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Preliminary Remarks

The material for this script has partly been compiled during my stand-in professorship at Claus-

thal University of Technology in the summer term 2011. Further important sources were the script

about inferential likelihood theory by Prof. Guido Giani (German Diabetes Center Düsseldorf)

and the script about probability theory and statistics by Dr. Wolfgang Meyer, Forschungszentrum

Jülich. I am indebted to all my academic teachers for their material and guidance.

Mareile Große Ruse and Konstantin Schildknecht have helped with manuscript preparation.

Exercises and R programs for this course are available from me upon request. At some occasions,

I will refer to these in the text.
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List of Abbreviations and Symbols

ν << µ The measure ν is absolutely continuous with respect to the measure µ.

B(p, q) Beta function, B(p, q) = Γ(p)Γ(q)/Γ(p+ q)

B(Ω) Some σ-field over Ω, often: the system of Borel sets of Ω

⌈x⌉ Smallest integer larger than or equal to x

χ2
ν Chi-square distribution with ν degrees of freedom

∁M Complement of the set M

δa Dirac measure in the point a

D
= Equality in distribution

FX Cumulative distribution function of the real-valued random variable X

⌊x⌋ Largest integer smaller than or equal to x

Γ(·) Gamma function, Γ(x) =
∫∞
0 tx−1e−tdt, x > 0

im(X) Image of X

Ip Identity matrix in Rp×p

iid. independent and identically distributed

1M Indicator function of the set M

infM Infimum of the set M

L1(µ) Space of functions that are integrable with respect to the measure µ

L2(µ) Space of functions that are square-integrable with respect to the measure µ

λ Lebesgue measure on R

λn Lebesgue measure on Rn

ii



L(X) Distribution (law) of the random variable X

LFC Least favorable configuration

p(yi, θ) Likelihood of observational unit i under θ

Z(y, θ) (Joint) likelihood of the entire sample under θ

ℓ(yi, θ) Log-Likelihood of observational unit i under θ

L(y, θ) Log-Likelihood of the entire sample under θ

N (µ, σ2) Normal distribution with parameters µ and σ2

Φ Cumulative distribution function of the N (0, 1) distribution

ϕ(·) Lebesgue density of the N (0, 1) distribution

ℓ̇(yi, θ) Score function at observational unit i under θ

L̇(y, θ) Score function at the entire sample under θ

〈·, ·〉Rk Standard scalar product in Rk

supM Supremum of the set M

supp(F ) Support of the cumulative distribution function F

tr(A) Trace of the matrix A

A⊤ Transpose of the matrix A (analogous for vectors)

UNI[a, b] Uniform distribution on the interval [a, b]

w−→ weak convergence
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Chapter 0

Introduction and Examples

Regression analysis deals with the analysis of (systematic) relationships between a (univariate)

response variable Y and a set of k explanatory variables (covariates, regressors) X1, . . . , Xk. In

contrast to the situation in, e. g., classical physics, which deals with deterministic (quantitative)

“laws of nature” of the form y = f(x1, . . . , xk) with ~x = (x1, . . . , xk) as “input” and y as “out-

put”, statistics assumes random “disturbances” (measurement errors, imprecise measurements,

etc). Thus, the output / response Y is treated as a random variable, whose distribution depends on

the covariates.

The goal of regression analysis is the investigation of the influence of the explanatory variables on

the (conditional) expectation of the response. Hence, we are modelling

E[Y |X1 = x1, . . . , Xk = xk] = f(x1, . . . , xk).

The observables Y1, . . . , Yn, which describe a sample of the response, can then be decomposed

into a systematic component and a random component:

Yi = E[Yi|Xi,1 = xi,1, . . . , Xi,k = xi,k] + εi = f(xi,1, . . . , xi,k) + εi

with E[εi] = 0, for all 1 ≤ i ≤ n. The vector ~xi = (xi,1, . . . , xi,k) is called “profile of covariates”

of the i-th measurement (observational unit) and εi is called error term of the i-th measurement

(observational unit). (Generalized) linear regression models consider the special case where f is a

linear function of the values (realizations) of the covariates.

Definition 0.1 ((Generalized) linear model)

Let ~X := (X1, . . . , Xk), ~x := (x1, . . . , xk), and η := g(E[Y | ~X = ~x]).

Model assumption: η = β0 +
∑k

j=1 βjxj . We call g link function, β0 intercept, and

(β1, . . . , βk)
⊤ vector of regression coefficients (the parameters of the model). The covariates

X1, . . . , Xk are also referred to as independent variables and Y as the dependent variable.
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Scheme 0.2 (Overview of GLMs)

GLM stands for “generalized linear model”.

Model Scale level of Y Link function g

ANCOVA (MLR) continuous id. (components of ~X have continuous scale)

ANOVA continuous id. ( ~X has categorical components)

log-linear Y ∈ (0,∞) η := E[log(Y )| ~X = ~x]

Poisson Y ∈ N0 log

logistic dichotomous logit(x) = ln(x/(1− x))

Cox time interval η = ln(h(t)),

(proportional hazards) h(t) hazard function

Table 0.1: Overview of generalized linear regression models

Example 0.3 (Real data)

Rent index data, cf. R program.
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Chapter 1

Basic Notions

1.1 Decision making under uncertainty, statistical models

Two decisive changes when going from probability theory to mathematical statistics are:

(1) The modelling is typically done on the support (range) of random variables, and not on their

domain (which is the underlying “universe” or “population”).

(2) Instead of deducing the “correct” distribution of some random variable Y defined on the

probability space (Ω,A,P), we consider a family of indexed probability measures (Pθ)θ∈Θ.

We try to assess for which values of θ the probability measure Pθ describes the (unknown

or only partially known) distribution of Y best or good enough, according to certain criteria.

In other words, we assess for which values of θ the distribution Pθ is “compatible” with

realizations y of Y . These realizations are called observations or samples. The samples are

our sources of information, and they constitute the basis for statistical inference about θ.

More concretely: In probability theory, the fundamental object is the probability space (Ω,A,P).

Random variables are measurable mappings Y : Ω → Y . Typically, the task is to compute L(Y ) ≡
PY = P ◦ Y −1. This is a probability measure on Y , called the “distribution of Y ”.

Example 1.1

Consider rolling two fair dice independently from each other. Here, Ω = {1, . . . , 6}2, A = 2Ω,

and P = (UNI{1, . . . , 6})⊗2. We call (Ω,A,P) a Laplacian probability space. Now, let Y : Ω →
{2, . . . , 12} = Y denote the sum of the results of the two dice. Then, for j ∈ Y we have that

PY ({j}) = P(Y = j) = P({ω ∈ Ω : Y (ω) = j}),

e. g., PY ({7}) = P(Y = 7) = P({(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}) = 6/36 = 1/6.

In (inferential) statistics, the task is different. Namely, we want to draw conclusions (make infe-

rence) about P or PY , respectively, only on the basis of observations Y = y. For instance, under
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the scope of Example 1.1 one could ask the question whether the two dice are indeed “fair” or not.

To address this question, it is near at hand to repeat the aforementioned experiment many times

and record the results in a tally chart.

From now on, we denote by Y a random variable which describes the possible outcomes of a given

experiment.1 Since we can draw our statistical conclusions about L(Y ) only on the basis of the

sample Y = y, it is near at hand to consider the support or range of Y now as the fundamental

object. Thus, let from now on Y denote the sample space corresponding to Y , i. e., the set of all

possible realizations of Y . Furthermore, let B(Y) ⊆ 2Y denote a σ-field over Y . The elements of

B(Y) are called measurable subsets of Y or events.

Let PY denote the distribution of Y . We assume that we have uncertainty about PY , but that we

are sure that PY ∈ P = {Pθ : θ ∈ Θ}. We may interpret the value of θ as the unknown and

unobservable state of nature. This leads to the following fundamental definition.

Definition 1.2 (Statistical model)

A triple (Y,B(Y),P) with Y 6= ∅ some non-empty set, B(Y) ⊆ 2Y a σ-field over Y , and P =

{Pθ : θ ∈ Θ} a family of probability measures on (Y,B(Y)) is called a statistical model (or:

statistical experiment).

If Θ ⊆ Rk, k ∈ N, then we call (Y,B(Y),P) a parametric statistical model, θ ∈ Θ the parameter,

and Θ the parameter space.

Remark 1.3

Although the underlying “universe” (the domain of Y , the “target population” Ω) does not expli-

citly appear in Definition 1.2, one should nevertheless always be clear about the target population

for which our data are representative!

Example 1.4

a) In a big industrial production process, one is interested in the proportion of defectively

produced pieces. To assess this proportion, a sample of size n is randomly drawn from the

produced pieces. The number n ∈ N is fixed in advance by the management of the company.

After the termination of this quality check, it is reported how many of the n checked pieces

have been defective.

Y = {0, . . . , n},B(Y) = 2Y (power set), (Pθ)θ∈Θ = (Bin(n, θ))0≤θ≤1,Θ = [0, 1] ∋ θ.

b) Assume that the feature “intelligence quotient (IQ)” is normally distributed in a given target

population (e. g., among the inhabitants of Bremen). Assume further that some researcher

is, for demographic reasons, interested in the expectation and the variance of this normal

1Witting (1985): “We think of all the data material summarized as one “observation” [...].” (translation by the author,

the observation will be denoted as Y = y).
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distribution. To assess these population characteristics, n randomly drawn inhabitants of

Bremen perform IQ tests independently from each other under the same, standardized con-

ditions, resulting in n IQ values.

Y = Rn,B(Y) = B(Rn),Θ = R×R≥0, θ = (µ, σ2), (Pθ)θ∈Θ = ((N (µ, σ2))⊗n)(µ,σ2)∈Θ.

Critical points:

The IQ can neither become negative nor infinitely large. Moreover, the IQ cannot take eve-

ry value in an interval, because the underlying computing formula only involves rational

numbers.

Hence, our statistical model is here only an approximate description of the true data-

generating process. In general, every mathematical model is (only) an abstraction of reality.

c) In an agricultural research institute, k different varieties of wheat are grown on n plots of

land each. One is interested in the average (expected) yield per variety. One is willing to

assume that all (k × n) yield measurements are stochastically independent and that each

measurement is normally distributed with a variety-specific expectation µi, 1 ≤ i ≤ k. One

assumes that the measurement variability is only due to the technical setup used, and that it

is thus known and the same for all (k× n) mesurements. In particular, it is assumed that no

effect of the plot on the yield exists, or at least that it is of negligible magnitude (as compared

to the variety effect).

Y = Rn·k, B(Y) = B(Rn·k), Θ = Rk, θ = (µ1, . . . , µk)
⊤ =: ~µ,

(Pθ)θ∈Θ =
n⊗

i=1

Nk(~µ, σ
2 · Ik), σ2 > 0 known

=̂ Nn·k







~µ
...

~µ


 , σ2In·k


 .

In such a situation, the measurements are typically arranged in matrix form.

Statistical inference is concerned with making assertions about the true, but unknown distribution

PY or about the true, but unknown value of the parameter θ, respectively. We formalize this as a

statistical decision problem.

Definition 1.5

Let (Y,B(Y), (Pθ)θ∈Θ) denote a statistical model. A decision rule is a measurable map δ :

Y → (A,A). The measurable space (A,A) is called action space. Any function loss : Θ ×
A → R≥0, which is measurable in its second argument, is called a loss function. The tuple

(Y,B(Y), (Pθ)θ∈Θ, A,A, loss) is called a statistical decision problem.
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The risk of a decision rule δ under θ is the (under θ) expected loss of δ, i. e.,

R(θ, δ) := Eθ

[
loss(θ, δ)

]
=

∫

Y
loss(θ, δ(y))Pθ(dy).

Example 1.6

(a) Point estimation:

Let (Y,B(Y), (Pθ)θ∈Θ) = (Rn,B(Rn), (N (θ, 1)⊗n)θ∈Θ=R).

Assume that our task is to report a real number θ̂ = θ̂(y) ∈ Θ (on the basis of the data

Y = y = (y1, . . . , yn)
⊤), which is “close to the true value of θ”.

We formalize this task as a statistical decision problem. To this end, we add to the model

(Y,B(Y), (Pθ)θ∈Θ) the action space (A,A) = (R,B(R)) and the quadratic loss loss(θ, a) =

(θ − a)2, a ∈ A = R = Θ. Consider the special choice θ̂(y) = ȳn = n−1
∑n

i=1 yi. We

calculate that

R(θ, θ̂) = Eθ

[
(θ − Ȳn)

2
]

= Eθ

[
θ2 − 2θȲn + Ȳ 2

n

]

= θ2 − 2θ2 + (θ2 +
1

n
) =

1

n
,

because Eθ

[
Ȳ 2
n

]
=
(
Eθ

[
Ȳn
])2

+ Varθ
(
Ȳn
)

and Varθ
(
Ȳn
)
= n−2

∑n
i=1 Varθ (Yi) = 1/n.

With growing sample size n, our estimate becomes more and more precise (its quadratic

risk decreases with n).

(b) Hypothesis test:

Assume that, under the model from Part (a), we want to decide whether the true value of θ

lies in a given subset Θ0 ⊂ Θ or in Θ1 := Θ \Θ0 (where both Θ0 and Θ1 are non-empty).

The corresponding decision space is binary, meaning that is consists of exactly two ele-

ments: A = {a0, a1}. W.l.o.g., we can choose (A,A) = ({0, 1}, 2{0,1}). A reasonable loss

function is given by

loss(θ, a) = ℓ1 1{a=1,θ∈Θ0} + ℓ2 1{a=0,θ∈Θ1}

for non-negative real constants ℓ1 und ℓ2. Thus,

R(θ, δ) =




ℓ1Pθ(δ(Y ) = 1), if θ ∈ Θ0,

ℓ2Pθ(δ(Y ) = 0), if θ ∈ Θ1.

The so-called “type I error probability” is weighted with ℓ1 and the so-called “type II error

probability” is weighted with ℓ2. It is also possible to choose ℓ1 = ℓ1(θ) and ℓ2 = ℓ2(θ)

as functions of the value of the parameter, in order to “punish” severely wrong decisions

stronger than less severe ones.
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In order to choose between concurring decision rules for the same problem, (optimality) criteria

for decision rules are needed. As the (pointwise) risk depends on the value of the parameter, it can

happen that a decision rules which “performs well” locally (i. e., on a certain Θ∗ ⊂ Θ) exhibits

a “bad performance” outside of Θ∗. Two commonly considered global criteria are given by the

minimax and the Bayes approach.

Definition 1.7

Let (Y,B(Y), (Pθ)θ∈Θ, A,A, loss) denote a statistical decision problem. Furthermore, let M de-

note a set of (concurring) decision rules, i. e., a set of maps from Y to (A,A).

a) The decision rule δ1 is called (uniformly) better than the decision rule δ2, if ∀θ ∈ Θ: R(θ, δ1) ≤
R(θ, δ2) holds true and if there exists a θ0 ∈ Θ with R(θ0, δ1) < R(θ0, δ2). A decision rule

δ∗ ∈ M is called admissible in M, if there exists no better decision rule in M.

b) The rule δ∗ ∈ M is called uniformly best decision rule in M, if

∀θ ∈ Θ : ∀δ ∈ M : R(θ, δ) ≥ R(θ, δ∗).

c) A decision rule δ∗ is called minimax in M, if

sup
θ∈Θ

R(θ, δ∗) = inf
δ∈M

sup
θ∈Θ

R(θ, δ).

d) Assume that the parameter space Θ is equipped with a σ-field FΘ, that the loss function loss is

measurable wrt. both of its arguments, and that θ 7→ Pθ(B) is measurable for all B ∈ B(Y).

Let π be a probability measure on (Θ,FΘ), which expresses the data analyst’s uncertainty

about the parameter value before the start of the experiment (prior distribution of ϑ, where ϑ

denotes a random variable whose realization equals the parameter value θ). The Bayes risk

associated with π of a decision rule δ ∈ M is given by

Rπ(δ) := Eπ

[
R(ϑ, δ)

]

:=

∫

Θ
R(θ, δ)π(dθ)

=

∫

Θ

∫

Y
loss(θ, δ(y))Pθ(dy)π(dθ).

The decision rule δπ ∈ M is called Bayes rule or Bayes-optimal in M with respect to π, if

Rπ(δπ) = inf
δ∈M

Rπ(δ).

e) If Pθ is absolutely continuous wrt. some probability measure µ for all θ ∈ Θ, and if π is

absolutely continuous wrt. the probability measure ν with densities fY |ϑ=θ and fϑ, respectively,
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then we define the posterior distribution of the parameter (denoted by Pϑ|Y=y) by means of the

following ν-density:

fϑ|Y=y(θ) =
fϑ(θ) · fY |ϑ=θ(y)∫

Θ fϑ(t)fY |ϑ=t(y)ν(dt)

(Bayes formula for densities).

f) Assume that we choose a prior distribution from a parametric family. If the posterior distribu-

tion necessarily belongs to the same parametric family (with “updated” (hyper-)parameters,

depending on the data y), then we call the prior and the statistical model conjugate.

Bayesian inference becomes easy in the presence of conjugacy. For complex models without

conjugate priors, the posterior distribution can typically only be evaluated numerically. In

the latter case, one often employs so-called Markov Chain Monte Carlo (MCMC) algorithms.

Bayesian methods are very popular in practice. We will discuss some examples in Chapter 5.

Theorem 1.8 (Criterion for Bayes optimality)

Let the expectation operator E refer to the joint distribution of parameter and data. A decision

rule δ∗ is Bayes-optimal with respect to the chose prior π, if δ∗(Y ) = argmin
a∈A

E
[
loss(ϑ, a)|Y

]

almost surely, meaning that

E
[
loss(ϑ, δ∗(y))|Y = y

]
≤ E

[
loss(ϑ, a)|Y = y

]

for all a ∈ A and for almost all y ∈ Y .

Proof: The proof is an application of the tower equation for conditional expectations. Namely, let

δ be any decision rule. Then,

Rπ(δ) = E
[
E
[
loss(ϑ, δ(Y ))|Y

]]
≥ E

[
E
[
loss(ϑ, δ∗(Y ))|Y

]]
= Rπ(δ

∗).

�

Corollary 1.9

Consider the point estimation problem (Y,B(Y), (Pθ)θ∈Θ⊆R,R,B(R), loss) for a real-valued pa-

rameter. Assume that a prior distribution π is chosen, and let the expectation operator E refer to

the resulting joint distribution of parameter and data.

(a) In the case of loss(θ, a) = (θ − a)2 (L2-loss), the conditional expectation E
[
ϑ|Y

]
(i. e., the

posterior mean) is Bayes-optimal estimator of ϑ = θ wrt. π.

(b) In the case of loss(θ, a) = |θ−a| (L1-loss), every posterior median, i. e., every θ̂π with (almost

surely) P(ϑ ≤ θ̂π|Y ) ≥ 1
2 and P(ϑ ≥ θ̂π|Y ) ≥ 1

2 , is Bayes-optimal estimator of ϑ = θ wrt. π.

Proof: The proof is a straightforward application of the L2-projection property of the (conditio-

nal) expectation and the L1-minimization property of a median, respectively. �
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1.2 Basics of estimation theory

Definition 1.10

Let (Y,B(Y), (Pθ)θ∈Θ) denote a statistical model. Let p ∈ N, let ̺(θ) with ̺ : Θ → Rp denote a

(derived) parameter, and let loss be a loss function.

The statistical decision problem (Y,B(Y), (Pθ)θ∈Θ,R
p,B(Rp), loss) is called (point) estimation

problem for ̺(θ).

A decision rule ˆ̺ : Y → Rp is called estimation rule, the random variable ˆ̺(Y ) is called an esti-

mator for ̺(θ) and the value ˆ̺(y) ∈ Rp is called estimate for ̺(θ) given the observation Y = y.

The p-vector b(ˆ̺, θ) := Eθ

[
ˆ̺
]
− ̺(θ) is called bias of ˆ̺ or of ˆ̺(Y ), respectively.

