ON LINEARIZED VERSIONS OF MATRIX INEQUALITIES

CHRISTOPHER DE VRIES, NICO LOMBARDI, AND EUGENIA SAORIN GOMEZ

ABSTRACT. In this note, we prove linear versions of the Aleksandrov-Fenchel inequality and the
Brunn-Minkowski inequality for positive semidefinite matrices. With this aim, given a positive
semidefinite matrix A and a linear subspace L, we consider a family of matrices having the same
projection onto L, obtaining a linear version of the Aleksandrov-Fenchel inequality. In the case
of the Brunn-Minkowski inequality, the milder assumption of having equal determinant of the
projection of A onto L will be enough to obtain a linearized version of this inequality.

1. INTRODUCTION AND BACKGROUND

Positive semidefinite and definite matrices are considered, in many fields of science, as a gener-
alization of non-negative real numbers. In the vector space of real symmetric matrices M", the set
of symmetric positive semidefinite ones S% is a closed, convex cone. In this paper, we will focus
mainly on mixed discriminant for matrices in S%, but for completeness, we state the definition of
the mixed discriminant first for arbitrary n x n matrices.

Following [3], let n € N, with n > 1, and Ay, --- , A, be arbitrary n X n matrices. If Agi) denotes
the i-th column of the matrix A;, then
1 (1) (n)
(1.1) D(Ar, .., Ay) = — 37 det (Ag(l),...,A;gn)),
g€Sy
where S,, denotes the symmetric group of permutations of {1,...,n}. In the literature, further
different approaches to mixed discriminants can be found, see e.g. [1, 9, 14, 15]. In [3], we have also
the following relations to the determinant for arbitrary matrices Ay --- , A,, and A, ..., A\, € R:
1 o

1.2 D(Aq,...,A,) = —————det(M A1 + ... + X\ A4,),

(1.2) i An) = g o, detidr o+ Aadn)
and

1 n .
(1.3) D(Ay,..., Ay) = mZ(_l) RS T det(Ai 4.+ Ay
k=1 1<i1<...<ip<n

Since we are going to deal mainly with symmetric and positive semidefinite matrices, we estate
the following result of the determinant for this class of matrices.

Theorem A. [11] Let n € N, with n > 1. There exists a unique symmetric real-valued function
D: (S7)" — R,

satisfying
m

(14) det()\lAl + ... +>\mAm) = Z )\il AZnD(A“,,Azn),

U1 yeeeytpn=1

for everym >1, Ay,..., Ay € ST and Ay, ..., Ay > 0.
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Theorem A states that the determinant of a linear combination of m real n X n matrices
Ay, ..., Ay, with non-negative reals A1, ..., A, > 0, is a homogeneous polynomial of degree n, in
A1, ..y Am, whose coefficients are the mixed discriminants of Aq,..., A,,. Observe that m may
not coincide with n.

For connections of the mixed discriminant to other notions we refer to [4, 5], and the references
therein. The following results provide us with fundamental inequalities for positive semidefinite
matrices.

Theorem B. [13, Theorem 7.8.21] Let A, B € M™ be positive definite matrices. Then
(1.5) det((1 —X)A) + AB)Y™ > (1 — A) det(A)™ 4+ Adet(B)'/"
for any X € [0,1].

The latter (see also [6]) is usually referred to as the (Brunn-)Minkowski inequality for the de-
terminant, because of its analogy with the far-reaching and powerful Brunn-Minkowski inequality
for the volume; see e.g. [12].

The following inequality, also known as the (first) Minkowski inequality, can be proven directly

as a consequence of Theorem B, and establishes an inequality between the mixed discriminant
D( A,...,A ,B), and det(A) and det(B).
————

(n—1)—times
Theorem C. [16] Let A, B € M™ be positive definite matrices. Then
(1.6) D( A,...,A ,B)" >det(A)" ! det(B).
~———
(n—1)—times

There are deep existing analogies between mixed discriminants and mixed volumes within the
framework of Convex Geometry, for which we refer, e.g., to [14, 15, 19], and the references therein.
There are also remarkable differences between them too, as [2] displays.

The next inequality also receives in the literature the same name as a fundamental geometric
inequality within the realm of Convex Geometry due to their analogy, the Aleksandrov-Fenchel
inequality.

Theorem D. [19, Theorem 5.5.4] Let A, B,C, As, ..., A, € M™ be real n xn symmetric matrices,

where A, Ay, ..., A, are positive definite and C is positive semidefinite. Then
(1.7) D(C, As, ..., A,) > 0.

Equality holds if and only if C = 0. Further,

(1.8) D(A,B,As,...,A)> >D(A, A As,...,A,)D(B,B, As, ..., A,).

Equality holds if and only if B = A\A for A € R.

The main aim of this note is to investigate conditions under which the latter two inequalit-
ies, i.e., the Brunn-Minkowski, and the Aleksandrov-Fenchel inequalities for positive semidefinite
matrices, have linearized versions following the spirit of [19, Section 7.7]. By a linear version of
the inequalities (1.5) and (1.8) we mean inequalities of the form:

(1.9) det((1 —A)A+ AB) > (1 — A)det(A) + Adet(B), and

(1.10) 2D(A, B, As,..., A,) > D(A, A, As ..., A,) + D(B, B, As, ..., Ay),

for suitable matrices A, B, As, ..., A,.
It is immediate to verify that inequalities of the type (1.9) and (1.10) cannot hold for all positive
semidefinite matrices. For instance, the matrices

1 1 2 1
A:(l 1) and B=<1 2)

violate both inequalities, (1.9) for all A € (0,1), and (1.10).
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Within the theory of Convex Bodies there exist several results pursuing linearized versions of
geometric inequalities, in particular, for the Brunn-Minkowski inequality and the Aleksandrov-
Fenchel inequality. We refer to [19, Section 7] for a wealth of information on this.

In order to motivate the research on such linearized versions of the inequalities we observe that
from Theorem B, we directly obtain

det(A+ B) = (det(A + B)l/")n > (det(A)l/" + det(B)l/”>n > det(A) + det(B),

for any A, B € M™ positive definite matrices. However, when A € [0, 1] comes into play, we only
have

det((1 = XN)A+ AB) > (1 — X\)" det(A) + A" det(B),
which is clearly not as sharp as inequality (1.9).

