € Bsr}

is disjoint and CS’ (IB%S T) is a set of representatives for CS. Since CSred(B) is
a subset of CS'(B) for each B € BST and CSred(IB%g T) = w(CSred(Bg T)), the
set CS' (Bg T) is a set of representatives for CSred(IB%g T) and CSred(IBSg T) is the
disjoint union UgeF gCS. 4 (Bgm). Further, one easily sees that

7-(-_1 (é\SStyred (@S,T)) = Csst,red (@S,T)

and

7T( CSgt,red (@S,T)) = é\Sst,red (ES,T) .

Moreover, CS;t,red(@S,T) is a set of representatives for @st,red(@&'ﬂ‘)-
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6. Cusp expansion

Example 6.8.3. Recall Example6.7.15. Suppose first that the shift map is T;.
Then

[(B)) = (—00,1), I(B) = (0,00), I(Ba) = (L,00), I(Be)= (2 00),

Ired(gl) = (_OO, 1)a Ired(gQ) = (Oa %]a Ired(B4) = (%, %]a
Irea(Bs) = (3, 2], Lea(Bs) = (3:3], Trea(Bs) = (5,00).
If the shift map is Ty, then we find
Ired(gfl) = (—O0,0), Ired(g2) = (Oa %]a Ired(g4) = (%a %]a
Ired(g6) = (%7 %]7 Ired(gS) = (%7 %]7 Ired(g?)) = (%700 .

Note that with To, the sets Iq(+) are pairwise disjoint, whereas with Ty they
are not.

Lemma 6.8.4. Let

(2,y) € U Ired(g) X J(g)

EE@&T

red

Conwversely, if v € CS! (ﬁgm), then

red

Then there is a unique v € CS/ (@g;ﬂ‘) such that (z,y) = (75(00),7s(—00)).

(Y(00), (=) € |J Trea(B) x J(B).

geﬁ&T

Proof. The combination of the definition of CS, 4 (@S,T) and Lemma|6.7.9/ shows
that there is at least one v € CS[4(Bs,r) such that (v,(c0), v (—00)) = (z,y)

and that for each B € IE%SJT there there is at most one such v. By construction,
(Bea (Ba) x J(Ba)) 1 (Feea(By) x J(By)) =0
for ga,gb € Egm, ga #* gb. Hence there is a unique such v € CS;ed(E&T)'

The remaining assertion is clear from the definition of the sets CS. 4(B) for
B e Bgm. O

Let ll(@g,'ﬂ‘) be the number of connected components of BS of the form (a, o)

(geodesic segment) with a1 < a < ag, and let lg(ﬁ%g,'ﬂ‘) be the number of con-
nected components of BS of the form (a,o0) with by, < a < b;. Define

{(Bs,r) = max {11 (Bsr). b (Bsr) }
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6.8. Reduction and arithmetic symbolic dynamics

Proposition 6.8.5. Let v € CS'(IE%SJT) and suppose that n is the geodesic on
H determined by v. Let (Sj)je(a,ﬁ)mz; be the geometric coding sequence of v.

Suppose that s; = (gj,hj) for 5 =0,...,6—2. Forj=20,....,0—2 set
g—1 :=1id and g; := gj_1h;. If o« = =1, then let B_1 be the shifted cell in SH
such that v € CS'(B_1). Then

so = min {t >0 | /() € CSpeq (ﬁS,T)}

exists and

W (s0) € |J o CSa(Br)
I=—1

red
I € {~1,...,k} if and only if n(co) € gila(Bi) and n(c0) ¢ grlred(By) for
k=—-1,...,1—1. Moreover, if v € CS,(Bs ), then n'(so) € CSstreda(BsT)-

where Kk = min{l(@gm) — 1,8 —2}. More precisely, i (so) € g1 CS.4(B) for

Proof. Let (tn)ne(a,3)nz be the sequence of intersection times of v (w.r.t. CS).
Prop. [6.7.26(iii) resp. the choice of B_; shows that 7'(t,) € g1 CS'(B,,_1) for
each n € [0, 5) NZ. Since CS;eq(Bs ) C CS, the minimum sy exists if and only
if 7/ (tm) € gm—1 CSlog(Bm—1) for some m € [0, 8) NZ. In this case, sy = t, and
17 (50) € gn-1CSloyq(Bn_1) where

n:=min{m €[0,8)NZ ‘ 7' (tm) € Gm_1 CS;ed(BNm,l)}.

Suppose that sq = t,. Note that for each m € [0, 3) N Z we have that n(—o0) is
in J(By,—1). Then the definition of CS. 4(-) shows that

n = min {m €0,8)NZ ‘ n(oco) € gm_llred(gm_l)}.

Hence it remains to show that the element sg exists and that sg = ¢,, for some
ne{0,...,k+1}.

W.lo.g. suppose that I(B_;) € T (IES,T). Then I(B_1) = (a, c0) for some a € R.
Let ¢; < co < ... < ¢ be the increasing sequence in R such that ¢; = a and
¢k = ag, and such that the set

{(¢j,00) | j=1,...,k}

of geodesic segments is the set of connected components of BS of the form
(¢,00) with a < ¢ < a,. Then k < I(Bst). Let {(cj;,00) | i = 1,...,m}
be its subfamily (indexed by {1,...,m}) of geodesic segments such that for
each i € {1,...,m} we have (¢j,,00) = b(B) for some B} € Bgr such that
b(B) e Il(@g,'ﬂ‘) and ¢;; < ¢j, < ... < ¢j,,. The definition of I eq(-) shows
that I(B_1) is the disjoint union Uz, Lea(B)). Moreover, J(B}) D J(B_;) for
1=1,...,m. From Lemma[6.7.9 we know that

(1(00),n(=00)) € I(B-1) x J(B-1).
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Hence there is a unique i € {1,...,m} such that
(n(00),n(—00)) € Lea(B)) x J(B)).

In turn, n intersects CS;ed(BNg). Now, if 1 does not intersect CS;ed(Ei) =
CS! 4(B_1), then n([0,00)) intersects (c2,00) and we have gob(By) = (cg2,00).

If n does not intersect go CS. 4(Bo), then 7(]0,00)) intersects (c3,00) and hence
91b(B1) = (c3,00) and so on. This shows that

CS'(B)) = CS'(B),—2) = gj,—2 CS'(Bj,—2)

and hence 7/(tj,—1) € gj,—2 CS;ed(gji_g), where j; — 1 < k < l(@gﬂr). If 8 < oo,
then j; — 1 < 3 — 1. Thus, s¢ exists and 7/(so) € ;- _; 91 CSLoq(By). Finally, if
v e CS (ﬁgm), then 7/(sp) € CSg and hence 7/(sg) € CSSt,red(ﬁgm). O

Recall the shift map o: A — A from Sec.[6.7.2

Proposition 6.8.6. Let v € CS’md(@g,T) and suppose that n is the geodesic on
H determined by v. Let (Sj)je(a 8z be the geometric coding sequence of v.

Suppose that s; = (gj,hj) forj=0,...,06—2.

(i) Set go := ho and for j =0,...,0 — 3 define gj+1 = gjhj1. If there is a
next point of intersection of n and CS,eq(Bs 1), then this is on

U 91CS)ea(BY)
1=0

where r == min{l(S, T), 8—2}. In this case it is on g, CS! 4(B;) if and only

if n(00) € gilrea(Br) and n(c0) & grlrea(Br) for k=0,...,1—1. If 8 > 2,
then there is a next point of intersection of n and CSyeq(BsT).

(ii) Suppose thatv € Cslst,red@&?)- Let (tn)nez be the sequence of intersection
times of v (w.r.t. CS). Then there was a previous point of intersection of

n and CSeq(Bs,T) and this is contained in
{n/(t,n) ‘ n=1,... ,l(@g,'ﬂ‘) + 1}.