The estimator ˆ̺(Y ) is called unbiased, if b(ˆ̺, θ) = 0 for all θ ∈ Θ.

Lemma 1.11 (Bias-variance decomposition)

Under the assumptions of Definition 1.10, let p = 1 and let loss be the quadratic loss, i. e.,

loss(θ, a) = (̺(θ)− a)2, a ∈ A ⊆ R1.

(a) The quadratic risk of an estimator ˆ̺(Y ) with finite variance can be decomposed as follows:

Eθ

[
loss(θ, ˆ̺)

]
= E2

θ[ ˆ̺− ̺(θ)] + Varθ (ˆ̺)

= b2(ˆ̺, θ) + Varθ (ˆ̺) .

(b) The quadratic risk of an unbiased, square-integrable, real-valued estimator equals its varian-

ce.

Proof: Part (b) follows immediately from Part (a). For proving (a), we calculate as follows.

Eθ

[
loss(θ, ˆ̺)

]
= Eθ

[
(ˆ̺− ̺(θ))2

]

= Eθ

[
(ˆ̺)2 − 2ˆ̺̺ (θ) + (̺(θ))2

]

= Eθ

[
(ˆ̺)2

]
− 2̺(θ)Eθ

[
ˆ̺
]
+ (̺(θ))2

= Varθ (ˆ̺) + {E2
θ[ ˆ̺]− 2̺(θ)Eθ

[
ˆ̺
]
+ (̺(θ))2}

= Varθ (ˆ̺) + E2
θ[ ˆ̺− ̺(θ)], since Varθ (ˆ̺) = Eθ

[
(ˆ̺)2

]
− E2

θ[ ˆ̺].

�

Remark 1.12

As an exercise, one may generalize the statement of Lemma 1.11 to the case of p > 1.

Definition 1.13 (Wishful properties of estimators)

Let (Y,B(Y), (Pθ)θ∈Θ,R,B(R), loss) denote an estimation problem, let ̺(θ) denote the (derived)

parameter of interest, and let ˆ̺ be an estimation rule.
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(a) The estimator ˆ̺(Y ) is called unbiased, if Eθ

[
ˆ̺
]
= ̺(θ) for all θ ∈ Θ.

(b) An unbiased estimator ˆ̺∗(Y ) is called efficient (or UMVU), if (for all θ ∈ Θ):

Varθ (ˆ̺
∗) = inf

ˆ̺: ˆ̺(Y ) unbiased
Varθ (ˆ̺) .

(c) If n ∈ N is a sample size and Y ⊆ Rn, then ˆ̺(Y ) = ˆ̺n(Y ) is called consistent or strongly

consistent, respectively, if ˆ̺(Y ) → ̺(θ) for n → ∞ under θ in probability or almost surely,

respectively. For this to make sense, all observables have to be defined on the same probability

space; cf. Remark 1.3.

(d) The estimator ˆ̺(Y ) is called asymptotically normally distributed (or asymptotically normal

for short), if 0 < Varθ (ˆ̺) < ∞ and

L
(
ˆ̺(Y )− Eθ

[
ˆ̺
]

√
Varθ (ˆ̺)

)
w−→

n→∞
N (0, 1) under θ.

Definition 1.14

A statistical model (Y,B(Y), (Pθ)θ∈Θ) is called dominated (by µ), if there exists a σ-finite measure

µ on (Y,B(Y)) such that for all θ ∈ Θ the probability measure Pθ is absolutely continuous with

respect to µ (Notation: ∀θ ∈ Θ : Pθ << µ). The µ-density

Z(y, θ) :=
dPθ

dµ
(y), θ ∈ Θ, y ∈ Y

of Pθ is called likelihood function (evaluated at the observation Y = y).

If the sample Y = (Y1, . . . , Yn)
⊤ consists of stochastically independent random variables Y1, . . . , Yn,

it holds that

Z(y, θ) =
n∏

i=1

p(i)(yi, θ),

where

∀1 ≤ i ≤ n : p(i)(yi, θ) :=
dP

(i)
θ

dµi
(yi), θ ∈ Θ,

denotes the likelihood function of the i-th observational unit and Pθ =
⊗n

i=1 P
(i)
θ is a product

measure, dominated by µ =
⊗n

i=1 µi. (In other words, µi denotes the dominating measure for a

single observational unit.) Analogously, we let

∀1 ≤ i ≤ n : ℓ(i)(yi, θ) := log p(i)(yi, θ)

denote the log-Likelihood of the i-th observational unit and

L(y, θ) = logZ(y, θ) =
n∑

i=1

ℓ(i)(yi, θ)

the log-likelihood of the entire sample, if that sample is again constituted of stochastically inde-

pendent random variables Y1, . . . , Yn, which will be the typical setup throughout the remainder.
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Remark 1.15

(i) The family of all continuous distributions on (Rn,B(Rn)) is (by definition) dominated by the

n-dimensional Lebesgue measure λn. Every statistical model on a countable sample space

Y is dominated by the counting measure. These are essentially the only two dominating

measures which are relevant throughout the remainder.

(ii) The notation for (log-)likelihood functions of single observational units and of entire samp-

les, respectively, is very diverse in the literature. The notation introduced in Definition 1.14

is similar to that in the textbook by Spokoiny and Dickhaus (2015).

Definition 1.16

Let (Y,B(Y), (Pθ)θ∈Θ) with Θ ⊆ Rk be a dominated (by µ) statistical model with log-likelihood

function L(y, θ) (of the entire sample).

If the function θ 7→ L(y, θ) is differentiable in θ0 for almost all y, we call

y 7→ ∂

∂θ
L(y, θ)|θ=θ0 =: L̇(·, θ0) score function in θ0,

where ∂/(∂θ) denotes the gradient operator (vector of partial derivatives).

The (k × k)-matrix

I(θ0) := Eθ0

[
L̇(·, θ0)(L̇(·, θ0))⊤

]

is called Fisher information in the point θ0.

Example 1.17

Consider the Gaussian model (R,B(R), (N (µ, σ2))(µ,σ2)∈R×R>0
) for a single, real-valued obser-

vational unit. The λ-density of N (µ, σ2) is given by

fµ,σ2(y) =
1√
2πσ

exp(−(y − µ)2

2σ2
) = p(y, θ); θ = (µ, σ2)⊤.

We calculate the Fisher information in the point θ0 = (µ0, σ
2
0) as follows:

ℓ(y, θ) = ln(
1√
2πσ

)− (y − µ)2

2σ2
,

∂ℓ(θ, y)

∂µ
=

y − µ

σ2
,

∂ℓ(θ, y)

∂σ2
=

(y − µ)2 − σ2

2σ4
=

(y − µ)2

2σ4
− 1

2σ2

⇒ ℓ̇(y, θ0)(ℓ̇(y, θ0))
⊤ =




(y−µ0)2

σ4
0

(y−µ0)3

2σ6
0

− (y−µ)
2σ4

0
(y−µ0)3

2σ6
0

− (y−µ0)
2σ4

0

[(y−µ0)2−σ2
0 ]

2

4σ8
0




⇒ I(θ0) =


σ−2

0 0

0 1
2σ4

0


 .
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Lemma 1.18

Let Y1, . . . , Yn denote observable, stochastically independent random variables, which induce

statistical models (one per observational unit) with one and the same parameter space Θ ⊆ Rk for

all of these n (marginal) models. If, under these specifications, the (marginal) Fisher information

Ij with respect to the dominating measure µj exists for all 1 ≤ j ≤ n on whole Θ, then there

exists the joint Fisher information I induced by Y = (Y1, . . . , Yn)
⊤, and it holds for all θ ∈ Θ,

that

I(θ) =
n∑

j=1

Ij(θ).

Proof: The joint log-likelihood function is given by

L(y, θ) =
n∑

j=1

ℓ(yj , θ) with respect to
n
⊗
j=1

µj .

By assumption, L(y, θ) is differentiable almost everywhere with score function

L̇(y, θ) =
n∑

j=1

ℓ̇(yj , θ).

It is an easy exercise to show that the score is centered, meaning that Eθ

[
ℓ̇(Yj , θ)

]
= 0 for all

1 ≤ j ≤ n. Thus, we can calculate as follows:

Eθ

[
L̇(Y, θ)(L̇(Y, θ))⊤

]
= Eθ






n∑

j=1

ℓ̇(Yj , θ)






n∑

j=1

ℓ̇(Yj , θ)
⊤






=
n∑

k=1

n∑

m=1

Eθ

[
ℓ̇(Yk, θ)(ℓ̇(Ym, θ))⊤

]

=

n∑

j=1

Eθ

[
ℓ̇(Yj , θ)(ℓ̇(Yj , θ))

⊤
]
,

which yields the assertion. �

Theorem 1.19 (Cramér-Rao bound)

Let (Y,B(Y), (Pθ)θ∈Θ) with Θ ⊆ Rk for k ∈ N be a statistical model, let ̺ : Θ → R be

differentiable in θ0 ∈ Θ \ ∂Θ (i. e., in the interior of Θ), and let ˆ̺(Y ) be an unbiased estimator

for ̺(θ). Assume that Pθ << Pθ0 for all θ in a neighborhood of θ0.

Furthermore, assume that the model is regular in the sense of Definition 2.7.1 in Spokoiny and Dickhaus

(2015). Then it holds:

Eθ0

[
(ˆ̺− ̺(θ0))

2
]
= Varθ0 (ˆ̺) ≥ 〈I(θ0)−1 ˙̺(θ0), ˙̺(θ0)〉Rk .

Proof: See Sections 2.7.1 and 2.7.2 in Witting (1985) as well as Section 2.7 in Spokoiny and Dickhaus

(2015). �
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Example 1.20 (Gaussian shift model)

Let Y = (Y1, . . . , Yn)
⊤ be distributed as N (µ, σ2)⊗n. In this, assume that µ ∈ R is the parameter

of interest, while σ2 > 0 is a given, known constant.

Let µ̂(Y ) = Ȳn = n−1
∑n

i=1 Yi. Then, µ̂(Y ) is an unbiased estimator of µ and it holds that

Varµ (µ̂) =
σ2

n . According to Example 1.17 in connection with Lemma 1.18, it holds that I(µ) =
n
σ2 . Hence, µ̂ is Cramér-Rao efficient, because ̺ = id here.

Remark 1.21

The Cramér-Rao bound is only sharp in exponential families, see Section 2.7.4 in Spokoiny and Dickhaus

(2015).

1.3 Basics of test theory

In this section, we follow up on Example 1.6.(b) and study test problems, which are binary stati-

stical decision problems: Given two disjoint, non-empty subsets P0 and P1 of P = (Pθ)θ∈Θ with

P0 ∪P1 = P , the goal is to make a decision (on the basis of data) whether PY belongs to P0 or to

P1. If P is parametrized by θ in a one-to-one manner, one can equivalently formalize the decision

task via θ and subsets Θ0 and Θ1 of Θ such that Θ0 ∩Θ1 = ∅ and Θ0 ∪Θ1 = Θ.

Formal description of the test problem:

H0 : θ ∈ Θ0 versus H1 : θ ∈ Θ1 or

H0 : P
Y ∈ P0 versus H1 : P

Y ∈ P1.

We call H0 and H1 hypotheses. H0 is called null hypothesis (or null for short), and H1 is called

alternative hypothesis (alternative for short). Often, one interprets H0 and H1 themselves directly

as subsets of the parameter space, i. e., H0 ∪ H1 = Θ and H0 ∩ H1 = ∅. Now, a decision is

sought between H0 und H1, on the basis of y ∈ Y . The corresponding decision rule is called a

statistical test.

Definition 1.22 (Statistical test)

A (non-randomized) statistical test is a measurable map

φ : (Y,B(Y)) → ({0, 1}, 2{0,1}).

Convention:

φ(y) = 1 ⇐⇒ Null hypothesis is rejected, decision in favor of H1,

φ(y) = 0 ⇐⇒ Null hypothesis is retained (not rejected).

The set {y ∈ Y : φ(y) = 1} is called rejection region (or: critical region) of φ, short notation:

{φ = 1}. The set {y ∈ Y : φ(y) = 0} is called retention region of φ, short notation: {φ = 0} =

∁{φ = 1}.
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Problem: Testing implies the possibility of making an error (wrong decision).

Error of the first kind (α-error, type I error): Decision in favor of H1, although H0 is true.

Error of the second kind (β-error, type II error): Retention of H0, although H1 is true.

In general, it is not possible to minimize the probabilities for both types of errors simultaneously.

This is why typically the two types of error are treated asymmetrically as follows:

(i) Bounding the type I error probability by a given upper bound α (called significance level),

(ii) Subject to (i): Minimization of the type II error probability ⇒ “optimal” level α test.

It follows that a statistically safeguarded decision (at level α) can only be taken in favor of H1.

⇒ Mnemonic device: “The statement for which we want to find evidence has to be formulated as

alternative H1 !”

Notation 1.23

(i) The number βφ(θ) = Eθ

[
φ
]
= Pθ(φ(Y ) = 1) =

∫
Y φdPθ ∈ [0, 1] denotes the rejection

probability of a given test φ as a function of θ ∈ Θ. For θ ∈ Θ1, βφ(θ) is called the power

of φ under θ. For θ ∈ Θ0, βφ(θ) is the type I error probability of φ under θ.

For fixed, given α ∈ (0, 1), we call

(ii) a test φ with βφ(θ) ≤ α for all θ ∈ H0 a level α test,

(iii) a level α test φ unbiased, if βφ(θ) ≥ α for all θ ∈ H1.

(iv) the level α test φ1 better than the level α test φ2, if βφ1(θ) ≥ βφ2(θ) for all θ ∈ H1 and

∃θ∗ ∈ H1 with βφ1(θ
∗) > βφ2(θ

∗).

Throughout the remainder, we typically consider the class M of all level α tests, together with the

risk function R(θ, φ) = 1−βφ(θ) for θ ∈ Θ1. Under these premisses, the test problem (regarded as

a statistical decision problem) is already completely specified by the tuple (Y,B(Y), (Pθ)θ∈Θ, H0).

Definition 1.24 (p-value)

Let (Y,B(Y), (Pθ)θ∈Θ) be a statistical model, and let φ be a test for the pair of hypotheses ∅ 6=
H0 ⊂ Θ versus H1 = Θ \ H0. Assume that φ is based on a test statistic T : Y → R. Namely,

assume that φ is characterized by rejection regions Γα ⊂ R for each significance level α ∈ (0, 1),

such that φ(y) = 1 ⇐⇒ T (y) ∈ Γα, for y ∈ Y . Under these specifications, the p-value of a

realization y ∈ Y with respect to φ is defined by

pφ(y) = inf
{α:T (y)∈Γα}

P∗(T (Y ) ∈ Γα),
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where the probability measure P∗ is chosen such, that

P∗ (T (Y ) ∈ Γα) = sup
θ∈H0

Pθ(T (Y ) ∈ Γα)

holds true, if H0 is a composite null hypothesis.

Remark 1.25

(i) If H0 is one-elementary (i. e., “simple”), and PH0 ≡ Pθ0 is a continuous probability mea-

sure, then it (typically) holds that

pφ(y) = inf{α : T (y) ∈ Γα}.

(ii) p-values are often referred to as “observed significance levels”.

(iii) Let Ω denote the domain of Y (corresponding to the target population; cf. Remark 1.3).

The map pφ(Y ) : Ω → [0, 1], ω 7→ pφ(Y (ω)), can be interpreted as a random variable.

However, this map is typically denoted with a lower-case letter, to avoid confusion with

(indexed) probability measures. Therefore, one has to deduce from the context whether pφ ≡
p denotes a realized value (number) in [0, 1] or a random variable.

Definition 1.26

Under the assumptions of Definition 1.24, assume that T (Y ) is such, that the monotonicity condi-

tion

∀θ0 ∈ H0 : ∀θ1 ∈ H1 : ∀c ∈ R : Pθ0(T (Y ) > c) ≤ Pθ1(T (Y ) > c) (1.1)

is fulfilled. Then, we call φ a test of (generalized) Neyman-Pearson type, if there exists for each

α ∈ (0, 1) a constant cα, such that

φ(y) =




1, T (y) > cα,

0, T (y) ≤ cα.

Remark 1.27

(a) The monotonicity condition (1.1) has the interpretation that “the test statistic tends to larger

values under the alternative” (as compared to the null).

(b) The rejection regions pertaining to a test of Neyman-Pearson (N-P) type are given by Γα =

(cα,∞).

(c) In practice, the constants cα are determined via the level condition cα = inf{c ∈ R :

P∗(T (Y ) > c) ≤ α}, with P∗ as in Definition 1.24 (“at the boundary of the null”). If H0 is

one-elementary and PH0 is continuous, we have that cα = F−1
T (1 − α), where FT denotes

the cdf of T (Y ) under H0.
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(d) The fundamental lemma of test theory by Neyman und Pearson implies that uniformly (over

all θ1 ∈ H1) most powerful (non-randomized) level α tests for H0 versus H1 are necessarily

of N-P type, if they exist.

Lemma 1.28

Let φ be a test of N-P type, and assume that P∗ does not depend on α. Then, the p-value of a

realization y ∈ Y with respect to φ can be computed as follows:

pφ(y) = P∗(T (Y ) ≥ t∗) with t∗ := T (y).

Proof: The rejection regions Γα = (cα,∞) are nested. Thus, inf{α : T (y) ∈ Γα} is attained

in [t∗,∞). Due to the structure of this rejection region, it holds that P∗(T (Y ) ∈ [t∗,∞)) =

P∗(T (Y ) ≥ t∗). �

Corollary 1.29

If H0 is one-elementary, PH0 is continuous, and φ is of N-P type, it holds for all y ∈ Y that

pφ(y) = 1− FT (t
∗), with notation as in Remark 1.27 and Lemma 1.28.

Theorem 1.30 (Testing in terms of the p-value)

Let α ∈ (0, 1) be a fixed, pre-defined significance level, and assume that P∗ is continuous. Then,

the duality

φ(y) = 1 ⇐⇒ pφ(y) < α (1.2)

holds true.

Proof: We only prove the assertion for tests of N-P type.

The function t 7→ P∗(T (Y ) > t) is monotonically decreasing in t. Furthermore, by construction

of cα (see Remark 1.27.c), we have that P∗(T (Y ) > cα) ≤ α as well as P∗(T (Y ) > c) > α for

all real constants c < cα. Thus, pφ(y) < α is equivalent to t∗ > cα. The latter event characterizes

the rejection of H0, if φ is a test of N-P type. �

Remark 1.31

(i) The advantage of p-values for testing is, that they can be computed without specifying a si-

gnificance level. This is the reason why essentially all statistics software systems implement

statistical hypothesis tests via the computation of p-values. However, this also implies the

possibility of “cheating”. Namely, if one violates the good statistical practice to specify all

modalities of the experiment (including the specification of the significance level!) before

collecting the data, one may be tempted to specify α a posteriori (after having carried out

the experiement and having looked at the resulting p-value), in order to arrive at an a priori

intended conclusion. This is why many statisticians refuse to formalize the test φ by means

of (1.2).
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(ii) The interpretation of the p-value is a subtle issue. The p-value essentially answers the que-

stion “How probable are the measured data, given that the null is true?”. It does not answer

the question “How probable is the validity of the null, given the measured data?”, although

the latter question may be more interesting for practitioners.

1.4 Confidence estimation and the correspondence theorem

There exist dualities between test problems (or tests) and confidence estimation problems (or con-

fidence regions).

Definition 1.32

Assume that a statistical model (Y,B(Y),P = {Pθ : θ ∈ Θ}) is given. Then, we call C = (C(y) : y ∈ Y)

with C(y) ⊆ Θ for all y ∈ Y a family of confidence regions at confidence level 1 − α for θ ∈ Θ,

if Pθ ({y : C(y) ∋ θ}) ≥ 1− α holds true for all θ ∈ Θ.