The present note is organized as follows. In Section 2, we recall some known results, which
are used in the rest of the note. Then, in Section 3, we consider projections of matrices onto
linear subspaces, by restricting the corresponding quadratic form of a matrix onto a subspace. In
Section 4, we introduce a canal class for positive semidefinite matrices inspired by the analogue
notion in Convex Geometry, and we establish some linearized versions of the Aleksandrov-Fenchel
inequality for suitable matrices, under the assumption of positivity of a suitable mixed discriminant
of (n — 1) x (n — 1) matrices closely connected to the given ones. Finally, in Section 5, we prove
linearized versions of the Brunn-Minkowski inequality for positive semidefinite matrices having
the same determinant of their projection onto a hyperplane, and related results.

2. KNOWN RESULTS

In this section, we establish several inequalities for mixed discriminants, whose proofs do follow
essentially the exact steps of their analogs within the Theory of Convex Bodies. Some of the
proofs are provided for the sake of completeness. Further, at the end of the section, we recall some
inequalities relating to the determinant of positive semidefinite matrices and their submatrices.

The next lemma gathers some fundamental properties of mixed discriminants. Most of the
proofs follow from the definition given by (1.1). We denote by I,, the identity matrix.

Lemma 2.1. [3] Let Ay,..., A, B, R, S be nxn arbitrary matrices. Then the following assertions
hold:
i) D(I,,...,I,) = 1.
ii) D(A1, ey An) = D(Ag(l), ey Ag(n)), fO’l“ allo € S,,.
iii) D(Ay,...,A,) = D(AT,... AT).
iV) D(G,Al + bB, Ag, ey An) = CL])(141,1427 - 7An) + bD(B,AQ, Ce 7An)7 f07’ all a, beR.

v) D(SAIR,...,SA,R) = det(R) det(S)D(Ay, ..., A,).

As pointed out in Theorem D, it is sometimes fundamental to know whethera mixed discrim-
inant of positive semidefinite matrices Ay, ..., A, vanishes. The following result provides us with
equivalent conditions for the positivity of the mixed discriminants given by A,,..., A, € S7. Let
P(A4;) denote the linear subspace of R™ spanned by the eigenvectors of A; associated with strictly
positive eigenvalues of A;, i =1,... n.

Proposition 2.2. [3, 11] Let Ay,..., A, € S} be positive semidefinite matrices. Then, the fol-
lowing assertions are equivalent:
i) D(Ay,...,A,) >0,
i) There are linearly independent vectors v; € P(A;), i=1,...,n.
iii) dim(P(A;,) + ...+ P(A4;,)) > k for each choice of indices 1 < iy < ... < i <n and for
allk e {1,...,n}.

We observe that (1.7) is consistent with the latter for C' # 0 (cf. Corollary 2.3).
The following corollary of Proposition 2.2 provides us with some useful tools for the computation
of the mixed discriminant.

Corollary 2.3. Letn €N, and let A, Ay,..., A, € S}.
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i) If Ay, ..., A, are positive definite, then D(A4,..., A,) > 0.
ii) If the positive semidefinite matriz A has rank one, then

D(A, A, As, ..., A,) = 0.

Proof. The positivity of the mixed discriminant in i) follows immediately from Proposition 2.2.
Indeed, as P(A4;) =R", for i = 1,...,n, condition iii) in Proposition 2.2 is directly fullfilled.

In order to prove ii) we use Proposition 2.2 iii). It is enough to observe, that condition
dim(P(A;,) + ... + P(4;,)) > k for each choice of indices 1 < 43 < ... < 4, < n and for
1 <k <mn, is violated for k =2 and A; = Ay = A, as dim(P(A4) + P(4)) = dim(P(4)) =1 < 2.

O

Next, we establish two results, also parallel to existing results within the framework of convex
bodies, which provide us with a general version of Theorem B, for mixed discriminants, and a
characterization of the linearity of the latter. For completeness, and since the authors have not
been able to find the results stated explicitly within the context of positive semidefinite matrices,
we will provide the proofs of both of them, expressly noticing that they are a one-to-one translation
into matrices, determinants, and mixed discriminants of the referred to results in [19]. For the
sake of brevity, we introduce the notation D(A[k], Ax11,...,4n) :=D(A,..., A Ag41...,Ay) for

————

k—times
the mixed discriminant of the matrices A, Ax11,..., An, where the matrix A appears k times.

Theorem 2.4. Let n,m € N be such thatn > 1 and 1 <m < n. Let Ay, A1, Apy1,..., Ay € ST,
and Ay = (1 = X\)Ag + XA, € ST. Then the function

FON) :=D(A\[m], A1, ..., Ap)/™
is concave on [0, 1].

Notice that the case m = n coincides with Theorem B.

Proof. (Follows the same lines of the Proof of Theorem 7.4.5 in [19]). First, we prove that the
second derivative of f at 0 is non-positive. Then, we will argue that this implies the concavity of
f on [0,1]. For the sake of brevity we write A = (Apm41,...,4n).

Let us denote by D(;) = D(Ao[m — 1], A1[i], A), and define g(X) := f(A)™. Then, using multi-
linearity of the mixed discriminant, we have

g =)™ =) (L= NIV (T) D).

=0

Using standard computations, the second derivative of f at zero satisfies
L_9
f//(o) = (m — 1)D(76’) [—D(QI) + D(2)D(O):| .

Indeed,

POV =g (), and

PO = (= Dg)F (g () + g ().
Direct calculation on g(A) = 70, (1 — A)"IN (T) D;y provides us with
9(0) = Do), ¢'(0) =m(Dqy — D)), and ¢"(0) =m(m —1)(D() —2D(1) + D2)).
Then,
1.1 —1

1 _9 1
f"(0) = —(= =)D, " (=mDg) + mD())* + (m = 1)D{j

m-m (0) (Do) —2D(1) + D(z))

L_2
™

=(m—1)Dg, [_D(Qn + D)D) | -
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We observe that ,D(21) + D)D) < 0 by the Aleksandrov-Fenchel inequality (1.8), which
yields f”(0) < 0.

Next we complete the proof showing that the latter is enough to show f”(\
A € [0,1]. Let A € (0,1) be fixed, we define A, = (1 — 7)Ayx + 7A; and h: [0,
h(t) = D(A,[m], A)/™, for T € [0,1].