Proof. We will first prove (i). Suppose that 5 > 2. Then there is a next point
of intersection of n and CS. Let tg be the first return time of v w.r.t. CS.
Then 7/(to) € go CS'(By). Set w := 9o 117’ (to). The geometric coding sequence
of w is given by U((Sj)je(aﬂ)ﬁl)- Let v be the geodesic on H determined by w.
Prop.16.8.5/ shows that there is a next point of intersection of v and CS;eq (Egm),
say v'(sp), and that

v (s0) € U 9091 CSlea(By).
1=0

Note that the condition that k <  — 2 is caused by the length of the geometric
coding sequence, not by any properties of CSyeq(Bs ). Then n'(so) = goy'(s0)
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6.8. Reduction and arithmetic symbolic dynamics

is the next point of intersection of n and CSred(ﬁ%g,T). The remaining part of
is shown by Prop. [6.8.5!

To prove (ii) consider ni(t—(l(@s,ﬂr)ﬂ))' There exists k& € T' such that u :=
kn/(t—(l(@s,ﬂr)j‘l)) € CS,(Bsr). Let a be the geodesic on H determined by w.
The first [(Bg ) + 1 intersections of o/([0,00)) and CS are given by

k! (t—(l(ﬁm)ﬂ))’ kry/ (t—z(ﬁm))a N (t*2) ) kn/(tfl)

(in this order). Prop.[6.8.5/implies that at least one of these is in CS;eq (Egm).
Note that none of these elements equals kv. Hence there was a previous point
of intersection of 7 and CS,eq(Bs T). O

Recall from Remark [6.5.5 that NIC denotes the set of geodesics on Y with at
least one endpoint contained in 7(bd).

Corollary 6.8.7. Let u be a measure on the space of geodesics on Y. The
sets CSTed(IB%g T) and CSst red(IB%g T) are cross sections w. r. t. p if and only if NIC

1s a p-null set. Moreover, CSSt’md(IBBg,T) 1s the mazximal strong cross section
contained in CSyeq(Bs,T).

Proof. Let v € CS (IEESJT) and suppose that v is the geodesic determined by v.
Since v(R)NCS C CSq, each intersection of v and CS,¢q(Bs,r) is an intersection
of v and CSSt red (IB%S T). Then Prop.[6.8.6/implies that each geodesic on Y which

intersects CS infinitely often in future and past also intersects CSst red(IB%g T)
infinitely often in future and past. Because

CSstred (BsT) € CSpea (Bs1) € CS,

Theorem [6.7.17 shows that é\Sred(@gm) and G\Ssmed(@gm) are cross section
w.r.t. p if and only if u(NIC) = 0.

Moreover, each geodesic on Y which does not intersect CS infinitely often in
future or past cannot intersect CS,eq(BsT) or CSy red(Bs,T) infinitely often in
future or past. This and the previous observation imply that G\Sst,red(@gm) is
indeed the maximal strong cross section contained in (/3\Sred @gm). O

6.8.2. Reduced coding sequences and arithmetic symbolic dynamics

Analogous to the labeling of CS in Sec. we define a labeling of CS,eq (Iﬁégm).

Let v € CS;ed(I@g,T) and let v denote the geodesic on H determined by wv.
Suppose first that v((0,00)) N CSred(IBBS T) 7 (). Prop.[6.8.6/implies that there is
a next point of intersection of v and CSred(IB%g r) and that this is on g CS’ 4(B)
for a (uniquely determined) pair (B, g) € Bg T x I'. We endow v with the label

(B, 9)-
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6. Cusp expansion

Suppose now that v((0,00)) N CSpea(Bst) = 0. Then there is no next point of
intersection of v and CS,eq(Bs ). We label v by e.

Let v € G\Sred(ﬁ%gm) and let v := (W\CS, (s T)> (v). The label of ¥ and of
red s

each element in 771(9) is defined to be the label of v.

Suppose that ¥,.q denotes the set of labels of G\Sred (Egm).

Remark 6.8.8. Recall from Cor. that X is finite. Then Prop. implies
that also X,.q is finite. Moreover, Remark [6.7.11 shows that the elements of
Y can be effectively determined. From Prop. then follows that also the
elements of Y,.q can be effectively determined.

The following definition is analogous to the corresponding definitions in Sec.'6.7.2.

Definition 6.8.9. Let v € CS;ed(E&T) and suppose that ~ is the geodesic on
H determined by v. Prop.|6.8.5 and 6.8.6 imply that there is a unique sequence
(tn)nes in R which satisfies the following properties:

(i) J =7ZnN(a,b) for some interval (a,b) with a,b € ZU {+oo} and 0 € (a,b),
(ii) the sequence (t,)nes is increasing,
(i) to =
)

;) and v/ ((ty, thrl))mCSred(ﬁS T) =

(iv) for each n € J we have ~/(t n) € CSre a(Bs
0 herewesettb:oo1fb<ooand

@ and Y (( n—1,t )) N CSred(BS )

t, == —o0 if a > —o0.

The sequence (t,)nes is said to be the sequence of intersection times of v
w. 1. 1. CSred(BS,T)-

Let 5 € CSpeq(BsT) and set v := (W]CS, (@ST)> (v). Then the sequence of
red s

intersection times w. r. t. CSmd(@g,T) of ¥ and of each w € 77 1(?) is defined to
be the sequence of intersection times of v w.r.t. CSyeq(Bs,T).

For each s € Syeq sot
CSred,s (Bs1) i= {0 € CSrea(Bsr) | ¥ is labeled with s}

and

CSredys (Bsr) = 7 (CSrea (Bs,w)) = {v € CSreq (Bsx) | v is labeled with s}

Let v € G\Sred(ﬁgm) and let (t,)nes be the sequence of intersection times of v
w.T.t. CSrea(Bs ). Suppose that 7 is the geodesic on Y determined by v. The
reduced coding sequence of U is the sequence (an)nes in Xyeq defined by

an, :=s if and only if 7/(t,) € é\Sred7s (ﬁgm)

for each n € J.
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6.8. Reduction and arithmetic symbolic dynamics

Let w € CSred(ﬁgm). The reduced coding sequence of w is defined to be the
reduced coding sequence of m(w).

Let Aycq denote the set of reduced coding sequences and let A,cq , be the subset
of Areq which contains the reduced coding sequences (an)ne(ap)nz With a,b €
ZU{=£o0} for which b > 2. Further, let Ay req denote the set of two-sided infinite
reduced coding sequences. Let E?gd be the set of all finite and one- or two-sided
infinite sequences in Ered Flnally, let Seq,eq: CSred(IBBS T) — Apeq be the map

which assigns to ¥ € CSred (Bg 1) the reduced coding sequence of v.

The proofs of Prop. [6.8.10] [6.8.11] and 6.8.12] are analogous to those of the
corresponding statements in Sec. 6.7.2.

Proposition 6.8.10. Let v € CSmd(IBSg,T). Suppose that (tn)ney is the sequence
of intersection times of v and that (an)nes is the reduced coding sequence of v.
Let v be the geodesic on H determined by v. Suppose that J = Z N (a,b) with
a,b e ZU{xoo}.

(i) If b = oo, then a, € Lyeg~{e} for eachn € J.
(i) If b < o0, then ay € Xyeg~{e} for each n € (a,b—2|NZ and ap—1 = €.

(i) Suppose that an = (By,hy) for n € (a,b—1)NZ and set

go := ho if b> 2,
i1 = gnhni1 forne[0,b—2)N7Z,
g-1:=1id,
I—(nt1) = g_nh”} formne[l,—(a+1))NZ.

Then 7' (tny1) € gn CSoy(Bn) for each n € (a,b—1)NZ.

Proposition 6.8.11. Let v,w € Cslsmed(ﬁ%&?l“)- If the reduced coding sequences
of v and w are equal, then v = w.

Proposition 6.8.12.
(i) The left shifto: Eﬁé& E"éd induces a partially defined map o: Apeg — Ayed
resp. a map 0: Npeqo — Npeg. Moreover, Mgy req C Mpeq s and o restricts to

a map Ast,red - Ast,red-

(ii) The map Sed,q|qg CSSt Ted(Bg T) — Ast.req @5 bijective.

st,red (BS T)

(iii) Let Codyeq := (Seqmd |é\sst oa(Fs T)) . Then the diagrams

CSred (BS,T) > CSpeq (BS,T) CSst,red (BS,T) - CSst,red(BS,T)
Seqred l \L Seqred COdred T T COdred
o o
Apeg —————>Nyeq Ast7 red > Ast,red

commute and (Mg req, o) is a symbolic dynamics for the geodesic flow on

Y.
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6. Cusp expansion

We will now show that the reduced coding sequence of v € é\Sred (ﬁgm) can be
completely constructed from the knowledge of the pair 7(v).