Theorem 1.33 (Correspondence theorem; see, e. g., Pages 162-163 of Lehmann and Romano

(2005))

(a) Assume that, for each θ ∈ Θ, a level α test φθ for the simple null hypothesis H0 = {θ}
is available. Define φ = (φθ, θ ∈ Θ). Then, the family C ≡ C(φ), defined by C(y) =

{θ ∈ Θ : φθ(y) = 0}, constitutes a family of confidence regions at confidence level 1 − α

for θ ∈ Θ.

(b) If C constitutes a family of confidence regions at confidence level 1 − α for θ ∈ Θ, we can

define the family φ = (φθ, θ ∈ Θ) of point hypothesis tests via φθ(y) = 1− 1C(y)(θ). The

so-defined multiple test φ is a multiple test at local level α, meaning that each φθ is a level

α test for the simple null hypothesis H0 = {θ}.

Proof:

Both in Part (a) and in Part (b), we have that ∀θ ∈ Θ : ∀y ∈ Y : φθ(y) = 0 ⇐⇒ θ ∈ C(y). Thus,

φ is a multiple test at local level α, if and only if

∀ θ ∈ Θ : Pθ ({φθ = 0}) ≥ 1− α

⇔ ∀ θ ∈ Θ : Pθ ({y : C(y) ∋ θ}) ≥ 1− α

⇔ C constitutes a family of confidence regions at confidence level 1− α.

�

Remark 1.34
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(a) Figure 1.1 illustrates the duality φθ(y) = 0 ⇔ θ ∈ C(y) for the special case that both Y
and Θ are one-dimensional.

✲ y

y∗
︸ ︷︷ ︸
φθ∗ (y)=0

✻
θ

θ∗

C(y∗)

{

Figure 1.1: Illustration of the duality φθ(y) = 0 ⇔ θ ∈ C(y)

(b) A single level α test φ for an arbitrary null hypothesis H can also be interpreted as a

(1− α)-confidence region. To this end, let

C(y) =




Θ , if φ(y) = 0,

K = Θ \H , if φ(y) = 1.

One may compare this with the mnemonic device mentioned directly before Notation 1.23.

Conversely, a single confidence region C(y) defines a level α test for a given null hypothesis

H ⊂ Θ. To this end, define φ(y) = 1K(C(y)), where K = Θ \H and

1B(A) :=




1 , if A ⊆ B,

0 , otherwise,

for arbitrary sets A and B.

Example 1.35

Assume that, under the Gaussian shift model (Rn,B(Rn), (N (µ, σ2)⊗n)µ∈R=Θ) mit known va-

riance σ2 > 0, we search for a subset of the real line with minimum length (i. e., Lebesgue
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measure) amongst all subsets of R which cover the unknown parameter µ with a probability of at

least (1− α) and only depend on the (Rn-valued) data.

Solution: The statistic Ȳn is sufficient for µ, meaning that it reflects all information that Y contains

about µ. The distribution (under µ) of
√
n(Ȳn − µ)/σ is N (0, 1). Hence, Ȳn is under µ symme-

trically distributed around the center µ, with exponentially declining distributional mass on both

sides of that center. This implies that an optimal confidence region for µ needs to be of the form

C(y) = [µ̂− k(y), µ̂+ k(y)]

with µ̂ ≡ µ̂(y) = ȳn and a suitable constant k(y).

We compute k(y) via the level condition as follows:

Pµ([Ȳn − k, Ȳn + k] ∋ µ)
!
= 1− α

⇔ Pµ(Ȳn − k ≤ µ ≤ Ȳn + k) = 1− α

⇔ Pµ(
√
n
k

σ
≥ Ȳn − µ

σ/
√
n

≥ −√
n
k

σ
) = 1− α

⇔ Pµ(−
√
n
k

σ
≤ Z ≤ √

n
k

σ
) = 1− α, where Z ∼ N (0, 1)

⇔ Φ(
√
n
k

σ
)− Φ(−√

n
k

σ
) = 1− α

⇔ 2Φ(
√
n
k

σ
)− 1 = 1− α

⇔ Φ(
√
n
k

σ
) = 1− α

2
⇔ √

n
k

σ
= z1−α/2 ⇔ k =

σ√
n
z1−α/2

⇒ C(y) =

[
ȳn − σ√

n
z1−α/2, ȳn +

σ√
n
z1−α/2

]
,

where z1−α/2 = Φ−1 (1− α/2) denotes the 1− α/2-quantile of N (0, 1).

Remark 1.36

a) If σ2 > 0 is unknown, we can apply the correspondence theorem (Theorem 1.33) to the t-Test

(cf. Page 201 in Witting (1985), Test No. 2). The resulting (1− α)-confidence interval for µ is

given by

C(y) =

[
ȳn − σ̂(y)√

n
tn−1,1−α/2, ȳn +

σ̂(y)√
n
tn−1,1−α/2

]
.

b) The calculations in Example 1.35 do not depend on the concrete structure of Ȳn, but only on the

fact that
√
n(Ȳn − µ)/σ id (under µ) standard normally distributed. Hence, it can be carried

out analogously for other models with normally distributed sufficient statistics.
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c) For α = 5%, we get that z1−α/2 = Φ−1 (0.975) ≈ 1.96 ≈ 2. This is why the construction in

Example 1.35 is often referred to as 2σ-rule.

In Definition 1.13, we have listed asymptotic normality as one of the wishful properties of a point

estimator. A slight generalization of Example 1.35 reveals why this property is indeed wishful.

Namely, as demonstrated in Theorem 1.37, asymptotic normality facilitates the construction of

confidence regions.

Theorem 1.37

Let (Yn,B(Y)⊗n, (P⊗n
θ )θ∈Θ⊆Rk) denote a product model with suitable regularity properties, and

assume that θ̂n(Y ) is a
√
n-normal point estimator for θ ∈ Rk in the sense that

√
n(θ̂n(Y )−θ0)

D→
N (0, I−1(θ0)) under θ0. Let ̺ : Θ → R be a continuously differentiable map with gradient

˙̺(θ) 6= 0.

Then it holds:

√
n
{
̺(θ̂n(Y ))− ̺(θ0)

}
D→ N (0, σ2

θ0) under Pθ0 with σ2
θ0 = ˙̺(θ0)I

−1(θ0) ˙̺(θ0)
⊤.

If the Fisher information I is continuous in θ, a confidence interval for ̺(θ0) with asymptotic

coverage probability 1− α is given by

C(y) =
[
̺(θ̂n(y))± z1−α/2 σ̂n/

√
n
]
,

where

σ̂2
n := ˙̺(θ̂n(y))I

−1(θ̂n(y))
[
˙̺(θ̂n(y))

]⊤
.

Proof: See Section 12.4.2 in Lehmann and Romano (2005). Notice that the gradient is written as

a row vector here! �

1.5 Inferential likelihood theory

Definition 1.38 (Maximum likelihood estimator (MLE))

Let (Y,B(Y), (Pθ)θ∈Θ) be a dominated statistical model with likelihood function Z(y, θ). Assume

that the parameter space Θ is equipped with the σ-field FΘ. A statistic θ̂(Y ) with θ̂ : (Y,B(Y)) →
(Θ,FΘ) is called maximum likelihood estimator (MLE) of θ, if

Z(y, θ̂(y)) = sup
t∈Θ

Z(y, t)

holds true for all θ ∈ Θ and for Pθ-almost all y ∈ Y .

Remark 1.39
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(a) Neither existence nor uniqueness of the MLE are guaranteed without further model assumpti-

ons.

(b) In the case of a re-parametrization (bijection) θ 7→ ̺(θ), it holds that ˆ̺(Y ) := ̺(θ̂(Y )) is the

MLE for ̺(θ), if the unique MLE θ̂(Y ) for θ exists.

Example 1.40

(a) Assume that Y1, . . . , Yn are i.i.d. with Y1 ∼ Poisson(θ), and let Y := (Y1, . . . , Yn)
⊤ with

values in Nn
0 . Assume that the value of the parameter θ > 0 is unknown. We have that

Z(y, θ) =

n∏

i=1

exp(−θ)
θyi

yi!

Noticing that 0! = 0 by definition, we have that

L(y, θ) =
n∑

i=1

{−θ + yi ln(θ)− ln(yi!)}

= −nθ + ln(θ)
n∑

i=1

yi −
n∑

i=1

ln(yi!)

⇒ ∂

∂θ
L(y, θ) = L̇(y, θ) = −n+ θ−1

n∑

i=1

yi

⇒ θ̂(y) = n−1
n∑

i=1

yi, since
∂2

∂θ2
L(y, θ) < 0.

Here, the MLE exists uniquely in Θ, if there exists an i ∈ {1, . . . , n} with yi > 0.

(b) General regression model

Let Y = (Y1, . . . , Yn)
⊤ with values in Rn. Assume for each 1 ≤ i ≤ n the representation

Yi = gθ(xi) + εi, where (xi)1≤i≤n are deterministic, fixed “measurement locations”, gθ is a

deterministic, real-valued function parametrized by θ ∈ Θ ⊆ Rk for k ∈ N, and (εi)1≤i≤n

are random i.i.d. “measurement errors”, fulfilling that ε1 ∼ N (0, σ2) with σ2 > 0.

These model assumptions imply that ∀1 ≤ i ≤ n : Yi ∼ N (gθ(xi), σ
2) and Yi ⊥⊥ Yj for all

1 ≤ i 6= j ≤ n.

It is a worthwhile exercise to show that, under the above specifications,

θ̂(Y ) = argmin
θ∈Θ

{
n∑

i=1

(Yi − gθ(xi))
2

}
.

Hence, under this model the MLE for θ coincides with the minimizer of the sum of squares of

residuals, which is referred to as the least squares estimator for θ.
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Theorem 1.41 (Asymptotics of the MLE in i.i.d. models)

Let (Yn,B(Y)n, (P⊗n
θ )θ∈Θ)n≥1 with Θ ⊆ Rk be a sequence of dominated (by µ⊗n) product

models with log-likelihood function ℓ(y1, θ) = log(dPθ

dµ (y1)) of a single observable, where we

denote Pθ = P⊗n
θ .

Let the following assumptions be fulfilled:

(a) Θ is compact and θ0 is an interior point of Θ.

(b) ∀θ 6= θ0 : Pθ 6= Pθ0 (Identifiability)

(c) The function θ 7→ ℓ(y, θ) is continuous on Θ and twice continuously differentiable in a neigh-

borhood U of θ0 for all y ∈ Y .

(d) There exist functions H0, H2 ∈ L1(Pθ0) and H1 ∈ L2(Pθ0) with

sup
θ∈Θ

|ℓ(y, θ)| ≤ H0(y) as well as sup
θ∈U

∣∣∣∣
∂i

∂θi
ℓ(y, θ)

∣∣∣∣ ≤ Hi(y), i = 1, 2,

for all y ∈ Y .

(e) The Fisher information (pertaining to a single observable), given by

I(θ0) = Eθ0

[
ℓ̇(·, θ0)(ℓ̇(·, θ0))⊤

]
,

is positive definite.

Let Y = (Y1, . . . , Yn)
⊤ with values in Yn. Then, the MLE θ̂n(Y ) is asymptotically normally

distributed and asymptotically Cramér-Rao-efficient under Y ∼ Pθ0 , meaning that

√
n(θ̂n(Y )− θ0)

D−→ N (0, I(θ0)
−1) under θ0 for n → ∞.

Proof: See Section 6.5 in Lehmann and Casella (1998). �

Corollary 1.42

Under the assumptions of Theorem 1.41, θ̂n(Y ) estimates θ consistently.

Remark 1.43

As we will see in later chapters, analogous results also exist for product models with unequal

factors.

Definition 1.44 (Likelihood ratio test)

Let (Y,B(Y), (Pθ)θ∈Θ) be a dominated statistical model with likelihood function Z(y, θ). Assume

a test problem, given by H0 = Θ0 versus H1 = Θ1, Θ0∩Θ1 = ∅, Θ0∪Θ1 = Θ, Θi 6= ∅, i = 0, 1.

We call

Λ : Y → [1,∞], Λ(y) :=
supθ∈Θ Z(y, θ)

supθ̃∈Θ0
Z(y, θ̃)
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the likelihood ratio statistic for testing H0 versus H1, and we call a test of the form

φ(y) =





1, if Λ(y) > k,

0, if Λ(y) < k,

γ(y), if Λ(y) = k,

a likelihood ratio (LR) test. In this, k ≥ 1 is the critical value of the test and γ(y) ∈ [0, 1] is a

randomization constant.

Remark 1.45

If θ̂ and θ̂0, respectively, are maximum likelihood estimators for θ, where θ is allowed to vary in

the full parameter space Θ and θ̂0 is only allowed to vary in the restricted parameter space Θ0,

we have that

Λ(y) =
Z(y, θ̂(y))

Z(y, θ̂0(y))
.

Theorem 1.46 (Asymptotics of LR tests in i.i.d. models)

Assume that the product model (Yn,B(Y)n, (P⊗n
θ )θ∈Θ) satisfies that assumptions of Theorem

1.41 regarding the asymptotics of the MLE with log-likelihood function ℓ(·, θ). Assume further

that the subset Θ0 pertaining to the null hypothesis of interest lies in an r-dimensional subspace

of Θ ⊆ Rk with 0 ≤ r < k, where r = 0 refers to testing a point null hypothesis Θ0 = {θ0}. Then

it holds that

2 log(Λn(Y )) = 2

[
sup
θ∈Θ

n∑

i=1

ℓ(Yi, θ)− sup
θ̃∈Θ0

n∑

i=1

ℓ(Yi, θ̃)

]
D→ χ2

k−r

whenever Y = (Y1, . . . , Yn)
⊤ is distributed according to Pθ0 = P⊗n

θ0
with θ0 ∈ Θ0 ∩ [Θ \ ∂Θ].

In particular, the likelihood ratio test φ, given by

φ(y) = 1{log(Λn(y))>χ2
(k−r);(1−α)

/2}

with χ2
(k−r);(1−α) denoting the (1 − α)-quantile of χ2

k−r, asymptotically has level α ∈ (0, 1) on

the set Θ0 ∩ [Θ \ ∂Θ].

Example 1.47 (Multinomial distributions)

Consider a sequence of n independent, homogeneous trials with k possible outcomes (each).

Assume that the probability for outcome j with 1 ≤ j ≤ k − 1 in a single trial equals pj , and

define moreover pk := 1−∑k−1
j=1 pj .

Let Nj for 1 ≤ j ≤ k denote the random variable which counts the number of trials with out-

come j. Then, the random vector N = (N1, . . . , Nk)
⊤ is multinomially distributed with para-

meters n (total number of trials), k (total number of categories or classes, respectively), and

p = (p1, . . . , pk−1)
⊤ (vector of class probabilities). Treating n and k as fixed, given constants, we

have that dim(Θ) = k − 1.
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More precisely, we consider the parameter space

Θ = {(p1, . . . , pk−1)
⊤ ∈ [0, 1]k−1 :

k−1∑

j=1

pj ≤ 1}.

The likelihood statistic pertaining to this model is given by

Z(N, p) =
n!

∏k
j=1Nj !

k∏

ℓ=1

pNℓ

ℓ ,

and the MLE for p is given by p̂j = Nj/n for 1 ≤ j ≤ k − 1. It is canonical to define p̂k =

1−∑k−1
j=1 p̂j .

Now, assume that the value of p in unknown, and consider the point null hypothesis Θ0 = {π} for

a fixed, given vector π ∈ Θ. This leads to the (log-)likelihood ratio statistics

Λn(N) =
Z(N, p̂)

Z(N, π)
and log(Λn(N)) = n

k∑

j=1

p̂j log

(
p̂j
πj

)
,

where πk = 1−∑k−1
j=1 πj . According to Theorem 1.46, it holds that 2 log(Λn(N))

D−→ χ2
k−1 as n

tends to infinity.

In order to carry out the resulting asymptotic χ2-test in practice, the following considerations can

be helpful. Consider the function h, given by h(x) = x log(x/x0) for a fixed, given real number

x0 ∈ (0, 1). Then, the Taylor expansion of h about x0 is given by

h(x) = (x− x0) +
1

2x0
(x− x0)

2 + o[(x− x0)
2] for x → x0.

Thus, for p̂ “close to” π, we get that

2 log(Λn(N)) ≈ Qn with Qn =
k∑

j=1

(Nj − nπj)
2

nπj
.

The statistic Qn is called Pearson’s chi-square statistic. More precisely, it holds that

2 log(Λn(N))−Qn → 0 in probability

under the null hypothesis, implying that Qn is asymptotically χ2
k−1-distributed under p = π. In

practice, it is often more convenient to compute the value of Qn than to compute the value of

2 log(Λn(N)).

Remark 1.48

Asymptotic χ2-tests can be generalized to models which result in a (k × ℓ)-contingency table as

data material. Namely, if two categorical random variables X and Y are considered, where X can

take exactly k different values and Y can take exactly ℓ different values, then the null hypothesis

X ⊥⊥ Y can be tested with an asymptotic χ2-test, applied to the observed (k × ℓ)-contingency

table. In this, the number of degrees of freedom is given by (k − 1) · (ℓ− 1).
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Chapter 2

Continuously distributed response

variables

2.1 Multiple linear regression (ANCOVA)

Model 2.1 (Classical multiple linear regression, ANCOVA)

We consider the sample space (Rn,B(Rn)), and we model the observations y1, . . . , yn as realiza-

tions of real-valued, stochastically independent random variables Y1, . . . , Yn with the representa-

tion

∀1 ≤ i ≤ n : Yi = f(xi,1, . . . , xi,k) + εi = β0 +

k∑

j=1

βjxi,j + εi. (2.1)

The vector β = (β0, β1, . . . , βk)
⊤ ∈ Rk+1 is the parameter of interest. We let p := k + 1 denote

the dimension of the corresponding parameter space. In the classical setup, we assume that n > p.

We can write

Y := (Y1, . . . , Yn)
⊤ ∈ Rn response vector,

X :=




1 x1,1 . . . x1,k
...

...
...

1 xn,1 . . . xn,k


 ∈ Rn×p design matrix,

ε := (ε1, . . . , εn)
⊤ ∈ Rn vector of error terms,

β ≡ (β0, β1, . . . , βk)
⊤ ∈ Rp parameter vector.

With these notations, we can write (2.1) in matrix form as follows:

Y = Xβ + ε. (2.2)

Furthermore, we make the following model assumptions.
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(a) The design matrix has maximal rank, so that X⊤X ∈ Rp×p is positively definite and hence

invertible.

(b) The error terms are i.i.d., where Pε1 is induced by the cdf F . We assume that E [ε1] = 0

and 0 < σ2 := Var (ε1) < ∞, thus in particular homoscedasticity. The unknown cdf F

is considered an (infinite-dimensional) nuisance parameter, meaning that it is not itself the

target of statistical inference.

Optionally, we consider for likelihood-based inference occasionally a normal distribution assump-

tion for the error terms:

(c) ε1 ∼ N (0, σ2).

Remark 2.2 (Modeling aspects)

(a) The statistical analysis under Model 2.1 is called analysis of covariance (ANCOVA).

(b) The assumptions regarding the design matrix X under Model 2.1 can be interpreted in

two different ways: (i) the design matrix consists of deterministic “measurement locations”,

which have been pre-defined when planning (i. e., designing) the experiment, or (ii) the stati-

stical analysis is carried out conditionally to the (realized values of the) design matrix. In the

latter case, any potential randomness in the design points (entries of X) is not considered in

the modeling approach. In contrast, models which incorporate a probabilistic model for the

design matrix X are called regression models with random design or correlation models,

respectively. Such correlation models require additional considerations. In particular, cor-

relations between the stochastic covariates and the stochastic error terms have to be taken

into account. Actually, even the parameter vector β is, under a correlation model, a fea-

ture of the joint distribution of covariates and response. In contrast, under Model 2.1, β is

considered as a fixed, but unknown point in Rp, and the stochasticity of the model is solely

induced by the error terms. We will treat Cases (i) (deterministic design) and (ii) (conditio-

ning on the design matrix) in complete analogy. In particular, we often notationally suppress

the conditioning on X in Case (ii), to keep the notation simple.