Defining p:=7(1 = X),for 0 <7 <1, wehave 0 < <1—-X <1 and

) < 0 for all
0,1] — R, as

(2.1) h(T)zh(le>=D(A o [m], A/

Observing that

(A=A + V) + A

(X + 1)) Ao + (N + p) Ay,

=(1-
= (-

we get h(7) = h(7t57) = f(N + p). We remark also that f(\ + ) is well-defined since 0 < p <
e

1— X < 1. Moreover h(0) = f(\’). Computing the first and second derivatives of f with respect
to A at 0, we get

I
1-N

d 1 d d? 1 d?
=y IO = Ty grlreo M), and - g hox SO = 55 gl RO

We have %hzo h(7) < 0 from the same argument of f”(0) = dd—;\)\zo f(X) <0, where instead
of Ag we consider Ay,. Thus, we have %b\:)\/ fy) <o.
It only remains dd—;\,\zl f(A) (left derivative), for which we consider g(\) = f(1 — X). This yields
Arlhmt FO) = Exlmo 9N < 0. .

As briefly mentioned before, the next theorem contains a characterization of the linearity case
in Theorem 2.4.

Theorem 2.5. Let n,m € N be such that n > 1 and 1 < m < n, Ay, A1, Amy1,...,An € ST,
Ax=(1-XNAo+ XA, € S}, and let A= (Ami1,...,An). Let further

FN) :=D(Ax[m], A1, ..., Ay)/™ = D(Ax[m], A)V/™
for 0 < A < 1. Under the assumption D(Ag[m], A) > 0, and D(A1[m], A) > 0, the following
conditions are equivalent:

i) The function f is linear.
ii) D(Ag[m — i], A1]i], A)? = D(Ag[m — i + 1], A1 [i — 1], A)D(Ag[m — i — 1], A1[i + 1], A) for
i=1,...,m—1.
iii) D(Ao[m — 1], A1[1], A)™ = D(Ag[m], A)™"1D(A1[m], A).

Proof. (The proof follows the same lines of the proof of [19, Theorem 7.4.6]).
As in the proof of Theorem 2.4, we will denote by D(;) = D(Ag[m —1], A1]i], A). Firstly, assume
that f is linear. Therefore,

D(Ay[m], A)Y™ = (1 — N)D(Ag[m], A)Y™ + AD(A;[m], A)/™.

By taking the m-th power and using multilinearity of the mixed discriminant, we obtain

m

> ()= wmn D =D, 4

=0
i( ) 1_ m Z)\ZDgn; z)/m 27/71")7'

=0

(1= D (Aofm], 4)/™ + AD(As [m], 4)/™)
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Hence, we get DE’Z) = ng)_iDém) for every ¢ =0,...,m.
Assume the latter equality holds for every ¢ = 0, ..., m. Considering the equality for i — 14,4+ 1
and squaring we obtain:
D2m _ DQ(m_i)D%
(@) — (0 (m)»

m _ m—i+1myi—1
D(ifl) = D(O) D(m), and

m _ m—i—1 yi+1
Dy = Doy Dy
Thus, taking the product of the mixed discriminants corresponding to ¢ — 1 and i 4+ 1 yields
m m _ 2(m—1) 12i _ 2
D) D1y = Dy Dy, = Dgy.

Next, we show ii) implies iii). We have that

= foralli e {1,...,m —1}.

Therefore, we get immediately the desired equality
-1
(Du))m _De Dy  Dwm _ Dwm
Do) Dy D@y Dem-1y Do
It remains to prove that i) follows from iii). As we showed in Theorem 2.4, f is concave. Hence,

we get f'(0) > f(1) — f(0) with equality if and only if f is linear. On the other hand, from
Minkowski’s first inequality, Theorem C, we receive that

m < p(m—1)
=Dy Dimy,

with equality if and only if f is linear.
O

Next, we state two well-known inequalities, the Bergstrom and the Ky Fan inequalities for the
determinant. They are, a priori, not parallel to inequalities within the realm of Convex Geometry
and will be key to prove linearized versions of the Brunn-Minkowski and the Aleksandrov-Fenchel
inequalities for positive semidefinite matrices.

Theorem 2.6. [6, 7, 8] Let A and B be two n x n positive definite matrices, we denote by A; and
B; the two (n —1) x (n— 1) matrices given by A and B deleting the i-th row and the i-th column.
Then we have

det(A + B) < det(A) n det(B)

det(AZ + Bz) - det(Al) det(Bl) ’

(2.2)

for everyi € {1,...,n}.

Theorem 2.7. [6, 10] Let A and B be two n x n positive definite matrices, we denote by Ay
and By the principal k x k matrices of A and B obtained by taking the first k rows and the k
columns. Then we have

(o) ) T det(A)TE | det(B)TT
det(Ae) + B)) T det(Agy)TF  det(Bgy) T
for every k€ {1,...,n—1}.

(2.3)

3. PROJECTION OF A MATRIX ONTO A LINEAR SUBSPACE

As briefly mentioned before, linearized versions of the Brunn-Minkowski and Aleksandrov-
Fenchel inequalities within the context of Convex Geometry can be found in the literature (see
e.g. [19, Section 7.7]). For those results, assumptions on equal projections of the involved convex
sets have shown to yield fruitful conclusions. Inspired by that fact, we consider next projections of
positive semidefinite matrices, which will be used in the next section with the purpose of linearizing
the matrix versions of the Brunn-Minkowski and Aleksandrov-Fenchel inequalities.

We consider R" endowed with the Euclidean structure. We write 4" v for the scalar product of
u,v € R™ and || - || for the Euclidean norm. We denote by e; the i-th vector of the standard basis
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in R™. Further, we denote by S?~! the Euclidean unit sphere in R®, and for a vector u € R", we
denote by u* the (n — 1)-dimensional subspace of R™ orthogonal to u, which will refer to just as
a hyperplane.

The following notion of projection of a matrix onto a subspace has been considered in [4, 5],
and it is inherited from the definition of restriction of a quadratic form to a linear subspace.