Definition 6.8.13. Let B € B . Define
Sred (B) := {5 € Srea | Fv € CSlq(B): v is labeled with s}
and for s € Leq(B) set
Dy(B) = Lea(B) NgLea(B) if s = (B, 9)

and

Da( = red \U{D |s€2red( )\{8}}

Example 6.8.14. Recall the Example[6.7.15l Suppose first that the shift map
is Ty. Then we have

Yired (5’:1) {e, (31795), (5’4794), (%6794), (%5794), (3:3794)}7
Ered(l:),?) {e, (32791), (5’4791), (136791), (135791), (133791)}, )
Yired (lis) {e, (31795), (82796)7 (Bi,96). (Bs, 96), (Bs,96), (B3, 96) },
Ered(liz;) {e,(Bs, 92), (53,92)},~
Yired (135) {e,(Bs,g4), (Bs,91), (B3, 94) }
Lred(Bs) = {e, (B3, 93) }-
Hence
(Brg) B) = G0y D) (Br) = (=o<.5]. Dig, ) (B1) = (555
o) B = (B, Doy B = (88, DB = {4

and
(El 95) (8:3) = (%’ 1)’ (gwﬁ) (:3) = (1’ g]’ (g4,ge) (:3) = (g, %],
(Boa) B3) = (B3] Dig 0 (Bs) = (53], (5sgs) (B5) = (3:00).
D.(Bs) = {1},
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6.8. Reduction and arithmetic symbolic dynamics

and

D) (B0 = (5] Dia ) B5) = (] D B) = ()
D.(Bs) = {1},

and

D (5,42) (B) = (3:3): D.(Bs) = {2},

Suppose now that the shift map is Ty. Then X,eq (Eg),zred (B~4), Yired (55) and
Yired (g(;) are as for Ty. The sets D, (gg),D* (g4),D* (g5) and D, (gﬁ) remain
unchanged as well. We have

Ered( 1) ={e (B 1,97), (34797),(g6797),(g5,g7)7(g3797)}
and

Ered(gs) = {87 (g—17g4), (g2792), (g4,96), (g6796)7 (5;5796)7 (53796) }

Therefore

D5, (B-2) = (= 3.0), o) ) = (—.2)
(o) B) = (= 300): Dz (B) = (=i —i5).
(Bgr) (B-1) = (= 5:73): D.(By) = {1},
and
(8200 5 = (1), D5, r) B) = (18]
(5. () = (3] D) B) = (53]
(85.) (B2) = (3.8, D (8, .40) (Bs) = (2,0),
D.(B:) = {1}

The next corollary follows immediately from Prop.|6.8.6

Corollary 6.8.15. Let B € IEST Then Ired(BN) decomposes into the disjoint
union J{Ds(B) | s € Spea(B)}. Let v € CS. 4(B) and suppose that ~ is the

geodesic on H determined by v. Then v is labeled with s if and only if v(00)
belongs to Ds(B).

Our next goal is to find a discrete dynamical system on the geodesic boundary
of H which is conjugate to (CSred(Bg 1), R). To that end we set

DS := U Lea(B) x J(B).
geﬁs’jr

197



6. Cusp expansion

For B € @S,T and s € Ered(g) we set

We define the partial map F: DS — DS by

Flp @@ y) = (¢ "z,9""y)
if s = (BN’,g) € Ered(g) and E € ﬁg;}f.

Recall the map

e { é\Sred/(\@S,T) - angagH
v = ((00), Ww(=00))

where v 1= (77] s, (@S’T)> (v) and ~y, is the geodesic on H determined by v.
Proposition 6.8.16. The set DS is the disjoint union

DS = (J{Ds(B)| BeBer, s € Sa(B) }
If (z,y) € DS, then there is a unique element v € CS' . (Bs) such that

(7(00), Y(=00)) = (2, ).

If and only if (z,y) € Dy(B), the element v is labeled with s. Moreover, the
partial map F F is well- defined and the discrete dynamical system (DS F) s con-
Jugate to (CST@d(Bgm),R) via T.

Proof. The sets Ired(g) x J (g), Be I@S,T, are pairwise disjoint by construction.
Cor. [6.8.15] states that for each B € I@S,T the set Ired(B) is the disjoint union
U{Ds(B) | 5 € Syea(B)}. Therefore, the sets Dy(B), B € Bs, s € Srea(B), are
pairwise disjoint and

DS = U {f)s(BN) ‘ BeBst, s€ Yea(B) }

This implies that F is well-defined. Let (z,7) € DS. By Lemma 6.8.4 there is
a unique B € I@ST and a unique v € CS;ed(g) such that (yy,(00),w(—0)) =
(z,y). Cor.[6.8.15/shows that v is labeled with s € Yyeq if and only if 7, (c0) €
DS(B) hence if (z,y) € Dy(B). It remains to show that (DS F) is conjugate
(CSred(Bg T), R) by 7. Lemma [6.8.4 shows that 7 is a bijection between
CSred(Bg 1) and DS. Let § € CSreq and v := (7T|CS/ (EST))_l(A) Suppose that
B € Bsr is the (unique) shifted cell in SH such that v € CS.4(B), and let
(55)je(a,p)nz be the reduced coding sequence of v. Recall that sq is the label of

v and v. Cor.[6.8.15 shows that 7, (o) € Dy, (B). The map R is defined for 7 if
and only if sg # e. In precisely this case, F' is defined for 7().
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6.8. Reduction and arithmetic symbolic dynamics

Suppose that s # &, say sop = (E’,g). Then the next intersection of ~,

and CSyeq(Bst) is on gCS.4(B'), say it is w. Then R(D) = n(w) = @

1, ~ -
and (W’Csied(@s,nr)) (W) =g i
g 'w. We have to show that F/(7(7)) = (1(c0),n(—00)). To that end note that
gn(R) = %(~R) and hence (77(002,77(—00)) = (g_lwv(oo),g_l%(—oo)). Since
7(V) € Ds,(B), the definition of F' shows that

w. Let n be the geodesic on H determined by

F((0)) = F((1(00),7(=0))) = (97 70(20), g™ 7u(=00)) = (n(00),n(—00)).
Thus, (DS, F) is conjugate to (é\sred(@g,'ﬂ‘), R) by 7. O

The following corollary proves that we can reconstruct the future part of the
reduced coding sequence of U € CS;eq(Bs 1) from 7(v).

Corollary 6.8.17. Let v € G\Smd(@gm) and suppose that (s;)jes is the reduced
coding sequence of v. Then

s5j=s5 if and only if ~ F? (r(0)) € Dy (g) for some B € I@gm
for each j € JNNy. For j € No~J, the map FJ is not defined for 7(0).

The next proposition shows that we can also reconstruct the past part of the
reduced coding sequence of v € CS,eq(Bs ) from 7(v). Its proof is constructive.

Proposition 6.8.18.
(i) The elements of

{9_1[7(1?,9) (B)

are pairwise disjoint.

B eBsr, (B.g) € TrulB) }

(ii) Letv € é\Sred(IEg,T) and suppose that (a;);c is the reduced coding sequence
of v. Then —1 € J if and only if

@ e J{s7' Dz, (B)

In this case,

gl € ES,’L (ga g) € Ered([/;/) } .

a_1 = (g, 9) if and only if  T(0) € 9715(@;9) (g/)
for some B € Bgr and (B, g) € Lypea(B).
Proof. We will prove (ii), which directly implies (i). To that end set

vi= (”'cs;eda@s,r))il ()

and suppose that (¢;) ;e is the sequence of intersection times of v w.r.t. CSyeq (EM).
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6. Cusp expansion

Suppose first that v € CSred(E) and that —1 € J. Then there exists a (unique)
pair (B, g) € B x I such that ~/(t_1) € g~} CS..4(B'). Since the unit tangent
vector 7/, (tg) = v is contained in CS. 4(B), the element 4/ (t_;) is labeled with
(B, g). Hence (B, g) € Syeq(B'). Then

(@) = (10(50), 70(=00)) € (97 Lrea(B) x g7"I(B)) 1 (Liea (B) x J (B) )
(7 s (B) 1 1ea(B) ) (977 (B) 1.7(B))
=g ((Ired (B)) N glea (B)> X (J(fs’) N gJ(é)))

C g 'Dg, (B).