(c) The assumption of uncorrelated error terms has to be validated after model fit by means of

a so-called residual analysis, cf. Definition 2.4. If there is an apparent structure in the resi-

duals (the values of the error terms estimated by the model), then this can be an indication

that additional covariates should be included in the model.

(d) Categorical covariates should be encoded by using a set of so-called “dummy indicators”,

to avoid an implicit (and often inadequate) metrization of the discrete support of such co-

variates. More precisely, a categorical covariate with exactly ℓ possible values (represented

by the integers 1, . . . , ℓ, without loss of generality) is represented by a set of (ℓ− 1) dummy
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indicators. In this, the j-th dummy indicator encodes the event that the corresponding cova-

riate takes the value j + 1, for j = 1, . . . , ℓ− 1. Hence, if all (ℓ− 1) dummy indicators are

equal to zero, this has the interpretation that the corresponding categorical covariate takes

the (reference) value 1.

(e) Interactions (interrelationships) amongst covariates are modeled with so-called interaction

terms. These interaction terms constitute additional columns in the design matrix. In this,

the interaction term for the interrelationship between covariates Xj and Xk is given by

xj · xk (pointwise multiplication of the n-vectors of realized values of covariates j and k

with respect to the n observational units).

Corollary 2.3

The assumptions of Model 2.1 imply that

∀1 ≤ i ≤ n : Eβ [Yi] = β0 + β1xi,1 + . . .+ βkxi,k,

∀1 ≤ i ≤ n : Var(Yi) = σ2,

∀1 ≤ i 6= j ≤ n : Cov(Yi, Yj) = Cov(εi, εj) = 0.

If we assume in addition normally distributed error terms, we get that

Y ∼ Nn(Xβ, σ2In).

Definition 2.4 (Residuals)

If an estimator β̂ for the parameter vector β is available, we get the (plug-in) estimator Ê[Y ] =

Xβ̂ for the (conditional) expectation vector of Y . We define the components of Ê[Y ] as Ŷi :=

β̂0 + β̂1xi,1 + . . . + β̂kxi,k for i = 1, . . . , n, and we define the residuals pertaining to β̂ as

the observed differences between the observed response values and their estimated (conditional)

expected values. Thus, the n residuals are given by ε̂i = yi − ŷi, 1 ≤ i ≤ n.

Theorem 2.5

Under Model 2.1, the following assertions hold true.

(a) The least squares estimator (LSE) of the parameter vector β is given by

β̂ ≡ β̂(Y ) = (X⊤X)−1X⊤Y,

implying the representation

β̂ − β = (X⊤X)−1X⊤ε

for the (random) estimation error vector.

(b) Plugging the representation of β̂ into the equation Ŷ = Xβ̂, we furthermore get that

Ŷ = X(X⊤X)−1X⊤Y =: HY
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with the (n×n)-matrix H = X(X⊤X)−1X⊤. The matrix H is called prediction matrix or

hat matrix. The matrix X+ = (X⊤X)−1X⊤ is called (Moore-Penrose) pseudo inverse of

X .

(c) If we assume normally distributed error terms, then the maximum likelihood estimator

(MLE) of β coincides with the LSE for β.

(d) The moments of β̂ up to the second order are given by

Eβ

[
β̂
]
= β and Cov(β̂) = σ2(X⊤X)−1.

Proof: The assertion (b) follows immediately, once (a) has been shown. We carry out the proof of

assertion (a) geometrically, using methods of linear algebra. To this end, let x′i := (1, xi,1, . . . , xi,k)

denote the i-th row of the design matrix. Notice that the least squares criterion

β̂ = arg min
β∈Rp

{
n∑

i=1

(Yi − x′iβ)
2

}
= arg min

β∈Rp
||Y −Xβ||22

can equivalently be expressed by saying that Xβ̂ is the L2-projection of Y onto the vector space

{z ∈ Rn : z = Xγ, γ ∈ Rp}. This fact is illustrated by Figure 2.1.

Figure 2.1: Orthogonal projection of Y into the space {Xγ : γ ∈ Rp}

Thus (see Figure 2.1), β̂ can be characterized via

∀γ ∈ Rp : 〈Y −Xβ̂,Xγ〉Rn = 0

⇔ ∀γ ∈ Rp : Y ⊤Xγ = β̂⊤X⊤Xγ (Bilinearity of 〈·, ·〉Rn)

⇔ Y ⊤X = β̂⊤X⊤X.
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Multiplication of the latter equation from the right with (X⊤X)−1 yields Y ⊤X(X⊤X)−1 = β̂⊤,

hence β̂ = (X⊤X)−1X⊤Y as desired, since (X⊤X)−1 is a symmetric matrix.

Parts (c) and (d) are exercises. �

Remark 2.6 (Geometric properties of β̂)

Let β̂ = X+Y be as in Theorem 2.5. Then, the following assertions hold true.

(i) The estimated ((conditional) expected) values ŷ = (ŷ1, . . . , ŷn)
⊤ are orthogonal to the

residuals ε̂ = (ε̂1, . . . , ε̂n)
⊤, meaning that ŷ⊤ ε̂ = 0.

(ii) The columns of X are orthogonal to the residuals, meaning that X⊤ · ε̂ = 0.

(iii) The residuals are on average equal to zero, meaning that
∑n

i=1 ε̂i = 0 and

¯̂ε = n−1
∑n

i=1 ε̂i = 0, respectively.

(iv) The arithmetic mean of {ŷi : 1 ≤ i ≤ n} equals the arithmetic mean of the response values

{yi : 1 ≤ i ≤ n}, meaning that ¯̂y = n−1
∑n

i=1 ŷi = ȳ = n−1
∑n

i=1 yi.

(v) The regression hyperplane contains the barycenter of the data, meaning that

ȳ = β̂0 +
∑k

j=1 β̂j x̄j , where x̄j := n−1
∑n

i=1 xi,j for all 1 ≤ j ≤ k.

Lemma 2.7 (Centering operator)

Let 1 := (1, . . . , 1)⊤ ∈ Rn and C := In − n−1
1 · 1⊤ ∈ Rn×n. Then, the following assertions

hold true.

(i) For any vector a ∈ Rn, we have that

Ca =




a1 − ā
...

an − ā


 .

Thus, we call C centering operator.

(ii) C is symmetric and idempotent, i. e., C2 = C.

(iii) For all a ∈ Rn: a⊤Ca =
∑n

i=1(ai − ā)2.

Proof: Elementary linear algebra, left as an exercise. �

Theorem and Definition 2.8

Let β̂ = X+Y be as in Theorem 2.5. Then, the following assertions hold true.

(a) Decomposition of spread:

n∑

i=1

(yi − ȳ)2 =

n∑

i=1

(ŷi − ȳ)2 +

n∑

i=1

ε̂2i

⇐⇒: SST = SSR+ SSE

⇐⇒: s2y = s2ŷ + s2ε̂.
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(b) Due to Part (a),

1 =
SSR

SST
+

SSE

SST

holds true. Thus, the statistic

R2 :=
SSR

SST
=

∑n
i=1(ŷi − ȳ)2∑n
i=1(yi − ȳ)2

= 1−
∑n

i=1 ε̂
2
i∑n

i=1(yi − ȳ)2

with values in [0, 1] quantifies the proportion of total variation in the response variables of

the sample, which can be explained by the regression model.

The value of R2 is called R-square value or coefficient of determination, respectively.

(c) Letting ra,b denote the empirical Pearson product-moment correlation coefficient of two

data vectors a und b, it holds that R2 = r2y,ŷ.

Proof: For proving Part (a), we multiply the identity y = ŷ + ε̂ from the left with the centering

matrix C. This yields that Cy = Cŷ+Cε̂. Since the residuals are already centered by construction

(see Part (iii) of Remark 2.6), we have that Cε̂ = ε̂, hence Cy = Cŷ + ε̂ as well as y⊤C =

ŷ⊤C + ε̂⊤. We conclude that

y⊤CCy =
(
ŷ⊤C + ε̂⊤

)
(Cŷ + ε̂)

= ŷ⊤CCŷ + ŷ⊤Cε̂+ ε̂⊤Cŷ + ε̂⊤ε̂

= ŷ⊤Cŷ + ŷ⊤ε̂+ ε̂⊤ŷ + ε̂⊤ε̂

⇐⇒
n∑

i=1

(yi − ȳ)2 =
n∑

i=1

(ŷi − ȳ)2 +
n∑

i=1

ε̂2i

due to Part (i) of Remark 2.6.

For proving Part (c), we make use of the definition of the empirical correlation coefficient and

obtain that

ry,ŷ =

∑n
i=1(yi − ȳ)(ŷi − ȳ)√∑n

i=1(yi − ȳ)2
∑n

i=1(ŷi − ȳ)2

⇒ r2y,ŷ =
[
∑n

i=1(yi − ȳ)(ŷi − ȳ)]2

SST · SSR .

Comparing this with the definition of R2, it remains to show that

[
n∑

i=1

(yi − ȳ)(ŷi − ȳ)

]2
= (SSR)2 =

[
n∑

i=1

(ŷi − ȳ)2

]2
.

Thus, it suffices to show that

n∑

i=1

(yi − ȳ)(ŷi − ȳ) =
n∑

i=1

(ŷi − ȳ)2

⇐⇒
n∑

i=1

(ε̂i + ŷi − ȳ)(ŷi − ȳ) =
n∑

i=1

(ŷi − ȳ)2.
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We multiply out the left-hand side and obtain that

n∑

i=1

(ε̂i + ŷi − ȳ)(ŷi − ȳ) =
n∑

i=1

ε̂iŷi − ȳ
n∑

i=1

ε̂i +
n∑

i=1

ŷ2i − 2ȳ
n∑

i=1

ŷi + nȳ2.

Since the residuals are centered and orthogonal to the vector ŷ (see Remark 2.6), the assertion

follows. �

Theorem 2.9 (Calculation rules for expectation vectors and covariance matrices)

Let Z1 and Z2 denote random vectors with values in Rd, and let A and b, respectively, be a

deterministic matrix and a deterministic vector, respectively, of appropriate dimensions. Denote

E[Z1] =: µ and Cov(Z1) := E[(Z1 − µ)(Z1 − µ)⊤] =: Σ.

Then, the following assertions hold true.

(i) E[Z1 + Z2] = E[Z1] + E[Z2].

(ii) E[AZ1 + b] = Aµ+ b.

(iii) Cov(Z1) = E[Z1Z
⊤
1 ]− µµ⊤.

(iv) Var(b⊤Z1) = b⊤Σb =
∑d

i=1

∑d
j=1 bibjσij .

(v) Cov(AZ1 + b) = AΣA⊤.

(vi) E[Z⊤
1 AZ1] = tr(AΣ) + µ⊤Aµ.

Proof: Satz B.1 in Fahrmeir et al. (2009). �

Theorem 2.10 (Gauß-Markov)

Under Model 2.1, β̂ = X+Y has minimum variance amongst all linear (in the data) and unbiased

estimators of β. In particular,

∀ 0 ≤ j ≤ k : Var(β̂j) ≤ Var(β̂L
j ) (2.3)

holds true for every linear, unbiased estimator β̂L ≡ β̂L(Y ) of β.

Furthermore, we get for any linear combination c⊤β with fixed c ∈ Rp, that Var(c⊤β̂) ≤ Var(c⊤β̂L),

where β̂L is as in (2.3).

Thus, β̂ is BLUE (best linear unbiased estimator).

Proof: Every estimator β̂L of β ∈ Rp×1, which is linear in the data Y ∈ Rn×1, can be written in

the form β̂L = AY with A ∈ Rp×n. Since E[β̂L] = E[AY ] = AXβ, unbiasedness implies that

the condition

∀β ∈ Rp : AXβ = β ⇐⇒ (AX − Ip)β = 0

⇐⇒ AX = Ip
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needs to be fulfilled. This implies that rank(A) = p, and thus we can write A (w. l. o. g.) in the

form A = (X⊤X)−1X⊤ + B, for some suitable matrix B. Plugging the latter representation of

A into the identity Ip = AX yields that Ip = AX = (X⊤X)−1X⊤X +BX = Ip +BX , hence

BX = 0. Thus,

Cov(β̂L) = σ2AA⊤

= σ2
[
(X⊤X)−1X⊤ +B

] [
X(X⊤X)−1 +B⊤

]

= σ2
[
(X⊤X)−1X⊤X(X⊤X)−1 + (X⊤X)−1X⊤B⊤ +BX(X⊤X)−1 +BB⊤

]

= σ2(X⊤X)−1 + σ2BB⊤

= Cov(β̂) + σ2BB⊤.

Since BB⊤ is non-negative definite, we have that Cov(β̂L)− Cov(β̂) = σ2BB⊤ is non-negative

definite, too. For a fixed vector c ∈ Rp, noticing that

Var(c⊤β̂L) = c⊤Cov(β̂L)c as well as

Var(c⊤β̂) = c⊤Cov(β̂)c,

we conclude that Var(c⊤β̂L) ≥ Var(c⊤β̂). The inequality (2.3) follows by considering special

vectors c with entries ci = 1{i=j+1}, i = 1, . . . , p, for all 0 ≤ j ≤ k. �

We now turn to the task of constructing tests and confidence regions for the parameters (βj)0≤j≤k,

based on β̂ and (characteristics of) its sampling distribution. Part (d) of Theorem 2.5 indicates

that for this task an estimate of the (in general unknown) error variance σ2 is required, because

the covariance matrix of β̂ depends on σ2. Under the normal distribution assumption for the error

terms considered in Part (c) of Model 2.1, the maximum likelihood approach can be employed for

estimating σ2.

Theorem 2.11 (Estimation of σ2)

Consider Model 2.1.

(a) Under the normal distribution assumption for the error terms considered in Part (c) of Mo-

del 2.1, the MLE for σ2 is given by σ̂2
ML = ε̂⊤ε̂/n.

(b) In general, it holds that E[ε̂⊤ε̂] = (n − p)σ2, so that an unbiased (moment) estimator for

σ2 is given by σ̂2 = ε̂⊤ε̂/(n− p), even without assuming normally distributed error terms.

Remark 2.12

(i) The unbiased estimator σ̂2 is typically preferred in practice, but it has a larger variance

than σ̂2
ML.

32



(ii) Under the conditions of Part (a) of Theorem 2.11, the unbiased estimator σ̂2 is the restricted

MLE of σ2. Namely, the restricted maximum likelihood (REML) approach maximizes the

marginal likelihood function

Z(y, σ2) =

∫

Rp

Z(y, (β, σ2))dβ,

which is obtaied by “integrating out” the parameter vector.

Proof: Let us prove Theorem 2.11. Part (a) is an exercise.

For proving Part (b), notice first that ε̂ = Y − Ŷ = Y −HY = (In −H)Y . An exercise yields

that the matrix In − H is symmetric and idempotent with rank(In − H) = n − p. Thus, we get

that E[ε̂⊤ε̂] = E[Y ⊤(In −H)Y ]. Calculation rule (vi) from Theorem 2.9 then yields that

E[ε̂⊤ε̂] = tr((In −H)σ2In) + β⊤X⊤(In −H)Xβ.

Now, tr((In−H)σ2In) = σ2[tr(In)−tr(H)] = σ2(n−p), because tr(H) = tr(X(X⊤X)−1X⊤) =

tr(Ip) = p. We conclude that

E[ε̂⊤ε̂] = σ2(n− p) + β⊤X⊤(In −X(X⊤X)−1X⊤)Xβ

= σ2(n− p) + β⊤X⊤Xβ − β⊤X⊤X(X⊤X)−1X⊤Xβ

= σ2(n− p) + β⊤X⊤Xβ − β⊤X⊤Xβ

= σ2(n− p),

as desired. �

Corollary 2.13

Under Model 2.1, a (plug-in) estimator for Cov(β̂), where β̂ = X+Y , is given by

Ĉov(β̂) = σ̂2(X⊤X)−1 =
ε̂⊤ε̂(X⊤X)−1

n− p
.

Theorem 2.14 (Statistical properties of the residuals)

Under Model 2.1, consider the residuals ε̂ ≡ ε̂(Y ) = Y −Ŷ = Y −HY = Y −X(X⊤X)−1X⊤Y

as random variables. Then, the following assertions hold true.

1) E[ε̂] = 0.

2) Cov(ε̂) = σ2(In − H). In particular, the residuals exhibit heteroscedasticity, and they are

non-trivially correlated.

3) The standardized residuals, given by

ri =
ε̂i

σ̂
√
1− hii

, 1 ≤ i ≤ n,

are homoscedastically distributed, if the assumptions of Model 2.1 are fulfilled.
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Proof: The expectation vector of ε̂ is calculated as E[ε̂] = E[Y ] − X(X⊤X)−1X⊤E[Y ] =

Xβ −X(X⊤X)−1X⊤Xβ = 0.

For the covariance matrix of ε̂, we get that Cov(ε̂) = Cov((In − H)Y ) = (In − H)σ2In(In −
H)⊤ = σ2(In−H)⊤ = σ2(In−H), since the matrix (In−H) is symmetric and idempotent, cf.

the proof of Part (b) of Theorem 2.11. �

Theorem 2.15 (Multivariate central limit theorem)

Consider a sequence of ANCOVA models, indexed by the sample size n. In this, assume that the

following two assumptions regarding the sequence (Xn)n≥p of design matrices are fulfilled.

(i) n− 1
2 max
1≤i≤n,1≤j≤p

∣∣xi,j
∣∣ −→ 0 for n → ∞.

(ii) n−1X⊤
n Xn −→ V for a positive definite, symmetric matrix V ∈ Rp×p.

Then, the following two assertions hold true.

(a) Let a⊤ = (a1, . . . , ap) denote an arbitrary, but fixed vector in Rp. Letting ρ2 = σ2a⊤V a,

we have that

L
(
n− 1

2a⊤X⊤
n ε
)

w−−−→
n→∞

N (0, ρ2).

(b) For β̂(n) = X+
n Yn, we have that

L
(√

n {β̂(n)− β}
)

w−−−→
n→∞

Np

(
0, σ2V −1

)
.

Proof: Define Sn := a⊤X⊤
n ε. We notice, that

Sn =

p∑

j=1

(
aj

n∑

i=1

xi,jεi

)
=

n∑

i=1

εi




p∑

j=1

ajxi,j


 =:

n∑

i=1

bi εi

is a sum of stochastically independent, centered random variables. Furthermore, we get that

Var (Sn) = σ2
n∑

i=1

b2i = σ2
n∑

i=1

p∑

j,ℓ=1

ajaℓxi,jxi,ℓ

= σ2
p∑

j,ℓ=1

ajaℓ(X
⊤
n Xn)j,ℓ

= σ2a⊤(X⊤
n Xn)a.

If follows that Var
(
n− 1

2Sn

)
= n−1σ2a⊤X⊤

n Xna −→ ρ2 = σ2a⊤V a for n → ∞. Checking the

Lindeberg condition by making use of Assumption (i) completes the proof of Part (a).

For proving Part (b), we recall the representation

√
n{β̂(n)− β} =

1√
n
(n−1X⊤

n Xn)
−1X⊤

n ε,
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which we have obtained in Part (a) of Theorem 2.5. By the Cramér-Wold device (see, e. g., Page

862 in Shorack and Wellner (1986)), it holds that

L
(

1√
n
X⊤

n ε

)
w−−−→

n→∞
Np

(
0, σ2V

)
.

Moreover, (n−1X⊤
n Xn)

−1 converges to V −1 by Assumption (ii). Altogether, this yields that

L
(

1√
n
(n−1X⊤

n Xn)
−1X⊤

n ε

)
w−−−→

n→∞
Np

(
0, σ2V −1

)
,

as desired. �

Theorem 2.16 (Distribution of quadratic forms in Gaussian variables)

1. Let X ∼ Nn(µ,Σ), where Σ is symmetric and positive definite.

Then, (X − µ)⊤Σ−1(X − µ) ∼ χ2
n.