Let L be a linear subspace of R", @ € M™ a real square symmetric matrix, and let gg be the
quadratic form on R™ associated to @Q, i.e., go(z) = (x, Qz). The projection of the matrix ¢ onto
L will be defined as the matrix associated to the restriction of ¢ to the subspace L C R", and
denoted by Q|L € MY L. The matrix Q|L is well defined, and if Q is positive semidefinite, then
so is Q|L.

For the matrix terminology, as usual, we need to consider orthonormal bases of L and L+, By,
and Bp., and the basis of R™ given by union of those, By ;1. = BrUB; .. Whenever we will
be dealing with projection of matrices, every matrix @ € M"™ will be considered as the matrix
of the associated linear map, with respect to the bases By, By1, and By, p1, fixed in advance.
With some abuse of notation, once we have fixed bases of L, L+ and R™ as just mentioned, given
a matrix T, we will denote by 7" also the linear map 7 : U — V where U,V € {L, L*- R"} are
appropriately chosen. The other way around, given a map 7 : U — V for U,V € {L, L+ R"}
we also denote by T' the matrix of T', with respect to the bases By, By or R™, accordingly. With
that, the projection of a matrix onto the subspace L -implicitly w.r.t. the orthonormal bases By,
of L, By1 of L+, and By, 1+ of R™ amounts to the following.

Proposition and Definition 3.1. [4, 5] Let Q@ € M™ be a positive semidefinite matriz, and let
L C R"™ be a linear subspace of R™ of dimension 1 < k < n. The following definitions of the
projection of a matrix are equivalent.

i) Let ¢ : R® — R be the quadratic form x — 7 Qx. Then, the projection of the matriz Q
onto the subspace L is the positive semidefinite k X k matriz of the restriction of q to the
subspace L.

ii) Let By, and Bp. be bases of L and L+ respectively, and let Brp+ = BLUBp. be an
orthonormal basis of R™. Then, the projection of the matriz Q onto L is defined as the
self-adjoint operator

QIL = P*QP,
where P: L — R™ denotes the inclusion of L into R™, and P*: R™ — L the orthogonal
projection of R™ onto L.

Remark 3.2. We observe that for the equivalence of the two definitions of the projection of a
matriz onto a subspace we have used the conventions made before, namely for a subspace L C R™,
with a fixed orthonormal basis By, we consider the inclusion and projection maps P : L — R",
and P* : R™ — L, and the representation matrices P, and P*, respectively, with respect to the
orthonormal basis of L, By, and the standarbasis of R™.

Remark 3.3. Let C' = (cij)1<ij<n € M™ be a positive semidefinite matriz, which is also the
matriz of the linear map C : R™ — R™ with respect to the standardbasis in R™. Let L be a linear
subspace of R™, and let Br,Bpy,By 1+ = BrUBp. be orthonormal bases of L,L*, and R™,
respectively. Then, if the matriz A gives the linear map C in the basis By, 1, then the projection
of C onto L is

1 ... 0
0 ... 0
1 0 0 0 0
o1 ... 00 ... 0 S
pcp=1|. . S Ao o],
A 0
0 0 1 0 0
0 ... 0

that is, the dim L x dim L principal submatriz of A is given by the first dim L columns and rows.
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We observe that the projection of a matrix onto a subspace L, as a linear map does not depend
on the choice of the bases for L, L+ or R, while it does when we only consider the matrix.

The next lemma provides us with a connection between the projection of a matrix, and the
principal matrices of A and B, involved in Theorems 2.6 and 2.7, which are indeed appropriate
projections of A and B.

Lemma 3.4. Let A € St be a positive definite matriz and 1 < i < n. Let A; denote the
(n —1) x (n — 1) matriz obtained from A by removing the i-th row and the i-the column, and let
Ay denote the i X © matriz obtained from A by taking the first i columns and @ rows. Then,

i) A; = A|L for L = e,
ii) Ay = A|L for L =lin{es,... e}

Proof. Let A € S7. Both statements follow the same idea, namely, an appropriate permutation
of the canonical basis and Remark 3.3.

In order to prove i) it is enough to consider the basis B = (e1,...,€i—1,€i41,---,€n, €;), which
is just a reordering of the orthonormal canonical basis. Let C' be the matrix representation of A
with respect to the basis B. The projection matrix of C' onto efy taking Remark 3.3 into account,
is performed by deleting the last column and the last row from C', which is exactly removing the
i-th column and i-th row of A.

Analogously, for the proof of ii) we consider the standard basis B’ = (ey,...,e,) and project
A onto L.

O

We list now some properties of the projection of matrices, in connection with mixed discriminants.
Let H C R™ be a hyperplane. Let Q1,...,Q,_1 € S} be positive semidefinite matrices. By using
Proposition and Definition 3.1 i) the projection matrices Q1|H,...,Qn_1|H € 81717 onto H are
(n — 1) x (n — 1) positive semidefinite matrices. We will denote by D"~ the mized discriminant
on (8171)”_1, whose existence is provided by Theorem A. Thus, D"~Y(Q:|H,...,Q,_1|H) is
the mixed discriminant of the (n — 1) x (n — 1) positive semidefinite matrices Q1|H, ..., Qn-1|H.
Lemma 3.6 states a connection between mixed discriminants in (§%)" and in (S})"~!. Before
we can state the mentioned result, we need the following standard fact about quadratic forms,
described by positive semidefinite matrices of rank 1.

Remark 3.5. Let A € S} be a positive semidefinite matriz with rank(A) = 1. Then, there exists
u € S*! and X\ > 0, such that A = duu”. Thus, the quadratic form defined by A is given by
2T Az = 2T uuz = MNaTu)?.

Now, we can state the connection of mixed discriminant of appropriate n x n matrices, to the
mixed discriminant D"~! of the (n — 1) x (n — 1) projection matrices onto the kernel of the one
having rank one.

Lemma 3.6. [5, Lemma 2.4] Letu € S"™1, Qq,...,Q, € St positive semidefinite matrices, so that
Qn = MuuT for X > 0. Let H=u' be the hyperplane orthogonal to u, and let Q1|H, ..., Qn_1|H
denote the projection matrices of Q1,...,Qn_1 onto H. Then,

(3.1) DQ1, 2 @u) = D" (QIH, .., Qo).