Conversely suppose that 7(v) € gflﬁ(gg)(g’) for some B’ € Egﬂr and some
(B, g) € rea(B'). Consider the geodesic 7 := g7,. Then

(n(00), n(=00)) = g7(3) € Dz, (B).

By Prop.[6.8.16| there is a unique u € CS;ed(ESE) such that (7, (00), yu(—00)) =
(n(c0), n(—00)). Moreover, u is labeled with (B, g). Let (sk)rex be the sequence
of intersection times of u w.r.t. CS;eq(Bs,T). Then 1 € K and, by Prop.[6.8.16,

7(7(7(51))) = 7(R(w(w)) = F(r(m(u))) = F (yu(00), Yu(—0))
= (97" (00), g7 ' u(=00)) = ((00), 1 (—00)) = 7(D).
This shows that 7,,(s1) = gv = g7, (tg). Then

gilr}/z/t(s()) € 71/)((_00’0)) N CSred (ES,T)-

Hence, there was a previous point of intersection of v, and CS;qq (ﬁgm) and this
is 714/ (s0). Recall that g='4/ (so) is labeled with (B, g). This completes the
proof. O

Let ﬁbk: DS — DS be the partial map defined by
Fbk‘ 1D ~ )(g,)(x,y) = (gﬂc,gy)

for B € I@S,T and (g, g) € Ered(g’).

Corollary 6.8.19.
(i) The partial map Fyy, is well-defined.

(ii) Letv € é\Smd(ﬁgm) and suppose that (s;)je. is the reduced coding sequence
of v. For each j € JN (—o00,—1] and each (B, g) € Xq we have

55 = (g, 9) if and only if ﬁgk(T(i)\)) € g_lﬁ(g’g) (E’)

for some B € Egm. For j € Zi.o~J, the map F]k is not defined for T(v).
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6.8. Reduction and arithmetic symbolic dynamics

We end this section with the statement of the discrete dynamical system which
is conjugate to the strong reduced cross section CSst red(IBBg T).

The set of labels of CSSt,red (IB%SJT) is given by
Yt red ‘= Zred N {€}
For each B € IE%SJT set
Sstred (B) = Erea (B) ~{e}.
Recall the set bd from Sec.6.5. For s € Eswed(g) set
Dy s(B) := D, (B)~bd

and

Dy s(B) = Dg.5(B) x (J(B)~bd).
Further let s N N
DSy i= | (Trea(B)~Dbd) x (J(B)~bd)
gE@S,T
and define the map ﬁst: ]/)\ést — ]Sést by
FVSt‘ﬁstys(g)(x7 y) = (g_lxa g_ly)

if s = (BN/,Q) € Est,]red(g) and B € IE%SJT. The map ﬁst is the “restriction” of F'
to the strong reduced cross section CSg red(Bs,T). In particular, the following
proposition is the “reduced” analogon of Prop.[6.8.16

Proposition 6.8.20.
(i) The set DSy is the disjoint union
]S-Sst = U {]3315,3 (g) ‘ g € ﬁS,T, s € Est,real(‘g) } .

If (z,y) € DS, then there is a unique element v € CS;. red(BS,T) such that

(70(00), 1w (—00)) = (z,y). If and only if (z,y) € Dst’s(B), the element v
15 labeled with s.

(ii) The map ﬁst is well-defined and the discrete dynamical system (lf)\ést,F St)
is conjugate to (@st,red(@g,ﬂr), R) via T.

6.8.3. Generating function for the future part

Suppose that the sets Ieq(B), B € ES,T, are pairwise disjoint. Set

DS:= |J Iea(B)

gE]?BS’T
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6. Cusp expansion

and consider the partial map F': DS — DS given by

F\Ds(g)x =gtz

if s = (B,g) € Syea(B) and B € Bg .

Proposition 6.8.21.
(i) The set DS is the disjoint union

DS = (J{D:(B)| BeBor, s € Tra(B) }.

If z € DS, then there is (a non-unique) v € CS/ (Egm) such that ~,(00) =

red

x. Suppose that v € CS/Ted(IEESm) with v,(00) = = and let (an)nes be the

reduced coding sequence of v. Then ag = s if and only if x € Dys(B) for
some B € Bg .

(ii) The partial map F is well-defined.

Proof. Suppose that gl,gg c Egm and s € Ered(gl), S € Ered(gg) such that
Dy, (Bl)ﬂDSQ (Bg) 7é~® Pisk x € Dy, (Bl)ﬁD52 (Bg) Thenx € [red(Bl)ﬂIred(Bg),
which implies that B; = Bs. Now Cor. [6.8.15]yields that s; = s3. Therefore the
union in (i) is disjoint and hence F' is well-defined. Cor.[6.8.15/ shows that the
union equals DS.

Let (z,y) € DS. Then (z,y) € Dy(B) if and only if 2 € Dy(B). Prop.6.8.16
implies the remaining statements of (i). O

Prop. 6.8.21] shows that

(7. (08,85 @)
is like a generating function for the future part of the symbolic dynamics (Ajeq, o).
In comparison with a real generating function, the map i: Aeq — DS is missing.
Indeed, if there are strip precells in H, then there is no unique choice for the
map ¢. To overcome this problem, we restrict ourselves to the strong reduced
cross section CSgt red(Bs,T)-
Proposition 6.8.22. Let v,w € CS;t’Ted(@gE). Suppose that (an)nez is the

reduced coding sequence of v and (by)nez that of w. If (an)nen, = (bn)neny,
then v, (00) = Y (00).

Proof. The proof of Prop.|6.7.30 shows the corresponding statement for geomet-
ric coding sequences. The proof of the present statement is analogous. O

We set

DSt = U Ired(BN)\bd
gE]ES’T
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6.8. Reduction and arithmetic symbolic dynamics

and define the map Fy: DSg — DS by

FSt|Dst,s(E)l‘ = g_lﬂj

if s = (g/,g) c Est,red(g) and B € I@S,T. Further define i: Ag yeq — DSst by
Z‘((an)nEZ) = 70(00)7

where v € CS;t,red (@g;ﬂ‘) is the unit tangent vector with reduced coding sequence
(an)nen. Prop.[6.8.11/shows that v is unique, and Prop.[6.8.22 shows that i only
depends on (a,)nen,. Therefore

<Fst7 { (DS(B))géﬁgyT,SEEst,red(g)>

is a generating function for the future part of the symbolic dynamics (Agt red, o).

Example 6.8.23. For the Hecke triangle group G, and its family of shifted
cells Bs = {g} from Example [6.7.22] we have I(g) = red(g) and Yieq = 2.
Obviously, the associated symbolic dynamics (A, o) has a generating function for
the future part. Recall the set bd from Sec.[6.5. Here we have bd = G,,00 = Q.
Then

DS=R" and DSy =R"\Q.

Since there is only one (shifted) cell in SH, we omit B from the notation in the
following. We have

Dy = (g0,g00) and Dg4=(g0,900)\Q for g€ {UFS |k=1,...,n—1}.
The generating function for the future part of (A, o) is F': DS — DS,
F|p,x = g lz forge {U,lfS | k=1,...,n— 1}..

For the symbolic dynamics (Agt, o) arising from the strong cross section é\SSt
the generating function for the future part is Fy: DSg — DSgt,

Fylpy,x:=g 'z forge {UiS|k=1,....,n—1}.

Example 6.8.24. Recall Example If the shift map is Ty, then the sets
Ieq(+) are pairwise disjoint and hence there is a generating function for the future
part of the symbolic dynamics. In contrast, if the shift map is Ty, the sets I;eq(*)
are not disjoint. Suppose that ~ is a geodesic on H such that ~y(o0) = % Then

7 intersects CS! 4 (Egml) in, say, v. Example [6.8.14] shows that one cannot
decide whether v € CS (Eﬁ) and hence is labeled with (Eg,gg), or whether

v e CY (gl) and thus is labeled with (g4, g4). This shows that the symbolic
dynamics arising from the shift map T does not have a generating function for
the future part.
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7. Transfer operators

Suppose that (X, f) is a discrete dynamical system, where X is a set and f is
a self-map of X. Further let ©: X — C be a function. The transfer operator £
of (X, f) with potential v is defined by

Lo)= > "Wy

yef~H(z)
with some space of complex-valued functions on X as domain of definition.