2. Let X ∼ Nn(0, In), let R be a symmetric, idempotent (n × n)-matrix with rank(R) = r,

and let B be a (p× n)-matrix with p ≤ n. Then, the following two assertions hold true.

(a) X⊤RX ∼ χ2
r

(b) From BR = 0 it follows that X⊤RX is stochastically independent of BX .

3. Let X ∼ Nn(0, In), and let R and S be symmetric and idempotent (n × n)-matrices with

rank(R) = r, rank(S) = s, and RS = 0. Then, the following two assertions hold true.

(a) X⊤RX and X⊤SX are stochastically independent.

(b) s
r
X⊤RX
X⊤SX

∼ Fr,s

Proof: We follow Satz B.6 in Fahrmeir et al. (2009).

Proof of 1. Denote by Σ1/2 the symmetric and positive definite matrix with Σ1/2 · Σ1/2 = Σ and

pertaining inverse matrix Σ−1/2. Then, Z := Σ−1/2(X − µ) ∼ Nn(0, In). The definition

of the chi-square distribution yields that Z⊤Z ∼ χ2
n and hence the assertion.

Proof of 2. (a) Since R is idempotent and symmetric, there exists an orthonormal matrix P such that

R = PDrP
⊤, where Dr =

(
Ir 0

0 0

)
; see Section 8.5.1.1 in Gentle (2017). Due to the

orthonormality of P , the random vector W := P⊤X has the same distribution as X , namely

W ∼ Nn(0, In). The assertion follows by noticing that

X⊤RX = X⊤R2X = (RX)⊤(RX) = (PDrW )⊤(PDrW ) = W⊤DrP
⊤PDrW

= W⊤DrW =
r∑

i=1

W 2
i ,
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and by the definition of the chi-square distribution.

(b) Define Z1 := BX ∼ Np(0, B
⊤B) and Z2 := RX ∼ Nn(0, R). Since

Cov(Z1, Z2) = Cov(BX,RX) = B Cov(X)R⊤ = BR = 0

and Z1, Z2 are jointly normal, we conclude that Z1 and Z2 are stochastically independent.

This implies that Z1 = BX and Z⊤
2 · Z2 = X⊤RX are stochastically independent, too.

Proof of 3. (a) Define Z1 := SX ∼ Nn(0, S) and Z2 := RX ∼ Nn(0, R). It holds that

Cov(Z1, Z2) = S Cov(X)R = SR = S⊤R⊤ = (RS)⊤ = 0.

Due to joint normality of Z1, Z2, their uncorrelatedness implies their stochastic indepen-

dence. In turn, the random variables Z⊤
1 Z1 and Z⊤

2 Z2 are stochastically independent, too.

The assertion follows by the identities X⊤SX = Z⊤
1 Z1 and X⊤RX = Z⊤

2 Z2.

Part (b) is a consequence of Part (a) and of the assertion under Part 1., by means of the

definition of Fisher’s F -distribution.

�

Definition 2.17 (Linear hypotheses)

Let K be a deterministic (r × p)-matrix with rank(K) = r ≤ p. In the context of Model 2.1,

we call such a K a contrast matrix, and we call a test problem of the form H0: Kβ = d versus

H1: Kβ 6= d with a fixed, given vector d ∈ Rr×1 a (two-sided) linear test problem. This means,

that the linear hypothesis H0 imposes r ≤ p linearly independent conditions / restrictions on the

parameters of the ANCOVA model.

Example 2.18

(i) Test for a significant influence of one particular covariate on the (expected) response:

H0 : βj = 0 vs. H1 : βj 6= 0

for a given 1 ≤ j ≤ k.

⇒ K ∈ R1×p with entries Ki = 1{i=j+1}, and d = 0 ∈ R.

(ii) Testing the influence of a sub-vector β∗ = (β1, . . . , βr)
⊤:

⇒ K =




0 1 0 . . . 0 0 . . . 0

0 0 1 . . . 0 0 . . . 0
...

. . . 0 0 . . . 0

0 0 0 . . . 1 0 . . . 0




∈ Rr×p (2.4)

with entries Ki,ℓ = 1{ℓ=i+1}, and d = 0 ∈ Rr.
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(iii) Test for equality of two regression coefficients:

H0 : βj1 − βj2 = 0 versus H1 : βj1 − βj2 6= 0, with 1 ≤ j1 6= j2 ≤ k.

⇒ K ∈ R1×p with entries Ki = 1{i=j1+1} − 1{i=j2+1}, i. e.,

K = (0, . . . , 0, 1︸︷︷︸
j1+1-th

, 0, . . . , 0, −1︸︷︷︸
j2+1-th

, 0, . . . , 0), and d = 0 ∈ R.

Theorem 2.19

From now on, we refer to the test statistic 2 log Λn(Y ) of a likelihood ratio test as deviance.

Under Model 2.1, the following assertions hold true.

(a) For computing the deviance for testing the linear hypothesis H0: Kβ = d, it is necessary

to maximize the (log-)likelihood function of the model under the constraints encoded by K

and d. This constrained maximization can be avoided by using instead of the deviance the

Wald statistic

W = (Kβ̂ − d)⊤(KV̂ K⊤)−1(Kβ̂ − d), (2.5)

where β̂ denotes the MLE for β in the full (unrestricted) model and V̂ denotes the estimated

covariance matrix of β̂; cf. Corollary 2.13. The statistic W is asymptotically equivalent to

the deviance 2 log Λn(Y ). In particular, L(W )
w−−→
H0

χ2
r for n → ∞.

(b) If we assume normally distributed error terms (see the optional Assumption (c) of Model

2.1), then the deviance is an isotone transformation of F = n−p
r

∆SSE
SSE , where ∆SSE =

SSEH0 −SSE. Furthermore, the statistic F is in this case exactly F -distributed under H0,

meaning that F ∼
H0

Fr,n−p.

(c) Under the assumptions of Part (b), it holds that W = rF .

Proof: The asymptotic χ2
r-distribution postulated in Part (a) under the null follows from the asym-

ptotic normality of β̂ established in Theorem 2.15. To understand this conclusion, we first explain

it by means of the situation of Theorem 1.41. Namely, with the notation used there, we have that

√
n(θ̂n − θ0)

D→ N (0, I(θ0)
−1) under θ0 for n → ∞,

under the stated regularity assumptions. Thus,

I(θ0)
1/2n1/2(θ̂n − θ0)

D→ N (0, Ir), with r := dim(θ0).

The Continuous Mapping Theorem then yields, that

(θ̂n − θ0)
⊤nI(θ0)(θ̂n − θ0)

D→ χ2
r .

If the Fisher information (pertaining to a single observational unit) θ 7→ I(θ) is continuous and

hence I(θ̂n) is a consistent estimator of I(θ0), Slutsky’s lemma entails that

(θ̂n − θ0)
⊤nI(θ̂n)(θ̂n − θ0)

D→ χ2
r , (2.6)
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where nI(θ0) is the Fisher information of the product model.

Now, we refer to Remark 1.43 and Theorem 2.15, and connect (2.6) to our situation. We have to

test H0 : Kβ − d = 0, thus the parameter of interest is given by θ = Kβ − d, θ0 = 0, and

θ̂n = Kβ̂ − d. Plugging these specifications into (2.6) and replacing nI(θ̂n) (inverse covariance

matrix for large n → ∞) by (KV̂ K⊤)−1, we get that L(W )
w−→ χ2

r for n → ∞ under H0.

For Part (b), we introduce in analogy to Remark 1.45 the abbreviations

β̂H0 : MLE in the reduced model (under the constraints encoded by K and d),

σ̂2
H0 : MLE of the error variance in the reduced model,

Ẑ(y) := Z(y, (β̂, σ̂2
ML)),

ẐH0(y) := Z(y, (β̂H0 , σ̂
2
H0)),

and compute the deviance as follows.

2 log∆n(y) = 2
[
ln(Ẑ(y))− ln(ẐH0(y))

]

= 2

[
−n

2
log(2πσ̂2

ML)−
SSE

2σ̂2
ML

+
n

2
log(2πσ̂2

H0) +
SSEH0

2σ̂2
H0

]

= n log

(
σ̂2

H0

σ̂2
ML

)
= n log

(
SSEH0

SSE

)
= n log

(
∆SSE

SSE
+ 1

)
.

For the verification of the Fr,n−p-distribution of F = n−p
r

∆SSE
SSE under H0, we employ Part 3. of

Theorem 2.16. To this end, it remains to show that

(i) ∆SSE/σ2 ∼ χ2
r ,

(ii) ∆SSE and SSE are stochastically independent.

(The argumentation is then completed by an exercise.) We show these remaining properties (i) and

(ii) as well as the assertion of Part (c) in Corollary 2.21. �

Theorem 2.20

Under the conditions of Parts (b) and (c) of Theorem 2.19, the following assertions hold true.

(i) The restricted MLE of θ is given by

β̂H0 = β̂ − (X⊤X)−1K⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d).

This estimator β̂H0 fulfills the constraint Kβ̂H0 = d, because

Kβ̂H0 = Kβ̂ −K(X⊤X)−1K⊤(K(X⊤X)−1K⊤)−1 · (Kβ̂ − d) = Kβ̂ −Kβ̂ + d = d.

Furthermore, β̂H0 = β̂, if the unrestricted MLE β̂ already fulfills the constraint.
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(ii) Abbreviating ∆H0 = (X⊤X)−1K⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d), we get that

SSEH0 = ε̂⊤ε̂+∆⊤
H0

X⊤X∆H0 .

(iii) We obtain the representation ∆SSE = (Kβ̂ − d)⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d). Thus,

∆SSE is a quadratic form.

Proof: Due to the assumption of normally distributed error terms (see Part (c) of Model 2.1), the

restricted MLE β̂H0 is also the restricted LSE. We may thus argue geometrically, as in the proof

of Theorem 2.5.

Let γ ∈ Rp be any candidate vector fulfilling the constraint Kγ = d. We first see that

||Y −Xγ||22 = (Y −Xγ)⊤(Y −Xγ) = (Y −Xβ̂ +X(β̂ − γ))⊤(Y −Xβ̂ +X(β̂ − γ))

= ||Y −Xβ̂||22 + (β̂ − γ)⊤X⊤X(β̂ − γ), because

(β̂−γ)⊤X⊤(Y −Xβ̂) = (Y −Xβ̂)⊤X(β̂−γ) = (β̂−γ)⊤(X⊤Y −X⊤X(X⊤X)−1X⊤Y ) = 0.

Furthermore, it holds that

(β̂ − γ)⊤X⊤X(β̂ − γ) = ||X(β̂ − β̂H0)||22 + ||X(β̂H0 − γ)||22,

because we can calculate analogously

||X(β̂ − β̂H0)||22 = (X(β̂ − β̂H0))
⊤X(β̂ − β̂H0) = (X(β̂ − γ + γ − β̂H0))

⊤X(β̂ − γ + γ − β̂H0)

=
[
(β̂ − γ)⊤ + (γ − β̂H0)

⊤
]
X⊤X

[
(β̂ − γ) + (γ − β̂H0)

]

= (β̂ − γ)⊤X⊤X(β̂ − γ) + 2(β̂ − γ)⊤X⊤X(γ − β̂H0)

+ (γ − β̂H0)
⊤X⊤X(γ − β̂H0),

and with ||X(β̂H0 − γ)||22 = (β̂H0 − γ)⊤X⊤X(β̂H0 − γ) it follows that

||X(β̂ − β̂H0)||22 + ||X(β̂H0 − γ)||22

= (β̂ − γ)⊤X⊤X(β̂ − γ) + 2(β̂ − γ)⊤X⊤X(γ − β̂H0) + 2(γ − β̂H0)
⊤X⊤X(γ − β̂H0)

= (β̂ − γ)⊤X⊤X(β̂ − γ) + 2(β̂ − β̂H0)
⊤X⊤X(γ − β̂H0).

But now, we notice that

2(β̂ − β̂H0)
⊤X⊤X(γ − β̂H0) = 2

[
(X⊤X)−1K⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d)

]⊤
X⊤X(γ − β̂H0)

= 2(Kβ̂ − d)⊤(K(X⊤X)−1K⊤)−1K(X⊤X)−1(X⊤X)(γ − β̂H0)

= 2(Kβ̂ − d)⊤(K(X⊤X)−1K⊤)−1K(γ − β̂H0) = 0.
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Altogether, we get that for all γ ∈ Rp with Kγ = d the identity

||Y −Xγ||22 = ||Y −Xβ̂||22 + ||X(β̂ − β̂H0)||22 + ||X(β̂H0 − γ)||22.

holds true. Since the first to summands on the right-hand side of the latter identity are invariant

in γ and X has maximum rank, we conclude that β̂H0 uniquely minimizes the sum of squares

of residuals under the linear constraint given by H0. The calculation reveals moreover, that the

decomposition formula

||Y −Xβ̂H0 ||22 = ||Y −Xβ̂||22 + ||X(β̂ − β̂H0)||22,

holds, thus orthogonality of (Y −Xβ̂) and (Xβ̂ −Xβ̂H0) (Pythagoras!).

This relationship is illustrated in Figure 2.2, which is an extension of Figure 2.1 and can be found

in a similar form on the cover of the book by Lehmann and Romano (2005).

Figure 2.2: Geometric illustration of the restricted least squares estimator β̂H0 .

For proving Parts (ii) and (iii), we notice that β̂H0 = β̂ −∆H0 and compute

ŷH0 = Xβ̂H0 = X(β̂ −∆H0) = Xβ̂ −X∆H0 = ŷ −X∆H0 ,

ε̂H0 = y − ŷH0 = y − ŷ +X∆H0 = ε̂+X∆H0 ,
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thus

SSEH0 = ε̂⊤H0
ε̂H0 = (ε̂+X∆H0)

⊤(ε̂+X∆H0)

= ε̂⊤ε̂+ ε̂⊤X∆H0 +∆⊤
H0

X⊤ε̂+∆⊤
H0

X⊤X∆H0

= ε̂⊤ε̂+∆⊤
H0

X⊤X∆H0 ,

because X⊤ε̂ = 0 according to Part (ii) of Remark 2.6. Finally, this leads to

∆SSE = ε̂⊤ε̂+∆⊤
H0

X⊤X∆H0 − ε̂⊤ε̂ = ∆⊤
H0

X⊤X∆H0

=
[
(X⊤X)−1K⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d)

]⊤
X⊤X(X⊤X)−1K⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d)

= (Kβ̂ − d)⊤(K(X⊤X)−1K⊤)−1K(X⊤X)−1K⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d)

= (Kβ̂ − d)⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d),

completing the argumentation. �

Corollary 2.21

Under the conditions of Parts (b) and (c) of Theorem 2.19, the following assertions hold true under

the linear hypothesis H0 : Kβ = d.

(a) ∆SSE/σ2 ∼ χ2
r

(b) ∆SSE ⊥⊥ SSE. Thus, by Part 3. of Theorem 2.16, F ∼
H0

Fr,n−p.

(c) W = rF = (n− p)∆SSE
SSE

Proof: For proving Part (a), we use Part 1. of Theorem 2.16. To this end, we define Z = Kβ̂.

Under H0, E [Z] = d and Cov(Z) = σ2K(X⊤X)−1K⊤. Since β̂ is normally distributed, we

even get that Z ∼ Nr(d, σ
2K(X⊤X)−1K⊤), implying the assertion.

For proving Part (b), we notice that ∆SSE is a deterministic transformation of β̂. Since β̂ is

stochastically independent of SSE, we conclude that ∆SSE is stochastically independent of

SSE, too.

Finally, for proving Part(c), we calculate straightforwardly that

F =
n− p

r

∆SSE

SSE
=

n− p

r

(Kβ̂ − d)⊤(K(X⊤X)−1K⊤)−1(Kβ̂ − d)

(n− p)σ̂2

=
(Kβ̂ − d)⊤(σ̂2K(X⊤X)−1K⊤)−1(Kβ̂ − d)

r

=
(Kβ̂ − d)⊤(KV̂ K⊤)−1(Kβ̂ − d)

r
=

W

r
.

�
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Example 2.22 (Continuation of Example 2.18)

Let us calculate the concrete form of the F-statistic for three special test problems.

(i) Test of (significant) influence of one particular covariate on the (expected) response:

H0 : βj = 0, H1 : βj 6= 0, 1 ≤ j ≤ k fixed.

According to Part (i) of Example 2.18, we have K ∈ R1×p with entries Ki = 1{i=j+1}, and

d = 0. Plugging these specifications into the quantities considered in Corollary 2.21 yields

that

∆SSE =
SSE

n− p

(β̂j)
2

V̂ar(β̂j)
, thus

F = (n− p)
∆SSE

SSE
=

(β̂j)
2

V̂ar(β̂j)
as well as F ∼

H0

F1,(n−p).

The resulting F-Test is equivalent to the two-sided t-test employing the test statistic

T =
|β̂j |

ŜE(β̂j)
with ŜE(β̂j) :=

√
V̂ar(β̂j).

(ii) Test for the influence of a sub-vector β∗ = (β1, . . . , βr)
⊤:

Here, we employ K ∈ Rr×p with entries Kiℓ = 1{ℓ=i+1}, and d = 0 ∈ Rr.

This leads to

∆SSE =
SSE (β̂∗)⊤[Ĉov(β̂∗)]−1β̂∗

n− p
as well as F =

n− p

r

∆SSE

SSE
=

(β̂∗)⊤[Ĉov(β̂∗)]−1β̂∗

r

with the corresponding null distribution F ∼
H0

Fr,(n−p).

(iii) Global test:

Consider the test problem H0 : βj = 0 for all 1 ≤ j ≤ k versus H1 : ∃j ∈ {1, . . . , k} :

βj 6= 0.

In this case, SSEH0 = SST =
∑n

i=1(Yi − Y )2, and by decomposition of spread

∆SSE = SSEH0 − SSE = SST − SSE = SSR =
n∑

i=1

(Ŷi − Y )2.

⇒ F =
n− p

k

∆SSE

SSE
=

n− p

k

SSR

SSE
=

n− p

k

R2

1−R2
and F ∼

H0

Fk,(n−p).

Remark 2.23

F-Tests can equivalently be carried out as Hotelling’s T 2-tests. Namely, the following relationship

holds true: If F ∼ Fr,s, then
r(s+r−1)

s F ∼ T 2(r, s+ r − 1).

(Hotelling’s T 2-distribution, cf. Hotelling (1931))

Corollary 2.24

By the correspondence theorem, Theorem 2.20, Corollary 2.21, and Example 2.22 entail the follo-

wing confidence statements.
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1) For fixed 1 ≤ j ≤ k, a (1− α)-confidence interval for βj is given by

[
β̂j − tn−p;1−α/2 · ŜE(β̂j) , β̂j + tn−p;1−α/2 · ŜE(β̂j)

]
.

2) A confidence ellipsoid for a sub-vector β∗ = (β1, . . . , βr)
⊤ at confidence level (1 − α) is

given by

{
γ ∈ Rr : (β̂∗ − γ)⊤

[
Ĉov(β̂∗)

]−1
(β̂∗ − γ) ≤ r · Fr,n−p;1−α

}
.

Further implications are:

3) Consider a future observation Y0 with pertaining profile of covariates ~X0 = ~x0. Then, a

(1− α)-confidence interval for µ0 := E
[
Y0 | ~X0 = ~x0

]
is given by

[
~x0β̂ − tn−p;1−α/2 · σ̂

√
~x0(X⊤X)−1~x⊤0 , ~x0β̂ + tn−p;1−α/2 · σ̂

√
~x0(X⊤X)−1~x⊤0

]
.

4) Under the circumstances of Part 3), a (1 − α)-prognosis interval for the response value y0

itself is given by

[
~x0β̂ − tn−p;1−α/2 · σ̂

√
1 + ~x0(X⊤X)−1~x⊤0 , ~x0β̂ + tn−p;1−α/2 · σ̂

√
1 + ~x0(X⊤X)−1~x⊤0

]
.