Remark 3.7. We observe that the choice of an orthonormal basis for the hyperplane H in Lemma
3.6 would not alter the validity of the result. Indeed, if By and Bs are orthonormal bases of H, and
Q|Hp,, and Q|Hp, denote the projection matrices of QQ onto H with respect to the basis By, and
Bs, there is an orthogonal matriz, such that Q|Hp, = OQ|Hp,0T. Thus, Lemma 2.1 v) yields

Dn_l(QllHBl7 LR Qn71|HBg) = Dn_l(OQ1|HBloTa R OanllHBQOT)

We end this section with the following remark on projection of a matrix onto two hyperplanes,
which will be useful in the coming sections.

Remark 3.8. [4, Proof of Lemma 2.3.1] Let A € M™ and let u € S"~'. Let O be an orthogonal
matriz mapping u to e;, and thus, mapping u’ to e;-. Then det (A\ul) = det ((OAOT”(EZJ‘) .
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4. LINEARIZED VERSION OF THE ALEKSANDROV-FENCHEL INEQUALITY

In this section, we aim to obtain a linearized version of the Aleksandrov-Fenchel inequality for
mixed discriminants. The following theorem and its proof, which provides us with the mentioned
goal, is a one-to-one adaptation of [19, Theorem 7.4.3] to the matrix context. We provide detailed
proof in this framework for completeness.

Theorem 4.1. Let Ay, A1, Aa, As ..., A, be positive semidefinite matrices, and A := (As, ..., A,).
If D(Ay, Ao, A), D(Az, Ap, A) > 0, then
D(AlaAhA) . 2D(A17A23-’4) + D(A27A23~’4)
D(A1, Ag, A)?  D(A1, Ag, A)D(Az, Ag, A)  D(Az, Ag, A)?
Proof. (The proof follows the same lines of the proof of [19, Theorem 7.4.3]) We consider first the
case in which all matrices involved are positive definite matrices. We observe that the assumption
D(A;, Ao, A) = D(Asz, Ag, A) > 0 is in this case redundant.
Following the notation of the proof of Theorem 7.4.3 in [19], we denote
Uij = D(Al, Aj, .A),

with 4,7 = 0,1,2. The following statement is a direct adaptation to mixed discriminant of [19,
Lemma 7.4.1].
Claim. The following inequality

(UooUr2 — U01U02)2 < (U{ﬁ - U00U11) (ng - U00U22)

(4.1) <0.

holds.
Indeed, by the Aleksandrov-Fenchel inequality for mixed discriminants, i.e., Theorem D, direct
computations for fixed A\, Ay > 0 show

0 < D(AA; + XAy, Ag, A)2 — DAL AL 4+ Ao Az, M A1 + Ao Ao, A)D(Ag, Ay, A)
= M (U7y — Un1Ugo) — 2XM1 X2 (U12Uoo — UroUao) + A3 (Usy — UazUno).
— —_— N—
A B C

Denoting by A= U120 — U11U00, B = U12U00 — U10U207 and C = U220 — U22U00 we obtain the
validity of the inequality
Az? +2Bx+C >0,

for every x € R. Therefore, 4B? — 4AC <0, i.e.,
(UooUs2 — Uo1Upa)* < (U1 — UooUn1) (U, — UgoUs2)

U2 U LOOLH LOOLQ2
= Unls (1 U ) (1 L ) .
ooz (?1 32

By Theorem D, we have 1 — % >0and 1— % > 0, and since all matrices involved are

02 01
positive definite, we also have Uy, Up1, Uge > 0. If we take now the negative squared root on the
left-hand side, and the positive square root on the right-hand side, then applying the inequality
4ab < (a +b)?, i.e, considering —2ab < a + b with a = 1 — % >0, and b = % > 0, we get
02 01

Un Uiz | Ua
Uo1Uo2 (UOQI 02, Uoz) <0,
which yields (4.1).

Next, we perform a standard approximation argument, which allows us to remove the defin-
iteness assumption and consider positive semidefinite matrices. We include the main steps for
completeness. In the previous argument for positive definite matrices, we needed D(A4g, Ao, A) =
Ugo > 0, D(Ap, A1, A) = Up; > 0, D(Ag, A2, A) = Upz > 0. From the assumptions follow directly
that Upy,Uge > 0. Now we prove that if Uyg = 0, we can also argue as above after performing a
suitable approximation.

We observe first, that it is sufficient to consider Ay diagonal because of Lemma 2.1. On the
one hand, there exists ko and A;,,..., A;, ~such that dim(P(4;,) + ...+ P(4;,)) < ko. On the

iko
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other hand, if S an orthogonal matrix, such that ST AgS = A} is diagonal, then Upy = 0 and vice
versa. Thus, Upg = 0 is equivalent to D(Af, A, A) = 0.

Therefore, we can assume that Ay = diag(ay1,...,axk,0,...,0), for some k € {1,...,n}, and
ai; > 0,7 € {1,...,k}. Defining Ay ; = diag(ai1, ..., akk, 1/4,...,1/7), with 0 < j € N, we obtain
that Ag ; is positive definite for every j and it converges to Ay in the Euclidean metric. Hence,
D(Ay,j, Ao j,A) > 0 and by the assumption, we also have D(A1, Ag j, A) > 0, D(Ay, Ag ;,.A) > 0,
for every 0 < j € N. Applying the previous argument to D(Ay ;, Ao ;, A),D(A1, g ;, A) and
D(Asz, Ay ;, A), we have for every 0 < j € N

D(A;, A, A) 2D (A1, Az, A) D(Ay, Ay, A)

— <0.
D(Ay, Ao, A2 D(Ay, Ay, A)D(Az, Ao j, A)  D(Az, Agj, A)? —
Using (1.3) and the continuity of the determinant we get
. lim D(A07j7 Ao)j, A) = D(1407 A(), A), . lim D(Al, A(),j, A) = D(Al, Al, .A),
j—+o0 J—+oo
. hm D(Ag, A07j, .A) = D(Ag, A27 .A),
Jj—+oo
which finishes the proof. O

From this result, we obtain immediately the first linearization version of the Aleksandrov-
Fenchel inequality. We need the assumption of D(A4;, Ag, A) = D(As, Ay, A) > 0, which is only
relevant in the case that the matrices are not positive definite.