The main purposes of a transfer operator are to find invariant measures for
the dynamical system and to provide, by means of Fredholm determinants,
a relation to the dynamical zeta function of f (see, e.g., [CAM™08, Sec. 14],
[Rue02], [May]). This involves a study of the spectral properties of the transfer
operator L, for which in turn one needs to investigate several properties of the
dynamical system (X, f), the potential ¢) and possible domains of definition for
the transfer operator. All these questions we will leave for future work and we
will define our transfer operators on a very general space, namely the set of all
complex-valued functions on X. Further, we will only consider potentials of the
type
P(y) = —Blog|f'(y)l,

where § € C.

Let T' be a geometrically finite subgroup of PSL(2,R) of which oo is a cuspidal
point and which satisfies (A2). Suppose that the set of relevant isometric spheres
is non-empty. Fix a basal family A of precells in H and let B be the family of
cells in H assigned to A. Let S be a set of choices associated to A and suppose
that Bg is the family of cells in SH associated to A and S. Let T be a shift map
for Bs and let Bs T denote the family of cells in SH associated to A, S and T.

We restrict ourselves to the strong reduced cross section é\Ssmed(@g,T). Recall
the discrete dynamical system (DSg, Fit) from Sec.[6.8.2 as well as the set Xgt red,
its subsets Y red(B) and the sets Dy s(B). The local inverses of Fy are

Py = <ﬁ5t|ﬁstys(g))_1: { F(Dys(B)) — Da,s(B)

5 (z,9) — (g, gy)

for s € Est,red(g)a Be Egm. To abbreviate, we set

Eg,s = Fat (DSt,S (B))

for s € Est,red(g)7 g S Eg;{r.
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7. 'Transfer operators

For two sets M, N let Fct(M, N) denote the set of functions from M to N. Then
the transfer operator with parameter § € C

Lg: Fct(Dgt, C) — Fet(Dgt, C)
associated to Fy is given by (see [CAMT08, Sec. 9.2])
~ /8 ~
(L) (wy) = 3 > [det (Fg (@) " (Fg (@, 0)xg, (=),
BEBS,T sezst,red (B)
where Xz is the characteristic function of Egs. Note that the set Egs, the
B,s ’ ’

domain of definition of ﬁés? in general is not open. A priori, it is not even clear
whether Ejz is dense in itself. To avoid any problems with well-definedness,

the derivative of F Bs shall be defined as the restriction to E’&S of the derivative
of Fig: F(Ds) — Ds, (z,y) = (g2, 9y). Moreover, the maps Fg _ and Fllis are
extended arbitrarily on Dy \Eé,s
Let 8 € C and consider the map

- { I x Fet(Dg,C) — Fet(Dg, C)

(9, ) = T2(9)¢

where

70,5097 )e(a,y) = 19 ()19 ()| e (92, 9y)-
Since

To,5(h" ) 2,5(9~ (e, y) = [0 ()P ()P 2,509 ™) o (B, hy)
= |0 ()’ (9)°lg' (h)|°|g' (hy)|” o (ghix, ghy)

= |(gh) (@)”1(gh)'(y )\5 (gh, ghy)
= Tz,ﬁ( 1)@(

and

T2,8(d)p = ¢,
the map 79 3 is an action of I' on Fct(ﬁst,(C). For s = (g’,g) € Esmed(g),
Be Egﬂr and (z,y) € E’&s we have

| det (Ff (z,9))]” = 19/ (@)|°|g' ()]

Therefore, the transfer operator becomes

_ _ i -1
Lop= Y Do Xy, T8l

gEES,’]T (g/ 79)ezst,red ([’)’V)

Suppose now that the sets Ired(g), Be I@gm, are pairwise disjoint so that the
map Fy from Sec.[6.8.3 is a generating function for the future part of (Ag red, o).
Its local inverses are

L= (Fst\Dst’s(ng: { Fu(Dsts(B)) — Das(B)

x = gT

F&
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for s = (E/’g) € 2St,red(‘g)’ ge IES,’]I‘- If we set

Eg, = Fu(Dst.s(B)),
then the transfer operator with parameter 3 associated to Fy is the map
Lg: Fct(DSg, C) — Fet(DSg, C)
given by
(Lop) (@)= 30 30 |Fg [ e(Fg . @)xey (@)
BeBs 1 s€%4t rea (B)
As above we see that the map

. { I' x Fet(DSg,C) —  Fet(DSg, C)
. (9,9) = 75(9)¢
with
7397 () = lg' (@) o (g)
is a left action of I' on Fct(DSgt, C). Then

Lop= ) Yo XBaw, 9 e

B’EES’T (g/ 79)ezst,red (g)

Note that for g = (¢ %) we have ¢/(z) = (cz + d)~2. Hence, the expression for
L3 has a very simple structure. It seems reasonable to expect that this fact and
the similarity of 74 with principal series representation will allow and simplify
a unified investigation of properties of Lg.

Example 7.0.25. Recall from Example 6.8.23 the symbolic dynamics (Ag, o)
which we constructed for the Hecke triangle group G,,. The generating function
for the future part of (Ag, o) is given by Fy: DSg — DSg,

Ft| Dy ,7 = gtz forge {U,]L“S | k=1,...,n—1},
where DSy, = RT~Q and
Dyt.g = (90, 900)\Q.
As in Example[6.8.23| we omit the (only) cell B in SH from the notation. Then
Fy(Dyt,g) = DSy
for each g € {U,fS ! k=1,...,n— 1}. Hence, the transfer operator with

parameter 3 of Fy is Lg: Fct(DSg, C) — Fet(DSg, C),

Lg=>Y m((UNS)).
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8. The modular surface

The Hecke triangle group Gs is the modular group PSL(2,7Z). Set

1 1 1 0
g ::U&%S:T;J,:(O 1) and g9 Z:U:?S:TgsTg:(l 1>.

With the basal family A of precells in H, the set S of choices associated to A
and the shift map T = id as in Example [6.7.22] we get

DS« = RT\Q, Dt g, = (1,00)\Q and Dy 4, = (0,1)\Q.

Example [6.8.23] shows that the generating function for the future part of the
associated symbolic dynamics (Ag, o) is given by F': DSg — DS,

_ 1.
F]Dst,g1 =g, rx—z—1

x _ 1
—z+1 11

— q- L.
F’Dst,gg - 92 FT e

This map and the symbolic dynamics are intimately related to the Farey map
and the slow continued fraction algorithm (see [Ric81]). The transfer operator
of F' with parameter § is given by

Lo=15((67")) +75 (1))

as shown in Example 7.0.25. The eigenfunctions of Lg for eigenvalue 1 are the
solutions of the functional equation

flx)=flx+1)+ (z+ 1)*25f(1+%). (8.1)

Note that x + 1 is positive for each & € DSg, hence ((z + 1)*2)6 =(z+1)72°,
Obviously, this functional equation can analytically be extended to R* by the
same formula. In [LZ01], Lewis and Zagier showed that the vector space of its
real-analytic solutions of a certain decay is isomorphic to the vector space of

Maass cusp forms for PSL(2,Z) with eigenvalue 5(1 — ().

Originally, a connection between the geodesic flow on the modular surface
PSL(2,Z)\H and the functional equation was established by the symbolic
dynamics for this flow in [Ser85]. The generating function for the future part of
this symbolic dynamics is the Gaufl map. In [May91], Mayer investigated the
transfer operator of the Gaufl map. The space of its real-analytic eigenfunctions
of certain decay with eigenvalue +1 is isomorphic to the subspace of solutions
of (8.1) which are needed in the Lewis-Zagier correspondence.
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8. The modular surface

8.1. The normalized symbolic dynamics

The coding sequences of the symbolic dynamics (A, o) are bi-infinite sequences
of g1’s and go’s. We call a coding sequence (ap)nez € A normalized if a_1 = ¢1
and ag = go, or vice versa. In other words, (a,)nez is reduced if a_; and ag are
different labels. For the corresponding geodesic v this is equivalent to y(oco) > 1
and —1 < y(—o00) < 0, or 0 < y(00) < 1 and y(—00) < —1. We call geodesics
with this property normalized. One easily proves the following lemma.