Attention: We have defined profiles of covariates as row vectors!

Remark 2.25

The multivariate central limit theorem (Theorem 2.15) yields, that without the additional assump-

tion in Part (c) of Model 2.1 we have the asymptotic / approximate distributional result that

β̂(n) ∼
approx.

Np(β, σ̂2
n(X

⊤
n Xn)

−1).

Hence, all results concerning tests and confidence regions, which we have derived under the wor-

king assumption of normally distributed error terms, stay at least approximately correct for large

sample sizes (under suitable regularity assumptions) if non-Gaussian errors have to be conside-

red. For small to moderate sample sizes, it is often advisable to approximate the null distribution

of certain test statistics of interest by means of resampling methods, if the additional assumption

in Part (c) of Model 2.1 is prone to be violated; cf., e. g., Chapter 6 of Dickhaus (2018), which also

contains some considerations for models with random design.

2.2 Analysis of variance (ANOVA)

Model 2.26 (One-factorial design, ANOVA1)

We assume that we can observe response values (yij)1≤i≤k,
1≤j≤ni

, which we model as realizations of
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jointly stochastically independent random variables (Yij)1≤i≤k,
1≤j≤ni

.

In this, we assume that ∀1 ≤ i ≤ k : ∀1 ≤ j ≤ ni : Yij ∼ N (µi, σ
2).

We call the first dimension (corresponding to the index i) the factor and the value of 1 ≤ i ≤
k the factor level. The integers (ni)1≤i≤k denote the numbers of independent repetitions of the

experiment per factor level. We can write the model in matrix form by considering the equivalent

formulation

Yij = µi + εij ∀1 ≤ i ≤ k, ∀1 ≤ j ≤ ni,

with i.i.d. error terms (εij)1≤i≤k,
1≤j≤ni

fulfilling that ε11 ∼ N (0, σ2).

Hence, we have a regression model with exactly one categorical covariate, which is of the form




Y11
...

Y1n1

...

Yk1
...

Yknk




=




1 0 . . . 0
...

...
...

1 0 . . . 0
...

...
...

0 0 . . . 1
...

...
...

0 0 . . . 1




·




µ1

...

µk


+




ε11
...

ε1n1

...

εk1
...

εknk




.

Its matrix form is given by

Y = Xµ+ ε,

where µ = (µ1, . . . , µk)
⊤ is the parameter vector and ε ∼ Nn•(0, σ

2In•) mit n• :=
∑k

i=1 ni is

the stochastic component of the model. The design matrix of the model is given by

X = (xji)1≤j≤n•

1≤i≤k
with xji = 1{observational unit j belongs to factor level i}.

In the special case of n1 = . . . = nk =: n, we call the model ANOVA1 model with balanced design.

Notice that the model formulation in Model 2.26 has no intercept. It holds that rank(X) = k,

because the k columns of X are linearly independent.

The classical question of the ANOVA is: Do there exist (any) differences in the factor level-specific

(theoretical) means µi, 1 ≤ i ≤ k, or not? This has the interpretation of whether the factor has an

influence on the (expected) response or not.

Mathematical formulation as a test problem:

H0 : µ1 = µ2 = . . . = µk versus H1 : ∃1 ≤ i 6= ℓ ≤ k : µi 6= µℓ (2.7)

Apart from this problem, other questions may be of interest, too, e. g.:

(MCA) Testing all pairwise mean differences

(MCB) Comparing the factor level-specific means with the (empirically) “best”
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(referring to the largest empirical mean)

(MCC) Comparing the factor level-specific means with the mean of a pre-defined control group

These are classical multiple test problems, which are treated, for instance, in the textbook by

Hochberg and Tamhane (1987).

Theorem 2.27 (Sum of squares decomposition)

Define the following quantities.

∀1 ≤ i ≤ k : Y i· = n−1
i

ni∑

j=1

Yij (Empirical group means)

Y ·· = n−1
•

k∑

i=1

ni∑

j=1

Yij (Grand mean)

SSB =
k∑

i=1

ni(Y i· − Y ··)
2 (Sum of squares between groups)

SSW =
k∑

i=1

ni∑

j=1

(Yij − Y i·)
2 (Sum of squares within groups)

Then it holds: SST = SSB + SSW.

Proof: We calculate straightforwardly, that

SST =
k∑

i=1

ni∑

j=1

(Yij − Y ··)
2

=
∑

i

∑

j

(Yij − Y i· + Y i· − Y ··)
2

=
∑

i

∑

j

[
(Yij − Y i·)

2 + 2(Yij − Y i·)(Y i· − Y ··) + (Y i· − Y ··)
2
]
.

But now, we have that

∑

i

∑

j

(Yij − Y i·)(Y i· − Y ··) =
∑

i

(Y i· − Y ··)
∑

j

(Yij − Y i·)

=
∑

i

(Y i· − Y ··)(niY i· − niY i·) = 0,

which implies the assertion. �

Obviously, evidence against the null hypothesis is gained if the spread between the groups is

(much) bigger than the spread within the groups. This motivates the usage of the (scaled) ratio of

SSB and SSW as test statistic for testing H0 from (2.7).

Theorem 2.28

Utilizing the notation introduced in Theorem 2.27, the following assertions hold true.

45



(i) SSW/σ2 ∼ χ2
n•−k

(ii) Under H0, SSB/σ2 ∼ χ2
k−1

(iii) SSW is stochastically independent of SSB.

(iv) Under H0, the statistic F = SSB/(k−1)
SSW/(n•−k) possesses the Fk−1,n•−k-distribution.

Hence, a level α test for testing (2.7) is given by the following decision rule: Reject H0, if the

observed value of the F -statistic defined in Part (iv) exceeds Fk−1,n•−k;1−α (the (1− α)-quantile

of the null distribution).

Proof: This is an exercise. �

Definition 2.29 (Effect coding)

Under Model 2.26, define µ0 := E
[
Y ··

]
= n−1

•

∑k
i=1

∑ni

j=1 µi = n−1
•

∑k
i=1 niµi and αi :=

µi − µ0 for all 1 ≤ i ≤ k. This introduces an “intercept” µ0 into the ANOVA1 model. In terms of

the quantities just defined, the model equations are given by

∀1 ≤ i ≤ k : ∀1 ≤ j ≤ ni : Yij = µ0 + αi + εij (2.8)

with homoscedastic, stochastically independent, centered, normally distributed error terms

(εij)1≤i≤k,
1≤j≤ni

.

In this, it is important to take account of the constraint that
∑k

i=1 niαi = 0, in order to ensure

maximum rank of the resulting design matrix (cf. the corresponding exercise). We call the repre-

sentation in (2.8) the effect coding of the ANOVA1 model, and we call αi the effect of factor level i,

for 1 ≤ i ≤ k.

Convention:

To encode the constraint that
∑k

i=1 niαi = 0 in the design matrix, we eliminate the superfluous

parameter αk by writing αk := −n−1
k

∑k−1
i=1 niαi.

With these specifications, the matrix form of the effect coding is given by

Y = X (µ0, α1, . . . , αk−1)
⊤ + ε
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or



Y11
...

Y1n1

Y21
...

Y2n2

...

Yk−1,1

...

Yk−1,nk−1

Yk,1
...

Yk,nk




=




1 1 0 0 . . . 0
...

...
...

...
...

1 1 0 0 . . . 0

1 0 1 0 . . . 0
...

...
...

...
...

1 0 1 0 . . . 0
...

...
...

...
...

1 0 0 0 . . . 1
...

...
...

...
...

1 0 0 0 . . . 1

1 −n1
nk

−n2
nk

− nℓ

nk
. . . −nk−1

nk

...
...

...
...

...

1 −n1
nk

−n2
nk

− nℓ

nk
. . . −nk−1

nk







µ0

α1

...

αk−1




+




ε11
...

...

...

...

...

...

...

...

...

...

...

εk,nk




,

respectively, with the k parameters µ0, (αi)1≤i≤k−1.

Theorem 2.30

Under the specifications of Definition 2.29, the following assertions hold true.

(i) The least squares estimators (or, equivalently, the MLEs) for the unknown parameters are

given by

µ̂0 = Y ·· and α̂i = Y i· − Y ··, 1 ≤ i ≤ k.

(ii) The F-statistic for testing the global hypothesis H0: α1 = α2 = . . . = αk−1 = 0 coincides

with the F -statistic given in Part (iv) of Theorem 2.28, i. e., F = SSB/(k−1)
SSW/(n•−k) .

Proof: For proving Part (i), we consider the (over-parametrized) design matrix

X(k+1) =




1 1 0 . . . 0
...

...
...

...

1 1 0 . . . 0

1 0 1 . . . 0
...

...
...

...

1 0 1 . . . 0

. . . . . . . . . . . . . . .

1 0 0 . . . 1
...

...
...

...

1 0 0 . . . 1




∈ {0, 1}n•×(k+1) with rank(X(k+1)) = k,
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and we solve the system X⊤
(k+1)X(k+1) (µ0, α1, . . . , αk)

⊤ = X⊤
(k+1)Y of normal equations under

the linear restriction that
∑k

i=1 niαi = 0. We obtain that

X⊤
(k+1)X(k+1) =




n• n1 n2 . . . nk−1 nk

n1 n1 0 . . . . . . 0

n2 0 n2 0 . . . 0
... 0 . . .

. . . . . . 0

nk−1 0 . . . 0 nk−1 0

nk 0 . . . . . . 0 nk




.

This entails the normal equations

n•µ0 +

k∑

i=1

niαi =

k∑

i=1

ni∑

j=1

Yij and

∀1 ≤ i ≤ k : niµ0 + niαi =

ni∑

j=1

Yij .

Plugging the linear restriction into the first equation yields

n•µ̂0 =
k∑

i=1

ni∑

j=1

Yij ⇔ µ̂0 = Y ··,

thus

∀1 ≤ i ≤ k : ni

(
Y ·· + α̂i

)
=

ni∑

j=1

Yij ⇔ α̂i = Y i· − Y ··,

as desired.

For proving Part (ii), notice that SSEH0 = SST =
∑k

i=1

∑ni

j=1(Yij − Y ··)
2 as well as

SSE =
k∑

i=1

ni∑

j=1

(Yij − µ̂0 − α̂i)
2

=
k∑

i=1

ni∑

j=1

[Yij − Y ·· − (Y i· − Y ··)]
2

=
k∑

i=1

ni∑

j=1

(Yij − Y i·)
2 = SSW

hold true. By the sum of squares decomposition, this yields that ∆SSE = SSEH0 − SSE =

SST − SSW = SSB, and Part (b) of Theorem 2.19 leads to F = SSB/(k−1)
SSW/(n•−k) , because here

r = k − 1 (number of restrictions), dim(Y ) = n• (total sample size), and the number of columns

of the design matrix with full rank equals k. �
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Remark 2.31

The effect representation of the ANOVA1 model, given by

∀1 ≤ i ≤ k : ∀1 ≤ j ≤ ni : Yij = µ0 + αi + εij , (2.9)

does not fulfill the conditions of Model 2.1 in the first place, because the corresponding design

matrix does not have full column rank. Only by taking into account the intrinsic constraint that
∑k

i=1 niαi = 0, which results from the definition of (αi)1≤i≤k, leads to a proper regression model

that fulfills the conditions of Model 2.1. Starting directly from the specification (2.9), it is also

possible to impose other constraints which guarantee full column rank of the design matrix. For

instance, one may consider constraints of the type
∑k

i=1 ciαi = c⊤α = 0, where
∑k

i=1 ci 6= 0.

If one enforces orthogonality of the columns of the design matrix, the resulting representation is

called the contrast coding. In summary, the following codings may be considered.

1. Dummy coding:

xji = 1, if observational unit j belongs to factor level i, and xji = 0 otherwise,

for 1 ≤ j ≤ n• and 1 ≤ i ≤ k.

2. Effect coding:

∀1 ≤ j ≤ n• : xj1 = 1 and xji =





1, if factor level i− 1 applies,

−ni−1

nk
, if factor level k applies,

0, otherwise,

for 2 ≤ i ≤ k. In this, we say that factor level i applies (in row j), if observational unit j

belongs to factor level i.

3. Contrast coding:

Obtained by orthogonalization of the design matrix.

In all three cases, the resulting design matrix X = (xji)1≤j≤n•,
1≤i≤k

is an (n• × k)-matrix.

We now turn to two-factorial designs.

Model 2.32 (Two-factorial design, ANOVA2)

We assume that we can observe response values (yijk)1≤i≤I,
1≤j≤J,
1≤k≤n

. In particular, we restrict our attenti-

on to balanced designs. We model these observations as realizations of (Yijk), and make the model

assumption that

Yijk = µij + εijk , 1 ≤ i ≤ I, 1 ≤ j ≤ J, 1 ≤ k ≤ n.

The total sample size is given by n•• := I ·J ·n. The first two dimensions are called first and second

factor, respectively, with factor levels 1 ≤ i ≤ I for the first factor and 1 ≤ j ≤ J for the second

factor. The third index 1 ≤ k ≤ n runs over the n repetitions per factor level combination. For the
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stochastic part of the model, we assume that all error terms (εijk) are i.i.d. with ε111 ∼ N (0, σ2).

The ANOVA2 model is a multiple linear regression model with exactly two categorical covariates.

The dimensionality of the pertaining parameter vectors is given by

dim((µ11, µ12, . . . , µ1J , µ21, . . . , µI1, . . . , µIJ)
⊤) = I · J.

Example 2.33 (Schuchard-Ficher et al. (1980), Page 30)

Response: Sold quantity units of a certain margarine brand in different supermarkets

Factor 1: Price policy (“low price”, “normal price”, “high price”)

Factor 2: Communication strategy (“direct mail”, “press advertising”)

Experimental plan: Six randomly chosen supermarkets, one supermarket per factor level combi-

nation, ten randomly chosen working days

This leads to I = 3 (price policy strata), J = 2 (communication strategy strata), and

n = 10 (repetitions per factor level combination).

Definition and Lemma 2.34 (Effect coding of the balanced ANOVA2 model)

Under Model 2.32, we define

µi• := J−1
J∑

j=1

µij , 1 ≤ i ≤ I; (2.10)

µ•j := I−1
I∑

i=1

µij , 1 ≤ j ≤ J ; (2.11)

µ0 := (IJ)−1
I∑

i=1

J∑

j=1

µij . (2.12)

With these definitions, the following assertions hold true.

(i) We obtain the decomposition

µij = µ0 + (µi• − µ0) + (µ•j − µ0) + (µij − µi• − µ•j + µ0)

=: µ0 + αi + βj + (αβ)ij ; 1 ≤ i ≤ I, 1 ≤ j ≤ J

as well as the effect representation

Yijk = µ0 + αi + βj + (αβ)ij + εijk. (2.13)

The parameter vector corresponding to the effect coding is given by

θ̃ := (µ0, α1, . . . , αI , β1, . . . , βJ , (αβ)11, . . . , (αβ)IJ)
⊤ ∈ R1+I+J+IJ .

From (2.10) - (2.12) it is apparent, that there exist (I + J + 1) restrictions between the

components of θ̃. Thus, the over-parametrized [(I ·J ·n)× (1+ I+J + IJ)]-design matrix
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pertaining to the effect coding has column rank (I · J), which is the same column rank as

for the dummy coding. In particular, the design matrix pertaining to the effect coding does

not have full column rank.

(ii) It holds that
I∑

i=1

αi =
J∑

j=1

βj =
I∑

i=1

(αβ)ij =
J∑

j=1

(αβ)ij = 0.

The parameters (αi)1≤i≤I are called main effects of the first factor, the parameters (βj)1≤j≤J

are called main effects of the second factor, and the parameters ((αβ)ij)1≤i≤I,
1≤j≤J

are called

interaction effects.

It does not (!!) necessarily hold that (αβ)ij = αiβj .

Proof: Part (i) is obvious. For proving Part (ii), we calculate straightforwardly, that

I∑

i=1

αi =
I∑

i=1

(µi• − µ0)

=
I∑

i=1


J−1

J∑

j=1

µij − (IJ)−1
I∑

i=1

J∑

j=1

µij




=
I∑

i=1

J∑

j=1

µij

J
− I−1

I∑

i=1




I∑

i=1

J∑

j=1

µij

J


 = 0,

because
∑I

i=1

∑J
j=1 µij/J is a constant.

The other assertions of Part (ii) follow analogously. �

Theorem 2.35

Under the conditions of Definition and Lemma 2.34, let

θ := (µ0, α1, . . . , αI−1, β1, . . . , βJ−1, (αβ)11, . . . , (αβ)(I−1)(J−1))
⊤ ∈ RIJ .

Then, the following assertions hold true.

(a) The model equation of the ANOVA2 model with balanced design can equivalently be written

as

Y = Xθ + ε with

Y = (Y111, . . . , YIJn)
⊤ ∈ Rn•• ,

ε = (ε111, . . . , εIJn)
⊤ ∈ Rn•• ,

and design matrix X ∈ Rn••×(I·J). Its entries (Xrs)1≤r≤n••,
1≤s≤I·J

are given by the following

construction. We partition X into four sub-matrices Xµ0 , Xα, Xβ , and X(αβ) with n•• rows

each. Namely,
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[1] Xµ0 is a column vector, containing only ones (intercept column).

[2] Xα is an (n•• × (I − 1))-matrix, whose columns correspond to the main effects of the

first factor. In column 1 ≤ i ≤ I − 1 of Xα, it holds that

X(k,i)
α = +1, if observational unit k belongs to factor level i, 1 ≤ k ≤ n••,

X(k,i)
α = −1, if observational unit k belongs to factor level I ,

X(k,i)
α = 0, otherwise.

[3] Xβ corresponds in analoguous manner to the main effects of the second factor.

[4] X(αβ) corresponds to the (I − 1) · (J − 1) interaction effects. For its entries, it holds

(in self-explaining notation): X
(k,ij)
(αβ) = X

(k,i)
α ·X(k,j)

β , 1 ≤ i ≤ I − 1,

1 ≤ j ≤ J − 1, 1 ≤ k ≤ n••. Hence, X has the following structure.

X =




µ0 α1 . . . αI−1 β1 . . . βJ−1 (αβ)11 . . . (αβ)(I−1),(J−1)

111 1 1 . . . 0 1 . . . 0 1 . . . 0

...
...

...
...

...
...

...
...

11n 1 1 . . . 0 1 . . . 0 1 . . . 0

...
...

...

1J1 1 1 . . . 0 −1 . . . −1 −1 . . . 0

...
...

...
...

...
...

...
...

1Jn 1 1 . . . 0 −1 . . . −1 −1 . . . 0

...
...

...

IJ1 1 −1 . . . −1 −1 . . . −1 1 . . . 1

...
...

...
...

...
...

...
...

IJn 1 −1 . . . −1 −1 . . . −1 1 . . . 1




︸︷︷︸
Xµ0

︸ ︷︷ ︸
Xα

︸ ︷︷ ︸
Xβ

︸ ︷︷ ︸
X(αβ)

(b) The matrix X has full column rank, and it is block-orthogonal in the sense that columns,

which originate from different sub-matrices {Xµ0 , Xα, Xβ, X(αβ)}, are pairwise orthogo-

nal to each other.
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Proof: Due to Part (ii) of Lemma 2.34, we have that αI = −∑I−1
i=1 αi, βJ = −∑J−1

j=1 βj , and

∀1 ≤ i ≤ I − 1 : ∀1 ≤ j ≤ J − 1 : (αβ)Ij = −∑I−1
i=1 (αβ)ij , (αβ)iJ = −∑J−1

j=1 (αβ)ij .

Furthermore,

0 =

I∑

i=1

J∑

j=1

(αβ)ij

=
I−1∑

i=1

J−1∑

j=1

(αβ)ij +
I∑

i=1

(αβ)iJ +
J∑

j=1

(αβ)Ij − (αβ)IJ

=
I−1∑

i=1

J−1∑

j=1

(αβ)ij − (αβ)IJ ⇔ (αβ)IJ =
I−1∑

i=1

J−1∑

j=1

(αβ)ij .