Corollary 4.2. Let Ag, A1, Az, A3..., Ay, € ST be positive semidefinite matrices. We will write
A= (4s,...,A,). If D(Ay, Ap, A) = D(As, Ag, A) > 0 holds, then

(4.2) 2D(A1, Az, A) > D(A1, Ay, A) + D(Ag, Az, A).

The previous results enable us to establish the linearized Aleksandrov-Fenchel inequality for
matrices sharing the same projection.

Theorem 4.3. Let C3...,C,,C € S} be positive semidefinite matrices, and let L = ut be the
(n — 1)-dimensional subspace orthogonal to u. If D"~ (C|L,Cs|L,...,Cy|L) > 0, then,

(4.3) 2D(A,C,Cs,...,C,) > D(A,A,Cs,...,C,) +D(C,C,Cs, ..., Ch),

for every A € St with A|L = C|L, the Aleksandrov-Fenchel inequality (1.8) can be linearized.

Proof. We consider the rank one positive semidefinite matrix M = uu”. Since rank(M) = 1, then
by Lemma 3.6 we have

1
D(C, M,Cs,...,Cp) = HD”*I(O|L,C3\L, oy Cy|L) > 0.

Moreover, for every A € ST with A|L = C|L we have also

1
D(A,M,Cs,...,C,) =D(C, M,Cs,...,Cp,) = ﬁD"’l(C|L,03|L, ...,Cp|L) > 0.

By Corollary 4.2, with Ay = M, we obtain the result. O

Next, as seems to be natural after the last result, we introduce the following family of matrices,
depending on a linear subspace and a given matrix. Not only this family allows us to have a
linearized Aleksandrov-Fenchel inequality, but (a generalization of) it will allow us to linearize the
Brunn-Minkowski inequality in the next section. We will call this family, canal class, following
the terminology used for the analog notion within the context of convex bodies. For the latter,
we refer the reader to [19, Section 7.7], and the references therein.

Definition 4.4. Let C € ST be a positive semidefinite matriz, and let L be a linear subspace
in R™. Then, the canal class of C, relative to the subspace L, is the following family of positive
semidefinite matrices:

ME={AeS} :C|L=A|L}.

The following corollary is now an immediate consequence.
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Corollary 4.5. Let C3...,C,,C,M € S} be positive semidefinite matrices, u € S*1, and let
L =ut. We assume further that D"~ 1(C|L,C3|L,...,Cy|L) > 0. Then,

2D(A, B,Cs,...,C,) > D(A,A,Cs,...,C,) +D(B,B,Cs,...,Ch),
for every A, B € ME.

We finish the section by stating one more inequality for mixed discriminants, which can be
derived from the latter results, and which will be needed in the next. We follow [19, p. 399-400].
We recall, that a finite sequence of real numbers (ag, a1, ..., a;,) is called concave if

i1 —2a; +a;41 <0 fori=1,...,m—1,
which is equivalent to
ap —ap < ap — a2 < -0 S A1 — G-
By taking arithmetic means the following inequalities are also satisfied by a concave sequence
Q; — Ay < a; — ag
j=i k=)

and (k—j)a;+ (¢ —k)a; + (§ —i)ar <O0.

In the latter, equality holds if and only if
r_1—20r4+a,41 =0 forr=i4+1,...k—1.

Lemma 4.6. Let 1 <m < mn, let Ag, A1, Az, Appt1 ..., Ay be positive semidefinite matrices, and
write A == (Am+1,--.,An). If D(Ag[m — ], A1[i],. A) > 0 for 0 <1i < m, then the finite sequence
(Do), - - - D)), where Dy = D(Ag[m—i], A1[i], A), 1 <i < m, is a concave sequence. Moreover,
(k=)D + (i = k)Djy + (7 =)Dy <0

for every 0 < i < j < k <m, with equality holds if and only if

D1y —=2Dg) + D41y =0
holds for every k=1,...,m — 1.
Proof. The discussion preceding the lemma states the inequality and the equality case as long

as we prove that the sequence (D(gy, ..., D)) is concave. The concavity follows from Corollary
4.2. (]

5. LINEARIZED BRUNN-MINKOWSKI INEQUALITY

In this section, we focus on linearizations of the Brunn-Minkowski inequality and related in-
equalities. We begin with a linearized version of the general Brunn-Minkowski inequality, which
relies on the linearized Aleksandrov-Fenchel inequality for matrices sharing a common projection
on a hyperplane.

Theorem 5.1. Letu € S*~ 1 and L = ut be the (n—1)-dimensional subspace orthogonal to u. Let
C € 8 be a positive semidefinite matriz, firm € {2,...,n}, and Cpyq,...,Cp € ST be such that
D" C|Lm—1],Crps1|L, ..., Cp|L) > 0. Let Ag, A1 € ML, and denote by Ay = (1—X) Ao+ A;
the convex combination of Ag and Ay, with A € [0,1]. Then, the function

f(A) =D(Ax[m], Crog1,y ..., Cr)
is concave on [0,1].
Proof. (The proof of this result follows the same lines of the proof of [19, Theorem 7.7.2]).

We denote by C := (Ci1, - - -, Cp), then f(X) = D(Ax[m],C). We observe first, that Ay € ME.
Using now the linearity of the mixed discriminant in each entry in Proposition 2.1, we obtain (see
the function g in the proof of Theorem 2.4):

f”(O) = m(m — 1) [D(Ao[mLC) — 2])(1417 Ao[m — 1],6) + D(Al, A17 Ao[m — 2],C)] .
Applying now Theorem 4.3, we obtain that f”(0) < 0, which establishes the concavity of the
function f in [0, 1]. O

In the case m = n we obtain the following immediate corollary.
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Corollary 5.2. Let u € S*™1, and let u™ be the (n — 1)-dimensional subspace orthogonal to u.
Let A, B € 8" be such that Alut = Blut. Then,

det((1 — \)A + AB) > (1 — A) det(A) + Adet(B),

for every X € [0,1]. Moreover, we have equality if and only if there exists a matriz R € S% of rank
at most 1, such that B= A+ R.

The equality case follows from the following result and remark.
Theorem 5.3. [17, Theorem 5.1] Let A, B € S} be two positive semidefinite matrices. Then
det((1 —A)A+ AB) = (1 — A)det(A) + Adet(B)
if and only if there exists a matriz R € ST of rank at most 1, such that B = A+ R.