Lemma 8.1.1. Fach coding sequence in A is shift-equivalent to a normalized
one. More precisely, for each X\ € A there exists n € Ny such that o™(X\) is
normalized.

Let A, denote the set of normalized coding sequences and é\SStm the subset of
C/J\Sst corresponding to A,. Lemma implies that é\SSt,n is a strong cross
section. Since there are only the two labels g1, g2, we can compactify (loss-
free) the information contained in normalized coding sequences by counting the
numbers of successive appearences of g1’s and gs’s and store only these numbers
together with an element w in Zy telling whether ag = ¢; (then w = 0) or
ap = g2 (then w = 1). Let Kn C N% x Zy denote these “condensed” coding
sequence and let vy be the geodesic corresponding to A € Kn

For a sequence (A;)jen, of matrices in PSL(2,R) and » € H’ define

o] n

HAJZ: lim HAJZ
n— o0

j=0 7=0

Further, let [ag, a1, as,...] denote the continued fraction

n 1
agp
ay +

a2+
and set g, = gnmod 2-

Lemma 8.1.2. Let A := ((nj)jez,w) € Ap. If w =0, then

Hg]+1 no,nl,ng,...],

]+1 [TL,l,’I’L,Q,...]

If w =1, then

i 1
_ Uz _
00) = o=
) Ug] [”0,711,”2,---]
H 7n,] . —[TL,l,’I’L,Q,...].
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8.2. The work of Series

Proof. The statements are easily proved by induction. O

The theory of continued fractions shows that Kn = N%2xZ,. Define oy, : //in — Kn
by
O'n((an)neZa w) = (U((an)nEZ), w+ 1)-

Note that DSg = R*~Q x R~~Q. Let i,: A, — DSg be given by
in(A) i= (7a(00),7A(—00)).

Further set Fvst,n: ﬁést — f)\ést

Fst,n(xay) = 1

~ (gf":v,gf"y) forn<z<n+1,neN
(ggnx,ggny) for .7 <z < %,nGN.

Then the diagram

—~ R =
CSst,n CSst,n

CodT TCod

A, ——A,
— ﬁst,n —
DS DSt

commutes (and all horizontal maps are bijections).

8.2. The work of Series

We now show the relation of the symbolic dynamics and the cross section from
Sec. 8.1/ to those in [Ser85]. For simplicity, we restrict Series’ work to geodesics
that do not vanish into the cusp in either direction. This means that we restrict
her symbolic dynamics to bi-infinite coding sequences and her cross section to
the maximal strong cross section contained in it. Then her cross section is also
é\SSnn and the symbolic dynamics is identical to (Kn,an), but she gives the
“interpretation map” ig: Kn — R x R,

. [n()anl,...]’—% lf’lj} :0
ZS((nj)jeZ,w) = [n717n1727“.} .
_[nOanla-.-]am ifw=1.
If g: I%St — R x R is given by
(xlaxQ) lf 1 > 1
g(xl,,IQ) = ) ) .
S'(th?):(_:v_l’_g) 1f0<x1<1’
then
go Zn =19
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8. The modular surface

The relation between i,, and ig can also be seen on the level of the construction
of the coding sequences. Let

CSj := ! (Cod (Kn N (N” x {0})))

and

CS} == 771(Cod (A, N (NZ x {1}))).

Our coding sequences, the discrete dynamical system (ﬁst’n, ]Sést) and the map
i, are constructed with respect to the set of representatives

CSl, ,, =7 H(CSqn) NCS' = CSHNCS)

st,n

for G\Ssm. Recall that CS’ equals the set of unit tangent vectors based on the
imaginary axis and pointing into {z € H | Rez > 0}. Series uses the same
method but CSjUS - CS] as set of representatives.
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Index of Notations

Clﬁg Vv
8,V

intR(W)
oW

geodesic segment in H or interval in R, p. see also [, ]

below
geodesic segment in H or interval in R, p. 87
geodesic segment in H or interval in R, p. 87

geodesic segment in H or interval in R, p.

interval in R spanned by a and b, p.[107, see also (-,-) below

the interval (min(a,b), max(a,b)) in R, p.[172

the subset (max(a,b), 00] U (—oo, min(a, b)) of 9;H, p.[172

the set (b, 00) U{oo} in d,H, p. 172
inner product, p.9, see also (a,b) above
Lie bracket, see also [a, b] above
Riemannian metric on B, p.
H-coordinates, p.

subgroup of G generated by S C G, p.[40
orthogonal complement

closure of U, p. 8,87

closure of U, p. 8,87

boundary of U, p. 8,87

interior of U, p. 8,87

closure of the subset V of H’ in H’, p. 87

closure of the subset V of H’ in H’, p.87

geodesic boundary of the subset V' of H, 0,V = Vin 0,H,

p. 87
interior of the subset W of R in R, p. 87

boundary of the subset W of R in R, p.[87
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Index of Notations

int, (X) interior of the subset X of 9;H in 0,H, p.

A\B complement of the set B in the set A, p.

MA, A/T set of equivalence classes of the action of I" on A, p.[8,[87

¢ conjugate of ¢, p.[14

¢t inverse of ¢, p. /18

‘v multiplication on C induced by v € V~\{0}, p.

z* zZ', p.

A connected, simply connected Lie group with Lie algebra a,
p.

AT the set AU {ap}, p.129

at the element (¢,0,0) of A, p.[22

ag a special element in AT, p. 29|

a one-dimensional Euclidean Lie algebra, p.[15]

A precell in H, p.[124

A basal family of precells in H, p.[131

A precell in SH, p.

A basal family of precells in SH, p. 156/

a(v) angle at v inside K, p.[113

B the ball model for rank one Riemannian symmetric space of

noncompact type, p.[17
B, (2) the open Euclidean ball with radius » and center z, p.[95]
cell in H, p.[143

family of cells in H assigned to a basal family A of precells in

H, p.[143
B cell in SH, p.
Bs family of cells in SH associated to A and S, p.
@S,T family of cells in SH associated to A, S and T, p.
b(B) the set pr(B) N dpr(B), p. 162
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bd(B)
bd(B)
bd
BS(B)
BS

BS

Q. qQ a

(C, V. J)
(C? V’ 6? J)

6\Sst
cs’

CS'(B)

CS'(Bsr)

Index of Notations

0B, p.[149

the set |J{g-bd(B) | g €T, B € B}, p. 149
see bd(B), p. 152

the set J {gS { geTl, SeSides(B)}, p. 149
see BS(B), p.[152

the set 7(BS), p. 152

map H — DY, p.[60

map C x C — C, p. 45|

map V x V — C, p.[20

map W x W — C, p.[49

the set of complex numbers

a Euclidean vector space, p.[12
Cayley transform, p.[19
C-module structure, p.[12

C-module structure with distinguished vector e of unit length,

p.13

the set {Cv | (€ C} forveV, p. 13

the set {w’ € W~ {0} | w' ~ w} U {0} for w € W~ {0}, p. 18|
map ' = R, p.[93

map [oo\(I\T's) — RT, p.

map IS — R, p. (94|

the set of unit tangent vectors in SH that are based on BS
but not tangent to BS, p.[152

(candidate for) cross section of ®, the set 7(CS), p. 89, 152
the maximal strong cross section contained in é\S, p- 180
set of representatives for cross section, p. 90!

the set of unit tangent vectors in B that are based on b(B) but

do not point along 9 pr(B), p.[162
the set |J { CS'(B) | BeBsr), p.166
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Index of Notations

CS(Bs )

—~

CSs

CSj rea(B)
CS red (Bs.r)
CSst,red (@S,T)
CSst red (Bs.1)
CSred,s (Bs1)
CSred,s (BsT)

Cod

Cod;eq
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the set 7 ( CS'(IE%SJT)), p.

the set {v € CS { v is labeled with s}, p. 183
ﬂ’l(égs), p. 183

Wﬁl(é\sst% p. [185]

CS«NCS' (Bs ), p. 185

a certain subset of CS/(B), p- 1189

UgE]ES’T CS;ed(B)’ p-

7(CS}ea(Bsr)). p- 189

7 (CSrea (Bsyr)). p-

CSLeq(B) N CSy, p.[189

CS!.q(Bs.t) N CSqt, p-

CSrea (BsT) N CSyt, p. (189

CSred (Bs) N CSqt, D

the set {7 € CSyeq(Bs1) | @ is labeled with s}, p.[194

! (é\sred (@S,T))a p-

-1
the map <Seq\6§ t) , p- 1187

-1
the map <Seqred &z )) , p-1195

st,red (BS,T

a model for rank one Riemannian symmetric space of noncom-
pact type, p.[15

geodesic compactification of D, p. 23
Riemannian metric on H, p.