With these identities, the representation claimed in Part (a) can be verified by means of a case

distinction with respect to (i, j). Namely, one verifies that the model equations resulting from the

representation claimed in Part (a) coincide with the model equations resulting from (2.13), by

taking into consideration the aforementioned restrictions.

For proving Part (b), it suffices to show block-orthogonality of X . To this end, notice that due to

balanced design the number of entries equal to “+1” equals the number of entries equal to “−1”

in every column of Xα, Xβ , and X(αβ), respectively. Thus, all these columns are orthogonal to the

column vector Xµ0 . Moreover, we get that for any arbitrary combination (i, j) of main effects the

inner column product

[X(i)
α ]⊤X

(j)
β = n︸︷︷︸

Stratum (i,j)

− n︸︷︷︸
Stratum (i,J)

− n︸︷︷︸
Stratum (I,j)

+ n︸︷︷︸
Stratum (I,J)

= 0.

The analogous consideration for a combination of an arbitrary main effect and an arbitrary inter-

action effect completes the argumentation. �

Utilizing the block-orthogonality property of the design matrix X , which we have shown in Part

(b) of Theorem 2.35, we can write the model equation of the ANOVA2 model with balanced design

as follows:

Y = (Xµ0 Xα Xβ X(αβ))




µ0

α

β

(αβ)




+ ε,

with self-explaining vectors α, β, and (αβ). This facilitates the estimation of the model parame-

ters.

Theorem 2.36 (Parameter estimation for ANOVA2 under balanced design)

Under an ANOVA2 model with balanced design, the LSEs and MLEs, respectively, for the para-

meters µ0, α = (α1, . . . , αI−1)
⊤, β = (β1, . . . , βJ−1)

⊤, and (αβ) = ((αβ)ij)1≤i≤I−1,
1≤j≤J−1

, are given

53



by

µ̂0 = Y ••• =
1

n••

I∑

i=1

J∑

j=1

n∑

k=1

Yijk,

α̂ = (X⊤
α Xα)

−1X⊤
α Y = X+

α Y,

β̂ = (X⊤
β Xβ)

−1X⊤
β Y = X+

β Y,

(α̂β) = (X⊤
(αβ)X(αβ))

−1X⊤
(αβ)Y = X+

(αβ)Y.

Proof: Utilizing the partitioning X = (Xµ0 Xα Xβ X(αβ)), the system

X⊤X(µ0, α
⊤, β⊤, (αβ)⊤)⊤ = X⊤Y

of normal equations can be written as




X⊤
µ0
Xµ0 X⊤

µ0
Xα X⊤

µ0
Xβ X⊤

µ0
X(αβ)

X⊤
α Xµ0 X⊤

α Xα X⊤
α Xβ X⊤

α X(αβ)

X⊤
β Xµ0 X⊤

β Xα X⊤
β Xβ X⊤

β X(αβ)

X⊤
(αβ)Xµ0 X⊤

(αβ)Xα X⊤
(αβ)Xβ X⊤

(αβ)X(αβ)







µ0

α

β

(αβ)




=




X⊤
µ0
Y

X⊤
α Y

X⊤
β Y

X⊤
(αβ)Y




.

Due to block-orthogonality of X , the system reduces to

X⊤
µ0
Xµ0µ0 = X⊤

µ0
Y,

X⊤
α Xαα = X⊤

α Y,

X⊤
β Xββ = X⊤

β Y,

X⊤
(αβ)X(αβ)(αβ) = X⊤

(αβ)Y.

Hence, the four parameter estimation problems are de-coupled and the claimed representations of

α̂, β̂, and (α̂β) follow, because the involved sub-design matrices have full column rank each.

Noticing that Xµ0 is a column vector with all its entries equal to one, we get for µ̂0, that n••µ̂0 =∑I
i=1

∑J
j=1

∑n
k=1 Yijk, leading to µ̂0 = Y •••, completing the proof. �

Corollary and Definition 2.37

Under Model 2.32, let us define

(i) Y ••• = n−1
••

∑I
i=1

∑J
j=1

∑n
k=1 Yijk,

(ii) ∀1 ≤ i ≤ I : Y i•• = (Jn)−1
∑J

j=1

∑n
k=1 Yijk,

(iii) ∀1 ≤ j ≤ J : Y •j• = (In)−1
∑I

i=1

∑n
k=1 Yijk,

(iv) ∀1 ≤ i ≤ I : ∀1 ≤ j ≤ J : Y ij• = n−1
∑n

k=1 Yijk.
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Then it follows from Theorem 2.36, that LSEs and MLEs, respectively, for the parameters of the

ANOVA2 in effect representation are given by

µ̂0 = Y •••,

∀1 ≤ i ≤ I − 1 : α̂i = Y i•• − Y •••,

∀1 ≤ j ≤ J − 1 : β̂j = Y •j• − Y •••,

∀1 ≤ i ≤ I − 1 : ∀1 ≤ j ≤ J − 1 : (α̂β)ij = Y ij• − Y i•• − Y •j• + Y •••;

cf. the definition in Part (i) of Definition and Lemma 2.34.

Finally, we consider the test theory under an ANOVA2 model with balanced design. In this, it is

common practice to first test the interaction effects for statistical significance. The reason is, that

the main effects are better to interpret if the interaction effects are removed from the model, and it

is common practice to perform this removal if the null hypothesis of zero interaction effects is not

rejected.

Theorem 2.38 (Significance testing for interaction effects)

Under Model 2.32, consider the linear hypothesis H(αβ) : (αβ)ij = 0 ∀1 ≤ i ≤ I − 1,

∀1 ≤ j ≤ J − 1. Then, the following assertions hold true.

(a) The null hypothesis H(αβ) can be encoded as Kθ = 0, with θ as in Theorem 2.35. The

contrast matrix is given by

K =




0 . . . 0 1 0 . . . . . . 0

0 . . . 0 0 1 0 . . . 0
...

...
... 0 . . . . . . 0

0 . . . 0 0 0 . . . 0 1




︸ ︷︷ ︸
I+J−1

︸ ︷︷ ︸
(I−1)(J−1)

with rank(K) = (I − 1)(J − 1).

(b) For the residual sum of squares, we get that

SSEH(αβ)
=

I∑

i=1

J∑

j=1

n∑

k=1

(Yijk − Y i•• − Y •j• + Y •••)
2,

∆SSEH(αβ)
= SSEH(αβ)

− SSE

= n

I∑

i=1

J∑

j=1

(Y ij• − Y i•• − Y •j• + Y •••)
2
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(c) For the test statistic, we get that

F(αβ) =
∆SSEH(αβ)

/[(I − 1)(J − 1)]

SSE/[IJ(n− 1)]

=
n
∑I

i=1

∑J
j=1(Y ij• − Y i•• − Y •j• + Y •••)

2/[(I − 1)(J − 1)]
∑I

i=1

∑J
j=1

∑n
k=1(Yijk − Y ij•)2/[IJ(n− 1)]

is distributed as F(I−1)(J−1),IJ(n−1) under H(αβ).

Proof: Part (a) is obvious.

The representation of SSEH(αβ)
claimed in Part (b) follows from Theorem 2.36 and Corollary

2.37, because α̂, β̂, and µ̂0 are invariant with respect to the validity of H(αβ)).

It remains to verify the representation of ∆SSEH(αβ)
. To this end, notice that Corollary 2.37

entails that

SSE =
I∑

i=1

J∑

j=1

n∑

k=1

(Yijk − µ̂0 − α̂i − β̂j − (α̂β)ij)
2

=
I∑

i=1

J∑

j=1

n∑

k=1

{Yijk − Y ••• − (Y i•• − Y •••)− (Y •j• − Y •••)

−(Y ij• − Y i•• − Y •j• + Y •••)}2

=

I∑

i=1

J∑

j=1

n∑

k=1

(Yijk − Y ij•)
2.

Thus, SSE has IJ(n − 1) degrees of freedom. Utilizing the latter representation of SSE, we

furthermore get that

SSEH(αβ)
− SSE =

I∑

i=1

J∑

j=1

n∑

k=1

{(Yijk − Y i•• − Y •j• + Y •••)
2 − (Yijk − Y ij•)

2}

=
I∑

i=1

J∑

j=1

n∑

k=1

(Y ij• − Y i•• − Y •j• + Y •••)
2

+ 2
I∑

i=1

J∑

j=1

n∑

k=1

(Yijk − Y ij•)(Y ••• − Y i•• − Y •j• + Y ij•)

= n

I∑

i=1

J∑

j=1

(Y ij• − Y i•• − Y •j• + Y •••)
2,

as desired. For the second equality, we have used that a2 − b2 = (a − b)2 + 2b(a − b) for real

numbers a and b.

Finally, Part (c) follows from the general test theory of multiple linear regression by setting

r =̂ (I − 1)(J − 1), p =̂ IJ , and n•• − p =̂ IJ(n− 1). �
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Remark 2.39

In an analogous manner, one can show the following results for testing the main effects.

(a) For testing the linear hypothesis Hα : αi = 0 for all 1 ≤ i ≤ I − 1,

SSEHα =
I∑

i=1

J∑

j=1

n∑

k=1

(Yijk − Y ij•)
2 + Jn

I∑

i=1

(Y i•• − Y •••)
2

and thus

Fα =
Jn
∑I

i=1(Y i•• − Y •••)
2/(I − 1)

SSE/[IJ(n− 1)]
∼
Hα

FI−1,IJ(n−1).

(b) For testing the linear hypothesis Hβ : βj = 0 for all 1 ≤ j ≤ J − 1,

SSEHβ
= SSE + In

J∑

j=1

(Y •j• − Y •••)
2

and thus

Fβ =
In
∑J

j=1(Y •j• − Y •••)
2/(J − 1)

SSE/[IJ(n− 1)]
∼
Hβ

FJ−1,IJ(n−1).

Altogether, we obtain the following tabular overview for Model 2.32:

Balanced

ANOVA2
Numerator sum of squares

Degrees of

freedom

F-statistic

Main effects of

the first factor ∆SSEHα =

Jn
∑I

i=1(Y i•• − Y •••)
2

I − 1 ∆SSEHα/(I − 1)

SSE/[IJ(n− 1)]

Main effects of

the second

factor

∆SSEHβ
=

In
∑J

j=1(Y •j• − Y •••)
2

J − 1 ∆SSEHβ
/(J − 1)

SSE/[IJ(n− 1)]

Interaction

effects ∆SSEH(αβ)
= n

∑I
i=1

∑J
j=1

(Y ij• − Y i•• − Y •j• + Y •••)
2

(I − 1)(J − 1) ∆SSEH(αβ)
/[(I−1)(J−1)]

SSE/[IJ(n−1)]

Full

model SSE =
∑I

i=1

∑J
j=1

∑n
k=1

(Yijk − Y ij•)
2

IJ(n− 1)

Table 2.1: Table of the ANOVA2 with balanced design. The number of degrees of freedom of the

null model (intercept only) equals IJn− 1, which is the sum of the tabulated degrees of freedom.
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Example 2.40

The quantities tabulated in Table 2.1 can be computed by hand for the margarine dataset from

Schuchard-Ficher et al. (1980). This is a continuation of Example 2.33 (see presentation with R

software).

Remark 2.41 (Designs with repeated measurements)

There exist other ANOVA models which do not assume i.i.d. error terms. For instance, one can

consider cases where the response of every observational unit is measured repeatedly under dif-

ferent experimental conditions. In the case of exactly one factor, this leads to a model equation of

the form

Yij = µi + εij , 1 ≤ i ≤ k, 1 ≤ j ≤ n

with balanced design, in which the error terms (εij)1≤i≤k,
1≤j≤n

are no longer stochastically indepen-

dent, because the same n observational units are measured in every factor level.

This requires a modification of the model for the (joint) distribution of the error terms. One reaso-

nable distributional assumption is given by

∀1 ≤ j ≤ n : εj := (ε1j , . . . , εkj)
⊤ ∼ Nk(0,Σ),

∀1 ≤ j1 6= j2 ≤ n : εj1 ⊥⊥ εj2 .

Under these specifications, let us assume we want to test the global hypothesis (“no treatment

effect”), given by

H0 :µ1 = µ2 = . . . = µk or, equivalently,

H0 :µi − µi+1 = 0 ∀1 ≤ i ≤ k − 1.

To this end, denote by

∆ij := Yij − Yi+1,j , 1 ≤ i ≤ k − 1, 1 ≤ j ≤ n

the differences of consecutive measurement values of observational unit j. Then it holds that

∆ := (∆1•, . . . ,∆k−1,•)
⊤ = (Y 1• − Y 2•, . . . , Y k−1,• − Y k•)

⊤.

Letting S∆ denote the (k − 1) × (k − 1)-sample covariance matrix of the differences (∆ij), we

obtain that the test statistic

T 2
∆ = n∆

⊤
S−1
∆ ∆

is T 2(k − 1, n− 1)-distributed under H0.

Other experimental designs can be treated similarly.
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Chapter 3

Discretely distributed response

variables

Definition 3.1 (Generalized linear model, GLM)

Let (Yn,B(Y)⊗n,
⊗n

i=1 Pθi) with θi ∈ Θ ⊆ R for all 1 ≤ i ≤ n denote a product model, induced

by stochastically independent, observable response variables Y1, . . . , Yn, each taking their values

in Y ⊆ R. We assume that the value of θi is unknown for each 1 ≤ i ≤ n.

Then, we call (Yn,B(Y)⊗n,
⊗n

i=1 Pθi) a generalized linear model (GLM), if the following condi-

tions are satisfied.

1) All Yi’s are defined on the same probability space (Ω,A,P).

2) For every 1 ≤ i ≤ n, Pθi is an element of the same natural exponential family, meaning

that there exists a density (likelihood function) with respect to some dominating measure,

and this likelihood function is of the form

p(yi, θi) = a(θi)b(yi) exp(yi · T (θi)).

The term T (θ) is called natural parameter of the exponential family, θ ∈ Θ.

3) For each observational unit 1 ≤ i ≤ n, the values of p covariates (independent variables)

are given. For the entire model, this entails a design matrix X ∈ Rn×p. In this, an intercept

is encoded by a pseudo-covariate, which is constantly equal to one.

The systematic component of the GLM is then given by a vector η = (η1, . . . , ηn)
⊤ with

∀1 ≤ i ≤ n : ηi =

p∑

j=1

βjxij

for (unknown) regression coefficients β1, . . . , βp. The term ηi is called linear predictor per-

taining to observational unit 1 ≤ i ≤ n. The matrix-vector representation of the systematic

model component is given by η = Xβ, where β = (β1, . . . , βp)
⊤.
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4) Denote by µi := E[Yi| ~Xi = ~xi] the (conditional) expected value of the i-th response varia-

ble. There exists a link function g, which links the systematic component and the stochastic

component of the model, where the stochastic component is described by µ1, . . . , µn, which

are characteristics of the (conditional) distributions of Y1, . . . , Yn:

∀1 ≤ i ≤ n : ηi = g(µi) ⇔ g(µi) =

p∑

j=1

βjxij .

The canonical link function (canonical link, for short) transforms the (conditional) expec-

ted value of Yi into the natural parameter. Hence, it satisfies the following relationship:

g(µi) = T (θi) ⇔ T (θi) =

p∑

j=1

βjxij .

Example 3.2 (ANCOVA with normally distributed error terms)

Let Y = (Y1, . . . , Yn)
⊤ with Y ∼ Nn(Xβ, σ2In), as under Model 2.1 with the additional

(distributional) assumption made in Part (c) of Model 2.1. Then, by Corollary 2.3, it holds that

µi =
∑p

j=1 βjxij for all 1 ≤ i ≤ n. Hence, this ANCOVA model constitutes a GLM with g = id

(identity link).

The formulation of GLMs allows for a unified treatment of product models, which are based on

natural exponential families, by means of the inferential likelihood theory. In this, the targets of

statistical inference for GLMs are the regression coefficientes (βj)1≤j≤p, as in Chapter 2.

3.1 Poisson regression

In this section, we study the Poisson regression model for count data. We first embed this model

into the scope of GLMs.

Lemma 3.3

The family of Poisson distributions with intensity parameter θ > 0 constitutes a natural exponen-

tial family with natural parameter T (θ) = log(θ).

Proof: The family is dominated by the counting measure, with likelihood function given by

p(k, θ) =
θk

k!
exp(−θ)

= exp(−θ)
( 1
k!

)
exp(k · log(θ))

= a(θ) · b(k) · exp(k · T (θ)), k ∈ N0.

This matches the representation of the likelihood function of a natural exponential family, with

T = log. �
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The Poisson regression models stochastically independent observables, which have a count data

structure. Assuming that the distribution of each of these observables can be described well by a

Poisson distribution with covariate-dependent intensity parameter, Model 3.4 employs the general

setup of GLMs for the modeling. According to Definition 3.1 and Lemma 3.3, the canonical link

for the Poisson regression model is given by the natural logarithm.

Model 3.4 (Poisson regression with intercept)

Let k = p − 1 and denote by ~X = (X1, . . . , Xk) the vector of covariates of interest. The sample

space for the response vector Y = (Y1, . . . , Yn)
⊤ is (Nn

0 , 2
Nn
0 ). For each 1 ≤ i ≤ n, we take a so-

called size si as a foundation and make the model assumption, that Yi possesses the (conditional)

Poisson(λ(~xi) · si)-distribution, 1 ≤ i ≤ n. In this, we make the structural assumption that

log(λ(~xi)) = β0 +
k∑

j=1

βjxij or, equivalently,

E[Yi| ~Xi = ~xi; si] = λ(~xi) · si

= exp(β0 +
k∑

j=1

βjxij + ln(si)), 1 ≤ i ≤ n.

Letting β = (β0, . . . , βk)
⊤, we obtain for the likelihood function of the entire sample, that

Z(y, β) =
n∏

i=1

[λ(~xi)si]
yi

yi!
exp(−λ(~xi)si)

=
n∏

i=1

[exp(β0 +
∑k

j=1 βjxij + ln(si))]
yi

yi!
· exp(− exp(β0 +

k∑

j=1

βjxij + ln(si)))

with pertaining (joint) log-likelihood function given by

L(y, β) =
n∑

i=1



yi(β0 +

k∑

j=1

βjxij + ln(si))− exp(β0 +
k∑

j=1

βjxij + ln(si))− ln(yi!)





=
n∑

i=1

{yi (ηi + ln(si))− exp (ηi + ln(si))− ln(yi!)} , ηi = β0 +
k∑

j=1

βjxij .

Remark 3.5

(i) The term ln(si) is referred to as offset. It leads to an individual intercept β0 + ln(si) for

each observational unit.

(ii) The canonical link g = log transforms the original parameter space (0,∞) of λ(~xi) to

entire R, which is the natural parameter space of the Poisson family.
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(iii) The Poisson regression is a multiplicative model. Namely, it holds for the ratio of two inci-

dence rates (referred to as relative risk, RR for short, in epidemiology) corresponding to two

profiles ~xA and ~xB of covariates, which only differ in the value of one particular covariate

j, that

RR =
λ(~xA)

λ(~xB)
= exp(log(λ(~xA))− log(λ(~xB)))

= exp(βj(xA,j − xB,j)).

In particular, for a dichotomous covariate j: RR = exp(βj)

This technique of keeping all other covariates (except covariate j) constant is called “ad-

justment” or “to adjust”.

(iv) The point estimation problem for the regression coefficients is solved via the maximum like-

lihood approach. There is no closed-form solution for the MLE, but the existence of a unique

minimum of the negative (joint) log-likelihood function is guaranteed, because −L(y, β) is

a convex function of the parameter vector β. Thus, (numerical) convex optimization routines

can be used to find the (numerical) value of the MLE or at least a precise approximation of

this value.

(v) Nested models can be compared with a likelihood ratio test.