Remark 5.4. We observe that if there exists a matriz R € S} of rank at most 1, such that
B = A+ R, then there exists u € S~ with R = Muu”, for a suitable X € R. This implies that
R|ut is the (n — 1) x (n — 1) zero matriz. Hence, Alut = Blu*.

Next, we deal with the equality case in Theorem 5.1, i.e., the equality case in the linearized
Brunn-Minkowski inequality, under the assumption of equal matrix projections onto a hyperplane.

Theorem 5.5. Under the same notations and hypotheses of Theorem 5.1, let f(X) := D(Ax[m],C)
for1 <m <n, and Cpp1,...,Cp € SY. The following assertions are equivalent:

i) The function f is linear;
ii) We have the following chain of equalities:

D(Aq[m],C) — D(Ag[m — 1], A1,C)
— D(Aofm — 1], A1,C) — D(Aofm — 2], A1[2),C) = ... = D(A, A1 [m — 1],C) — D(A[m], C);

i) (m — 1)D(Ag[m],C) — mD(Ag[m — 1], A1,C) + D(A,[m],C) = 0.

Proof. (The proof of this result follow the same lines of the proof of [19, Theorem 7.7.2]).

Let f(A) := D(Ax[m],C), and for 1 < i < m < n, let Dy = D(Ao[m — 4], A1[i],C). From
Theorem 5.1 we have that the function f is concave, which yields f'(0) > f(1) — f(0), with
equality if and only if the function is linear. Writing the latter explicitly, having into account that
J'(0) = —mDg) +mDy, we get

D(m) — mD(l) + D(O)(m -1)<0

with equality if and only if f is linear, which is exactly the equivalence between i) and iii).
The equivalence of ii) and iii) follows from the equality in Lemma 4.6. O

5.1. Equal determinant of projections. In this subsection, we aim to improve the linearized
version of the Brunn-Minkowski inequality for matrices under the assumption of equal projections,
by considering a milder assumption, namely, that the matrices have equal determinant of the
projections onto a hyperplane.

We prove first the result, when the projections are assumed to be onto hyperplanes orthogonal
to the standard basis {e1,...,e,} in R™.

Proposition 5.6. Let 1 < i < n, and let A,B € S} be two positive definite matrices. If
det (Alej) = det (Ble), then

det((1 = AN)A+ AB) > (1 — X)det(A) + Adet(B),

for every A € [0, 1].
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Proof. Let A € [0,1]. We use Lemma 3.4 and apply Bergstrom’s inequality to (1 — A\)A and A\B.
Taking into account that det(A;) = det (Ale;) = det (Ble;-) = det(B;), we obtain

det((1=NA+AB) _ det((1=N4) | det(AB)

det((1 - N4, £ ABy) — det((1—NA,)  det(ABy)
B det(A) det(B)

= =Ny T das,)

(1= A)det(A) + Adet(B)

det(A4;) '

Therefore, we obtain the inequality

det((1 — N A; + ABy)

The Brunn-Minkowski inequality (Theorem B) applied to det((1 — \)A; + AB;) yields

(5.1) det((1 — A\)A + AB) > (1 — A) det(A) + \det(B).

det((1 — \)A; + AB;) > ((1 — \)det(A;) 7T + )\det(Bi)ﬁ)Wl

- ((1 — A)det(A) 7

1 n—1
+ Adet(Ai)m)

= det(A4;).
Thus,
dot((1 de;§i1)+ By =
The latter, together with (5.1) yields the result. O

Let A,B € S}. Next, we prove that we can assume equal determinant of the projections
of A and B onto a generic hyperplane u’, u € S* !, to obtain the linearized version of the
Brunn-Minkowski inequality for the determinant in Proposition 5.6, using Remark 3.8.

Theorem 5.7. Let A, B € S be positive semidefinite matrices, and let u € Sn—1. Assume that
det (Ajut) = det (Blut). Then

det((1 = A)A+ AB) > (1 — \) det(A) + Adet(B),

for every X € [0,1]. Moreover, we have equality if and only if there exists a matriz R € ST of rank
at most 1, such that B= A+ R.

Proof. Let O be an orthogonal matrix such that e, = Ou. By Remark 3.8, we have
det(OAOT |el) = det(Alut) = det(Blut) = det(OBOT|el).
Applying Proposition 5.6 to OAOT and OBOT, we have,
det((1 — N\)OAOT +X0OBOT) > (1 — \) det(OAOT) + Adet(OBOT).

Using that the matrix O is orthogonal we get the desired inequality. The equality follows from
Theorem 5.3. O

It is natural to ask whether the assumption that the projections of two matrices onto a k-
dimensional linear subspace L, with k € {1,...,n}, are equal allows establishing a linearized
version of the Brunn-Minkowski inequality. The following lemma shows that such an assumption
is not enough for that purpose.

Lemma 5.8. There exist matrices A,B € 8%, and an (n — 2)-linear subspace L C R™ with
det(A|L) = det(B|L), so that

det (1 — \)A+AB) < (1 — ) det(A) + Adet(B),
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Proof. Let ay,...,an,b1,...,b, > 0, and let A = diag{as,...,a,} and B = diag{by,...,b,} be
diagonal positive semidefinite matrices satisfying that [['"*a; = []/-"b;. Then, from Lemma
34, AL = A¢,—9) and B|L = B(,_y), thus det(A|L) = det(B|L) = H::Z a; for L being the
(n — 2)-dimensional linear subspace generated by the first n — 2 vectors of the canonical basis
{61, ey en_Q} of R".