Liea (B) N glea(B'), p.[196

Lea(B)N\U{Ds(B) | s € £yea(B) ~{e}}, p. (196

the set UEG@ST Lied (E) X J(E), p.[197

D,(B) x J(B), p.1197



Index of Notations

Dy s (B) Dy (B) ~bd, p.

Dy 5(B) Dy s(B) x (J(B)~bd), p. 201

DSSt UgEES,T (Ired (B) \bd) X (J(B) \bd), p.

DS Uf}eﬁsm Lieq (6)7 p. 201

DSqt Usct, , Trea (B)~bd, p. 202

E the Euclidean direct sum C e W =Ca C eV, p.l46

E_(®) ®-negative vectors, p. 47

Ey(®) ®-zero vectors, p.[47

E (9) d-positive vectors, p.

Endys(v) the group and vector space of endomorphisms of the vector
space v, p.[9

E the set of unit tangent vectors to the geodesics in NIC, p.[180

ext [ exterior of the isometric sphere I, p.[32][92]

F(r) the set Foo(r) N K, a fundamental region or domain for I' in

D or H, p. 41,99

Foo(r) fundamental region or domain (r,r +\) +iR™ for I'w, in D or
H,r eR, p.41,(97

F fundamental set for I in SH satisfying (6.7), p. 154
a a certain map DS — 13@, p. 198

Fix a certain map DS — ]/)\é, p.

ﬁst a certain map ﬁést — f)\ést, p. 1201

F a certain map DS — DS, p.[202]

Fy a certain map DSg — DSg, p.[202

Fet(M, N) space of function from M to N, p.[206]

geodesic flow on H, p.[85
d geodesic flow on Y, p.

o map G — PU(V,, C), p.[66
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Index of Notations

G full isometry group of D, p. 22

G stabilizer subgroup of G of oo, p.[23

Gres NoM™ AN, p. 66

r subgroup of G, p.[39, 85

| NS stabilizer subgroup of I' of oo; 'y = {g € T' | g0 = 0},
p. 139} 192]

GLc(E) the group of all C-linear invertible maps F — FE, p. /48]

Yo geodesic on H determined by v € SH, p.[85

~ geodesic on Y, p.[89

H the set of Hamiltonian numbers

H set of representatives for Pgo (E_(\IJQ)), p. 59, or upper half
plane, p.[85

H’ geodesic compactification of H, p.

0,H geodesic boundary of H, p.[71, 85

H. the set {ht(gz) | g € I'\T}, 2z € H, p. 95|

ht(z) the height of z, p.29

ntH height function on H, p.[67

I(g) isometric sphere of g, p.[32}[92

int I interior of the isometric sphere I, p.[32,[92

IS set of all isometric spheres, p. (93|

1 the interpretation map Ag red — DSgt, p. 203

1(B) an interval in R assigned to the cell B in SH, p. 170

Lea(B) a certain subset of I(B), p./188|

id identity map

Im( imaginary part of {, p./14

iH section of wg, p.[65
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k1(A), ka(A)

e

Ast

At red

Aved

Aved,o

{(Bsyr), L (Bs)
L

Ls

Index of Notations

7D oy, p.68

the map 3 — Endys(v), p. or themap C xV — V, p.
J(Z)X, p.

the set {Jz | Z € 3}, pl12

J(¢,v), p.13

adjoint of J¢, p.[18

cocycle, p.

an interval in R assigned to the cell B in SH, p.

the map PU(¥;,C) — G, p. 62

stabilizer group of the base point o in G, p. 22|

K = Njegext I, the common part of the exteriors of all iso-
metric spheres, p.[98

the elements in I'\I'y, assigned to the non-cuspidal precell A

by Prop.[6.2.24] p.[138
map D/~ {oo} - R x N, p.31

limit set of T, p.[71]

amap U(Vq,C) — U(¥s,C), p.61

set of geometric coding sequences, p. 185

a subset of A, p.[185

set of two-sided infinite geometric coding sequences, p.[185
set of two-sided infinite reduced coding sequences, p.[195
set of reduced coding sequences, p.[195

a subset of Aeq, p. 195

see p. 190

transfer operator, p.[205

transfer operator with parameter 3, p.[206, 207
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Index of Notations

M Zk(A), the centralizer of A in K, p.[22

M {(¢,9) € M | ¢ =id}, p.[66]

N the set of natural numbers, without 0

Ny NU {O}

N connected, simply connected Lie group with Lie algebra n,
p.

n(7,X) the element (1,7, X) of N, p.[22

n H-type algebra, p.[10

NC(B) the set of geodesics on Y which have a representative on H
both endpoints of which are contained in bd(B), p. 149

NC(B) the set | J{NC(B) | B € B}, p.

NC see NC(B), p.[152

NIC the set of geodesics on Y of which at least one endpoint is
contained in m(bd), p.[152

n(B,S) see p.[173

o base point of D, p.[17]

Q) ordinary set of ', p.

P group norm on R x N, p.

T projection map E~ {0} — Pc(E), p. or projection map
H—Y or SH— SY or H’ —>T\Hg, p. 186

TR Tgom, p. 53l

TH T o, p. 60

@ projection map £ — E/Z'(C), p.

7'('2) TH OTO (77(1))_1, p. 68

Po(E) C-projective space of F, p.

v specific non-degenerate, indefinite C-sesquilinear hermitian forms
on E, p.[50
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Index of Notations

PU(¥;,0) the quotient group U(V;,C)/Z(V;,C), p. 59,61

pr canonical projection SH — H or SY — Y on base points,
p. 89

Preg geodesic projection from oo to dyH, p.[107

p(B,S) see p. 173

PSL(2,R) the quotient group SL(2,R)/{xid}, p. 85

PSL(2,Z) the quotient group SL(2,7Z)/{£id}

Q the set of rational numbers

q Heisenberg group norm, p. 30

qj quadratic form associated to ¥;, p.

R the set of real numbers

R+ the set of positive real numbers

RaL the set of non-negative real numbers

R~ the set of negative real numbers

R two-point compactification R U {£o0} of R, p.[86/

R first return map of ® w.r.t. a cross section, p.

R(g) radius of isometric sphere, p.[32

Rel set of all relevant isometric spheres, p.

Re( real part of ¢, p./14

0 Cygan metric, p.[31

ot Cygan metric on H, p.

0 Riemannian metric on B, p.[51]

S the set RT X 3 x v, parameter space for exp(s), p. /16

5 the Euclidean direct sum Lie algebra a®n=a® 3 d v, p.[16

SH unit tangent bundle of H, p. 85

SY unit tangent bundle of Y, p. 86/
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SL(2,R)
SL(2,7)

Sides(B)
Sides(B)
Sides(B)
S

Seq

SQQred

o
by

Eall
all
Ered

Ered
E1red (g)
Est,red

Est,red (g)

T,B

i

B
TH
T276

B
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the group of 2 x 2 real matrices with determinant one

the subgroup of SL(2,R) of 2 x 2 integral matrices with deter-
minant one

set of sides of the cell B in H, p.[149

set of the sides of all cells in B, p. 149

set of the sides of pr(B), p. 181

set of choices associated to A, p.[160

map CS — A, p.[185

map CSed (Bst) — Ased, D-

geodesic inversion of D at o, p.[17, or left shift, p.[90
set of labels, p.[182

set of all finite and one- or two-sided infinite sequences in X,

p. 185

set of all finite and one- or two-sided infinite sequences in ¥,qq,

p. 195

set of labels of é\sred(@g,’ﬂ‘), p.[194

{s € Srea { Jou € CS;ed(g): v is labeled with s}, p.196]
Yrea~{€}, P

E1red (B) ~ {8}7 p- 201

a specific map F — F, p. 61
tangent space to B at w € B, identified with W, p.[19
shift map for IE%S, p.

generator ¢ty = (9 ) of I'ee with A > 0, p.[92

map CS — OgH x 0gH, 7(0) = (74(00), 7y (—00)) where v =
(7lcs) (D), p. 190

map Pc(E-(¥1)) — B, p.
map Pc(E_(¥s)) — H’, p. 60

a certain action of I' on Fet(Dg, C), p.[206

a certain action of I' on Fet(Dg, C), p.[207
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(C] bijection of R x 3 X v, p.
U®,C) group of the elements in GL¢(E) which preserve @, p.[48
V a Euclidean vector space, p.[12
0 a certain subspace of n, p.[10
vb(A) visual boundary of A, p.
ve(A) visual closure of A, p.
%4 the Euclidean direct sum C @ V', p. 17} [46]
X an element of v, p.[10
I'\H, p.[85
T bijection I'so\(I'\T') — IS, p. 93
Y/ the set of integers
Zs the Galois field with 2 elements, Zo = {0,1}
Z an element of 3, p.
3 a certain subspace of n, p.[10
(3,0,J) H-type algebra with fixed ordered decomposition, p. 11
Z(g) center of the Lie algebra g, p.
Z(C) center of C, p.
Z(Vv;,0) center of U(¥;,C), p.[57,161
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C-module structure, 12
J?-condition, 13
degenerate, 12
non-degenerate, 12

C-projective space, 47

C-sesquilinear hermitian form, 45
indefinite, 45
non-degenerate, 45

H-type algebra, 10
J?-condition, 12
degenerate, 10
non-degenerate, 10

H-type algebras
isomorphism, 11

J?%-condition
for an C-module structure, 13
for an H-type algebra, 12

J?C-module, 13

J2C-module structure, 13
associative, 44
non-associative, 44

d-negative vector, 47

®-positive vector, 47

®-zero vector, 47

A-cell in H, 143

(C1), 89

(C2), 89

(A1), 95

(A2), 124

action of PSL(2,R) on H, 85
adjacent infinite vertex, 123
alphabet, 180

arithmetic coding, 2

basal family of precells in H, 131
connected, 131

basal family of precells in SH, 156
connected, 156

base point of D, 17

boundary interval of K, 123
Bruhat decomposition, 22

canonical projection map, 86
canonical projection on base points,
89
Cauchy-Schwarz Theorem, 27
Cayley transform, 19
cell in H, 143
cell in SH, 160
closed fundamental domain, 130
closed fundamental region, 130
coding
arithmetic, 2
geometric, 2
coding sequence, 90
geometric, 183
reduced, 194
compact factor, 7
complete geodesic segment, 86
condition (C1), 89
condition (C2), 89
condition (A1), 95
condition (A2), 124
conjugate, 14
convex fundamental polyhedron, 110
exact, 110
convex polyhedron, 109
geometrically finite, 110
infinite vertex, 116
cross section, 89
w.r.t. pu, 89
set of representatives for, 90
strong, 89
weak, 89
cusp, 86
of I, 86
of Y, 86
cuspidal point of I'; 86
cuspidal precell, 124
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cycle in A x T, 141
determined by (A, h4), 141
equivalent, 156

generator of equivalence class, 156

Cygan metric, 31

de Rham decomposition, 7
degenerate
C-module structure, 12
H-type algebra, 10
discontinuity set, 71
discrete in time, 89

empty word, 180
endpoints, 86
equivalence

on E~ {0}, 47
equivalence relation

on W, 18
essentially disjoint union, 107
Euclidean Lie algebra, 9
Euclidean vector space, 9

exact convex fundamental polyhedron,

110
exterior of isometric sphere, 32, 92

family of basal precells in H, 131
connected, 131
family of basal precells in SH, 156
connected, 156
family of cells in H assigned to A,
143
family of cells in SH associated to
A and S, 160
family of cells in SH associated to
A, S and T, 166
first return map, 89
first return time, 89, 168
flat factor, 7
fundamental domain, 40
closed, 130
locally finite, 110
fundamental polyhedron
convex, 110
convex exact, 110
fundamental region, 40
closed, 130
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locally finite, 110

generating function for the future part,
90, 203
generator of equivalence class of cy-
clein A x T, 156
geodesic arc, 86
endpoints, 86
geodesic boundary, 85
geodesic compactification, 23, 85
of D, 23
geodesic flow, 85
on H, 85
onY, 86
geodesic on H, 85
determined by v € SH, 85
geodesic on Y, 86
intersects CS in ¢, 89
intersects CS infinitely often in
future, 89
intersects CS infinitely often in
past, 89
geodesic projection from oo, 107
geodesic segment, 86
complete, 86
endpoints, 86
non-trivial, 86
geometric coding, 2
geometric coding sequence, 183
geometrically finite convex polyhe-
dron, 110
geometrically finite group, 114
group norm, 29

H-coordinates, 29

height, 29

Heisenberg group norm, 30
horosphere, 29

horospherical coordinates, 29

imaginary part, 14
infinite vertex
adjacent, 123
infinite vertex of IC, 107
one-sided, 107
two-sided, 107
infinite vertex of convex polyhedron,
116
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inner intersection, 189
inner vertex of KC, 107
interior of isometric sphere, 32, 92
intersects, 89, 168
intersects infinitely often in future,
89, 168
intersects infinitely often in past, 89,
168
isometric sphere, 32, 92
contributes to F(r), 110
relevant, 103
relevant part, 103
set of all relevant -s, 107
summit, 123
radius, 32
isomorphism
Lewis-Zagier, 1
of C-module structures, 13
of H-type algebras, 11

label, 180
labeling, 180
left shift, 90
Lewis-Zagier isomorphism, 1
Lie algebra
H-type algebra, 10
Fuclidean, 9
limit set, 71
locally finite, 92
fundamental domain, 110
fundamental region, 110
locally symmetric good orbifold of
rank one, 3, 85

next point of intersection, 168
non-cuspidal precell, 124
non-degenerate

C-module structure, 12

H-type algebra, 10
non-trivial geodesic segment, 86
non-vertical side, 107
noncompact factor, 7
noncompact type, 7

one-sided infinite vertex of /C, 107
orbifold
locally symmetric good of rank
one, 3, 85

ordered decomposition, 10
ordinary set, 71
orthonormal C-basis, 46

parabolic element, 86
point along the boundary, 153
point into, 153
point out of, 153
polyhedron, 109

convex, 109

geometrically finite convex, 110
precell, 124

cuspidal, 124

in H, 124

in SH attached to v, 153

in SH corresponding to A, 153

non-cuspidal, 124

strip, 124
previous point of intersection, 168
projection map, 86
projection on base points, 89
properly discontinuous action, 71
properly discontinuous group, 71

quadratic form, 47

radius of isometric sphere, 32

rank, 7

real part, 14

reduced coding sequence, 194

relevant isometric sphere, 103

relevant part of an isometric sphere,

103

Riemannian manifold
homogeneous, 7

Riemannian metric on H, 85

Riemannian orbifold, 85

Riemannian symmetric space, 7
of noncompact type, 7
rank, 7

sequence of intersection times, 183,
194

set of all relevant isometric spheres,
107

set of choices associated to A, 160

set of representatives for cross sec-
tion, 90
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shift map for ﬁ%g, 166
side, 107
non-vertical, 107
vertical, 107
side-pairing, 116
strip precell, 124
strong cross section, 89
summit of an isometric sphere, 123
symbolic dynamics, 90
generating function for the fu-
ture part of, 90
symmetric space, 7

tesselation, 134
totally geodesic suborbifold, 89
touch, 86
transfer operator, 205

with parameter 3, 206, 207
two-sided infinite vertex of KC, 107
type (F), 40
type (O), 40

unit tangent bundle, 85, 86
upper half plane, 85

vector
P-negative, 47
d-positive, 47
®-zero, 47
vector space
Euclidean, 9
vertex
infinite adjacent, 123
vertex of IC, 107
infinite, 107
inner, 107
one-sided infinite, 107
two-sided infinite, 107
vertical side, 107
visual boundary, 154
visual closure, 154

weak cross section, 89
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