We consider now the matrices A" = diag{ai,...,an—1} and B’ = diag{b,...,b,—1}, which
are clearly positive semidefinite. From the assumption follows that the determinants of their
projections onto the first n — 2 vectors of the standard basis of R”~! coincide. Using Theorem

5.7, we have

det((1— \)A’ + AB') = nf[ (1= N)ai +Ab;) = (1 — Nan_1 + Abp_1) n]:[ (1= Nas + \by)

n—1 n—1
> (1= A)det(A") + Adet(B") = (1 = A) [J ai + A [] b
i=1 =1

n—2

= (1= Nan—1+Abp1) [] @i

i=1

Hence, H?:_f(l — ANa; + \b; > H:-L:_lg a;, for every A\ € [0,1]. Now, if we assume that a; = b; for
1 <i<mn-—2, we have not only det(A|L) = det(B|L), but A|L = B|L, which leads for X € [0, 1]

to:
n n—2

det((1 =N A+AB) = [J((1 = Nai + Ab;) = (1 = Nan + Abn) [] @,

while
n—2

(1= A)det(A) + Adet(B) = (1 = Nanan_1 + Abnbn—1) ] as-
i=1
Thus, it is enough to consider

(1= Nan—1 + Mn_1)((1 = Nan + Abp) > (1 = Nanan_1 + Abpbn_1).

The latter is equivalent to (a,, — by)(an—1 — br—1) < 0, which does not depend on A € [0, 1]. Now
it is easy to provide non-negative reals a,_1, an, bp—_1, by, for which (a, — b,)(an—1 — br—1) <0
does not hold, as, e.g., a, > b, >0, and a,,—1 > b,—1 > 0. O

The previous result, along with Theorems 5.6 and 5.7 allows us to argue that the assumption
det(A|L) = det(B|L), and even A|L = B|L, for an (n — 2)-dimensional is not enough to ensure a
linearized version of the Brunn-Minkowski inequality.

Nevertheless, we can prove the following result, which follows the same spirit, by means of
the Ky-Fan inequality. An almost linear version of the Brunn-Minkowski inequality under the
assumption of equal determinant of the projections of the matrices onto (n — 2)-dimensional
subspaces, is a particular case of it.

Theorem 5.9. Let A,B € M™ be two positive definite matrices. If det(A|L) = det(B|L) for
some (n — k)-dimensional linear subspace L C R™, then

(5.2) det((1 = A\)A+ AB) > (1 — A\)*det(A) + N\* det(B),
for every A € [0, 1].

Proof. The proof is essentially the same as the proof of Theorem 5.7, except for the fact, that we
apply Ky Fan’s inequality (2.3) instead of Bergstrom’s inequality (2.2).

Using Remark 3.8 we can assume that L is the span of the first n — k vectors of the canonical
basis. Then, using Lemma 3.4 the projection onto L of the matrix A, is the matrix A(,_;) in Ky
Fan’s Theorem, constructed by taking the first & rows and columns of A, i.e., A,y = A|L. Now
we can apply Ky Fan’s inequality to (1 — A\)A and AB to obtain
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( det((1 — \)A + AB) )i o (1=NEdet(a)t AR det(B)E
det((1 = NAp-r) + ABn-i) /)~ (1= N)"F det(Ap,_py)+ AT det(Be_g)*
— (- det(A)* ) det(B)* _

det(Ap_p)*  det(B_p))*
(1—X)det(A)F + Adet(B)*
N det(Aq_p))*
where the last equality comes from the assoumption det(A|L) = det(B|L).

From the Brunn-Minkowski inequality for (n — k) x (n — k) matrices applied to the matrix
(1- /\)A(n—k) + /\B(n—k) we get

b

det((1 — A\)A + AB)*

( det((1 — \)A + \B) >
) C 2 = \det((T = N A, g + ABr, '
((1 — \) det(A_g)) T +>\det(B(n,k))m) G (L= Agp—p) (n—k))
By the assoumption det(A(,_x)) = det(B(,—)), we have

n—k
k

(1= ) det(Apn 1) 7 + Adet(Bgy)™F ) © = det(Agi)?,

thus det((1 — \)A 4+ AB) > (1 — A\)¥ det(A) + A\ det(B). O

Remark 5.10. Although we cannot provide a characterization of the equality in the previous result,
we provide next an example of two positive semidefinite matrices A, B satisfying B = A + R with
rank R < 2, for which there is no equality in the previous result, showing that the equality in the
latter result differs strongly from the equality in the previous refinements of the Brunn-Minkowski
inequality for the determinant of positive semidefinite matrices.

Let A = diag{as,...,an}, with a; > 0, for all i = 1,...,n, be a positive definite matriz. Let
R = diag{0,...,0,7p_1,7n}, with r; > 0, for i =n — 1,n, be a positive semidefinite with rank 2.
Let A € [0,1], and B = A+ R. Then we have

n—2
det((1 — M)A + AB) = det(A + AR) = (H ai> (@1 + A1) (an + Ary).
=1

(anfl + )\Tnfl)(an + )\rn) = (1 - A)Qanflan + )\2(017171 + Tnfl)(an + rn);
which yields
A(C"n—lrn + anTn—1+ 2anan—l) = )\2(2an—1an + ap—17Tn + Tn—lan)-

However, the latter is only true for A € {0,1}, as long as 2a,—1a, + an—17n + rn—1a, # 0.
In the case rank R < 1, it follows from Theorem 5.3, that

det((1 —A)A+AB) = (1—A)det A+ Adet B.
Thus, there cannot be equality in (5.2), in general.

As the first Minkowski inequality in Theorem C follows from the Brunn-Minkowski inequality,
we state now a linearized version of the first Minkowski inequality for the mixed discriminant,
following from the linearized version of the Brunn-Minkowski inequality.

Theorem 5.11. Let A, B € M™ be two positive semidefinite matrices. If det (A|uJ-) = det (B|uj-)
for some u € S, then we have

(5.3) nD(A4,...,A,B) > (n—1)det(A) + det(B).
Moreover equality holds if and only if there exists L € M™ such that rank(L) <1 and B= A+ L.

The proof follows the lines of (some of) the classical proofs of the first Minkowski inequality
within Convex Geometry, as in [19].
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Proof. Tt follows from (1.4) that

1-— — 1-—
WD(Aln— 1, B) = lim det((1 = A)A+ AB) — det(( )\)A).
A—0F A

Hence, by means of Theorem 5.7, we have

det((1— A)A + AB) — det((1 — \)A)

nD(A[n — 1], B) = lim

A—0t A
> lim (I =X)det(A) + Adet(B) — det((1 — A)A)
A—0t A
— lim (I =X)det(A) + Adet(B) — (1 — A\)™det(A)
Aot A
.o 1l=x=(1=-X"
Jim, 3 det(A) + det(B)
= (n—1)det(A) + det(B).
The equality follows from Theorem 5.3. O
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