Example 3.6

Example 10.5 of Le (2003) reports a study, in which data of n = 44 physicians working for an

emergency at a major hospital have been collected. The response variable of interest is in this

example given by the number of complaints (per physician) received during the preceding year.

The size per physician is given by the number of visits, and the four covariates of interest are

given by revenue (in dollars per hour), the workload at the emergency service (in hours) as well

as gender and residency training in emergency services (no/yes).

(For the analysis of this dataset, see the presentation with R and the handout.)

Theorem 3.7 (Multivariate central limit theorem for GLMs)

Let β̂(n) denote the MLE for the parameter vector β = (β1, . . . , βp)
⊤ of a GLM with canonical

link at sample size n. If all p covariates have a compact support and the sequence (Xn)n≥p of

design matrices fulfills that (X⊤
n Xn)

−1 → 0 as n tends to infinity, then

β̂(n) ∼
as.

Np(β, F
−1
n (β)) with Fn(β) = X⊤

n Covn(Y )Xn.

This asymptotic statement remains correct, if Fn(β) is replaced by Fn(β̂(n)).

Proof: Satz 2.2 in Kapitel 7 of Fahrmeir and Hamerle (1984); see also the corresponding exercise.

�
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Remark 3.8

Regarding the quantities appearing in Theorem 3.7, the following representations hold true.

(a) Covn(Y ) = diag

([
Var
(
Yi| ~Xi = ~xi

)]
1≤i≤n

)
. In this, Var

(
Yi| ~Xi = ~xi

)
depends on β.

(b) In the special case of a Poisson regression, we have that

∀1 ≤ i ≤ n : Var
(
Yi| ~Xi = ~xi, si

)
= µi = λ(~xi)si

= exp(ηi + ln(si))

= exp


β0 +

k∑

j=1

βjxij + ln(si)


 .

Definition 3.9 (Saturated model)

For a given GLM based on response variables Y = (Y1, . . . , Yn)
⊤ and their realizations y =

(y1, . . . , yn)
⊤, we express the (joint) likelihood function in terms of µ = (µ1, . . . , µn)

⊤, and

we indicate this by writing Z(y, µ). This representation is possible whenever the model can be

parametrized by the expectation parameter.

Hence, ln(Z(y, µ̂)) is the fitted value of the (joint) log-likelihood function of the given GLM.

If we consider the latter value for all possible models in the model space, then there exists a

maximum achievable value, which corresponds to optimal model fit. This maximum value is given

by ln(Z(y, y)). The “model” pertaining to this maximum value assigns to every observational unit

an own parameter (meaning that p = n), and it is called saturated model.

Remark 3.10

(a) The saturated model is not actually a model (no abstraction, but merely a description of

reality), because it merely encodes the data points contained in the sample in the language

of a GLM. The saturated model is therefore not of interest in its own right, but merely a ma-

thematical tool for the definition of a coefficient of determination for a GLM; see Definition

3.11.

(b) With the notation introduced in Definition 3.9, we get for the Poisson regression that

Z(y, µ) =
n∏

i=1

µyi
i

yi!
exp(−µi) and

ln(Z(y, y)) =
∑

i:yi>0

{yi ln(yi)− ln(yi!)− yi} .

(c) It is possible to encode the saturated model in different ways (see the corresponding exercise

for an example).
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Definition 3.11 (Coefficient of determination of a GLM)

Utilizing the notation introduced in Definition 3.9, let ln(Z(y, y)) denote the log-likelihood value

of saturated model, ln(Z(y, µ̂)) the (fitted) log-likelihood value of a given model M with design

matrix X ∈ Rn×p for p < n, and ln(Z(y, β̂0)) the log-likelihood value of the null model (intercept

only). Define

D(µ̂) = 2 [ln(Z(y, y))− ln(Z(y, µ̂))] ,

D(β̂0) = 2
[
ln(Z(y, y))− ln(Z(y, β̂0))

]
.

Then, the coefficient of determination of the model M which corresponds to µ̂ is given by

R2 = 1− D(µ̂)

D(β̂0)
.

If M describes the data perfectly, then D(µ̂) = 0, thus R2 = 1.

If the goodness-of-fit of M equals the goodness-of-fit of the null model, then D(µ̂) = D(β̂0), thus

R2 = 0.

Remark 3.12 (Overdispersion)

By construction, the Poisson distribution is one-parametric with

E [Poisson (λ)] = Var (Poisson (λ)) = λ.

In practice, this oftentimes poses a problem for the Poisson regression, namely, the problem of

overdispersion. Overdispersion occurs, if Var (Yi) > λ(~xi)si holds true.

In particular, overdispersion is a problem for testing regression coefficients for statistical signifi-

cance, because under-estimated standard deviations result in systematically too large test statistics

(Z-scores).

One approach to address the problem of overdispersion is to assume that there exists an (additio-

nal) scale parameter φ, such that Var
(
Yi| ~Xi = ~xi

)
= φλ(~xi)si for all 1 ≤ i ≤ n. Under this

assumption, the following considerations can be made:

We know from inferential likelihood theory, that (using the notations from Definition 3.11)

D(µ̂) ∼
as.

χ2
n−p holds true under a correctly specified model. By Pearson’s argumentation (cf.

Example 1.47), this entails that

D(µ̂) ∼
as.

n∑

i=1

(Yi − µ̂i)
2

µ̂i
=
∑ (O − E)2

E
=: Q(Y ).

Assuming that µ̂i ≈ µi holds true for all 1 ≤ i ≤ n, this yields (under potential overdispersion

with scale parameter φ)

E

[
Q(Y )

φ

]
≈ n− p,
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because Q(Y )/φ then behaves like a sum of squares of n standardized random variables, where p

model parameters have been estimated, and E
[
χ2
ν

]
= ν. Hence, we conclude that E

[
Q(Y )
n−p

]
≈ φ

may be a reasonable approximation.

These (heuristic) considerations result in two plausible estimation methods for the overdispersion

parameter φ:

(a) Include φ as an additional parameter into the (joint) likelihood function, and optimize the

(log-) likelihood function under the constraint that D(µ̂) = n− p

(quasi-likelihood method).

(b) Estimate φ by φ̂ = Q(y)/(n− p).

In both Cases (a) and (b), the point estimates of the regression coefficients remain unchanged, but

their estimated standard deviations are multiplied by

√
φ̂.

3.2 Logistic regression

The second type of GLM that we study in this chapter is the logistic regression for binary respon-

ses. For the sake of embedding this into the GLM theory we first study properties of the family of

Bernoulli distributions.

Lemma 3.13

The family of Bernoulli distributions with success parameter p ∈ (0, 1) constitutes a natural

exponential family with natural parameter T (p) = log( p
1−p) =: logit(p).

Proof: For each p =: θ ∈ (0, 1) there exists a counting density (likelihood function) of Bernoulli(θ),

which has the form

p(y, θ) = θy(1− θ)1−y

= (1− θ)

[
θ

1− θ

]y

= (1− θ) exp(y logit(θ)), y ∈ {0, 1}.

Using the notations of Definition 3.1, we thus can choose a(θ) = 1 − θ, b(y) ≡ 1, and T (θ) =

log(θ/(1− θ)) = logit(θ), implying the assertion. �

Model 3.14 (Logistic regression with intercept)

We consider the sample space
(
{0, 1}n, 2{0,1}n

)
and model the (conditional) distributions of the

stochastically independent response variables Y = (Y1, . . . , Yn)
⊤ as follows.

∀1 ≤ i ≤ n : Yi| ~Xi = ~xi ∼ Bernoulli (p(~xi)) ,
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where we make the structural assumption

logit(p(~xi)) = ln

(
p(~xi)

1− p(~xi)

)
= ηi = β0 +

k∑

j=1

βjxij

for the covariate-dependent success probability p(~xi). In this, β0 is the intercept and

~xi = (xi1, . . . , xik) is the profile of covariates of observational unit 1 ≤ i ≤ n.

Remark 3.15

(a) By virtue of Lemma 3.13, the logistic regression model is a GLM with canonical link.

(b) Under Model 3.14, the first two (conditional) moments of Yi are given by

Eβ

[
Yi| ~Xi = ~xi

]
= p(~xi) = Pβ

(
Yi = 1| ~Xi = ~xi

)
,

Varβ

(
Yi| ~Xi = ~xi

)
= p(~xi) [1− p(~xi)] .

(c) For p ∈ (0, 1), it holds that

g(p) = logit(p) = z ∈ R ⇐⇒ p = g−1(z) =
1

1 + exp(−z)
.

Exploiting this relationship, we can equivalently write the structural assumption made in

Model 3.14 as follows.

∀1 ≤ i ≤ n : p(~xi) = Eβ

[
Yi| ~Xi = ~xi

]

=
1

1 + exp(−ηi)

=
1

1 + exp(−β0 −
∑k

j=1 βjxij)
.

The (inverse) function g−1 : R → (0, 1), z 7→ [1 + exp(−z)]−1 is called the (standard)

logistic function.

(d) The logistic regression model is a multiplicative model. To see this, consider two profiles ~xA

and ~xB of covariates, which only differ in the value of one particular covariate 1 ≤ j ≤ k.

Then,
p(~xA)

1− p(~xA)
= exp (logit(p(~xA)))

denotes the (conditional) odds for the occurrence of the target event under profile of cova-

riates ~xA. Consequently, we obtain for the logarithmic odds ratio (OR), that

log(OR) = logit (p(~xA))− logit (p(~xB))

= βj(xA,j − xB,j),
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thus

OR = exp(βj(xA,j − xB,j))

=
exp(βjxA,j)

exp(βjxB,j)
= [exp(βj)]

xA,j−xB,j .

If covariate j is dichotomous, OR = exp(βj).

(e) Under Model 3.14, the (joint) likelihood function of the entire sample is given by

Z(y, β) =
n∏

i=1

p(~xi)
yi(1− p(~xi))

1−yi =
n∏

i=1

[exp(ηi)]
yi

1 + exp(ηi)

=
n∏

i=1

[
exp

(
β0 +

∑k
j=1 βjxij

)]yi

1 + exp
(
β0 +

∑k
j=1 βjxij

) ,

because for every observational unit 1 ≤ i ≤ n it holds that

p(yi, β) =




p(~xi) = [1 + exp(−ηi)]

−1, if yi = 1,

1− p(~xi) = [1 + exp(+ηi)]
−1, if yi = 0.

The (joint) log-likelihood function of the entire sample is given by

L(y, β) =
n∑

i=1

{yi log(p(~xi)) + (1− yi) log(1− p(~xi))},

where

p(~xi) =


1 + exp


−β0 −

k∑

j=1

βjxij





−1

,

which elucidates the dependence of L(y, β) on β = (β0, . . . , βk)
⊤.

Application 3.16 (Case-control studies)

In the first place, the logistic regression is a statistical technique to analyze prospectively the

(conditional) probabilities of the occurrence of a given target event for the observational units

under consideration, given their profiles of covariates. Suitable study designs for this analysis are

(prospective) cohort studies or cross-sectional studies. However, especially in epidemiology, also

(retrospective) case-control studies are conducted. In a case-control study, the binary (disease)

status Yi = yi of the response of every observational unit 1 ≤ i ≤ n is already known at the

begin of the study, and the sampling refers retrospectively to the corresponding profile ~Xi = ~xi of

covariates. Hence, under such a retrospective study design we can only analyze the probabilities

Pβ

[
~Xi = ~xi|Yi = yi

]
, 1 ≤ i ≤ n.

By applying Bayes’ theorem, it is possible to analyze case-control studies with logistic regression,

too. The only drawback is that the interpretability of the intercept is lost when doing so.
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To explain this, consider the following notations.

Zi : Indicator for “Inclusion into the case-control study” (no / yes), 1 ≤ i ≤ n.

π1 := P(Zi = 1|Yi = 1) Inclusion probability for cases, not depending on 1 ≤ i ≤ n.

π0 := P(Zi = 1|Yi = 0) analogous inclusion probability for controls

Furthermore, consider the following assumptions.

(1) The sampling probabilities only depend on the value of the response, and not on the profile

of covariates, meaning that P(Zi = 1|Yi = ℓ, ~Xi = ~xi) = πℓ, ℓ ∈ {0, 1}.

(2) Logistic model for the (conditional) distribution of each response variable Yi:

Pβ(Yi = 1| ~Xi = ~xi) =
exp

(
β0 +

∑k
j=1 βjxij

)

1 + exp
(
β0 +

∑k
j=1 βjxij

)

Under these specifications, Bayes’ theorem entails that

Pβ(Yi = 1|Zi = 1, ~Xi = ~xi) =
π1Pβ(Yi = 1| ~Xi = ~xi)∑1
ℓ=0 πℓPβ(Yi = ℓ| ~Xi = ~xi)

=
exp

(
β∗
0 +

∑k
j=1 βjxij

)

1 + exp
(
β∗
0 +

∑k
j=1 βjxij

) , 1 ≤ i ≤ n,

where β∗
0 := β0 + log(π1/π0). Hence, we can take into account the response status-specific

inclusion probabilities by a simple re-definition of the model’s intercept.

For analyzing p(~xi) we can thus fit, under a case-control study design, a logistic regression model

in complete analogy to the situation under a prospective study design, in which only the intercept

loses its (original) interpretation. If no reliable information at all about π0 and π1 is available, the

interpretability of the intercept is lost completely. However, inference about p(~xi) can nevertheless

be made as in the case of a prospective study design.

Application 3.17 (Receiver Operating Characteristic (ROC) curve)

Once a logistic regression model has been fitted, it is near at hand to utilize the estimated regressi-

on coefficients and the resulting estimated (conditional) success probabilities for the classification

of new observational units, for which only their profiles of covariates is known. In medicine, this

task is called diagnosis. This boils down to defining a threshold p∗ for p̂(~xnew), so that we diagno-

se ŷnew = 1 whenever p̂(~xnew) ≥ p∗ holds true. Since the estimation of the regression coefficients

had to cope with stochastic fluctuations in the “training sample” which cannot (and should not)

fully be captured by the model, one can not expect a perfect diagnostic quality of the fitted model.
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For the determination of p∗ it is common practice to perform a so-called ROC analysis. For this, we

order the estimated failure probabilities derived from the training sample ((y1, ~x1), . . . , (yn, ~xn)).

We denote these estimated failure probabilities by (q̂(~xi))1≤i≤n, with

∀1 ≤ i ≤ n : q̂(~xi) := 1− p̂(~xi) = Pβ̂(Yi = 0| ~Xi = ~xi).

Their ordered values are given by q̂1:n ≤ q̂2:n ≤ . . . ≤ q̂n:n. Furthermore, we define n0 := |{1 ≤
i ≤ n : yi = 0}| as well as n1 := n− n0 = |{1 ≤ i ≤ n : yi = 1}|.
The so-called ROC curve is the graph of a random walk with n steps in the unit square, starting

in (0, 0) and ending in (1, 1). In every step 1 ≤ ℓ ≤ n, the random walk makes a jump of

width 1/n0 to the right, if q̂ℓ:n corresponds to yℓ:n = 0, and it makes an upward jump of height

1/n1, if q̂ℓ:n corresponds to yℓ:n = 1. In this, the response values are permuted according to

the ordering of the estimated failure probabilities (q̂(~xi))1≤i≤n. It is easy to see that with this

jumping rule the random walk always arrives in the point (1, 1) (the upper right corner of the unit

square) after the n-th step. Based on the aforementioned construction, we choose the threshold

p∗ ∈ {1− q̂1:n, . . . , 1− q̂n:n}, which corresponds to the step ℓ∗ of the random walk, in which the

random walk has been closest to the point (0, 1) (the upper left corner in the unit square). This

rule minimizes the estimated (or: empirical) weighted misclassification probability.

Example:

Assume that exactly n0 = 2 failures (yi = 0) and exactly n1 = 3 successes (yi = 1) have

been observed in the training sample. The total size of the training sample is thus given by n =

n0 + n1 = 5. Assume further, that y1:5 = y2:5 = y4:5 = 1 as well as y3:5 = y5:5 = 0.

As illustrated in Figure 3.1, we would choose p∗ = 1 − q̂2:5 in this example (the exact values of

the five estimated success probabilities are omitted here, because they are not needed to draw the

graph in Figure 3.1). Applying this threshold to the training sample, we would correctly classify

two third of the cases (corresponding to yi = 1) and all the controls (corresponding to yi = 0),

because

p̂1:5 = 1− q̂1:5 > p∗ ⇒ ŷ1:5 = 1 = y1:5,

p̂2:5 = 1− q̂2:5 = p∗ ⇒ ŷ2:5 = 1 = y2:5,

p̂3:5 = 1− q̂3:5 < p∗ ⇒ ŷ3:5 = 0 = y3:5,

p̂4:5 = 1− q̂4:5 < p∗ ⇒ ŷ4:5 = 0 6= y4:5 = 1,

p̂5:5 = 1− q̂5:5 < p∗ ⇒ ŷ5:5 = 0 = y5:5.

In biometrics and epidemiology (theory of diagnostic tests), the following quantities are conside-
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Figure 3.1: Example of an ROC curve
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red for a binary response (disease status) Y :

Ptest procedure(Ŷ = 1|Y = 1) is called sensitivity,

Ptest procedure(Ŷ = 0|Y = 0) is called specificity.

Furthermore,

Ptest procedure(Ŷ = 1|Y = 0) = 1− specificity is called false positive rate,

Ptest procedure(Ŷ = 0|Y = 1) = 1− sensitivity is called false negative rate.

Hence, as indicated in Figure 3.1, in an ROC analysis the empirical (“in-sample”) false positive

rate is plotted against the empirical (“in-sample”) sensitivity (also referred to as the true positive

rate). In our toy example, we obtain an empirical false positive rate of zero (all controls in the

training sample are correctly classified when applying the learned diagnosis rule) and an empi-

rical sensitivity of 2/3 (two third of all cases in the training sample are correctly classified when

applying the learned diagnosis rule).

The area under the ROC curve (ROC-AUC) is a summarizing measure for the diagnostic quality

of the classification procedure. As a baseline for comparison, one can take AUCGuessing = 1/2,

which corresponds to a completely random (uniformly on {0, 1} distributed) assignment of the

diagnosed response, without taking into account the given profile of covariates (main diagonal in

the unit square, cf. Figure 3.1).

Remark 3.18 (Probit model)

Although g = logit is the canonical link for the logistic regression, there exist alternative pro-

posals for the choice of the link function. To motivate these alternative proposals, notice that the

function Gµ,τ : R → (0, 1), given by

Gµ,τ (x) =
exp ((x− µ)/τ)

1 + exp ((x− µ)/τ)
for µ ∈ R and τ > 0,

is the cdf of the so-called logistic distribution on R with location parameter µ and dispersion

parameter τ > 0.

This means, that the logistic function

x 7→ 1

1 + exp(−x)
=

exp(x)

1 + exp(x)

is the cdf of the standardized logistic distribution with µ = 0 and τ = 1. Consequently, the

structural assumption of the logistic regression is given by

p(~xi) = E

[
Yi| ~Xi = ~xi

]
=

1

1 + exp(−ηi)
= G0,1(ηi), 1 ≤ i ≤ n.

Many other (families of) probability distributions have similar properties and their cdfs can be

used as inverse link function in analogous manner. If Φ (the cdf of the standard normal distributi-

on) is chosen, the resulting model is called probit model.

71



Remark 3.19

The classical logistic regression model is a single-layer feed forward neural network with logistic

activation function; cf. Section 3.1.3 in Bishop (1995).
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Chapter 4

Survival analysis, Cox regression

In this chapter, we consider the last type of response data listed in Table 0.1, namely, survival (ti-

me-to-event) data. As a preparation, we first introduce some basic notions from the field of survival

analysis.

Definition 4.1 (Basic notions of survival analysis)

Let T denote a non-negative, real-valued random variable, which is defined on some probability

space (Ω,F ,P). Let F : [0,∞) → [0, 1] denote the cdf of T , so that F (t) = P(T ≤ t), t ∈ [0,∞).

We think of T as a (random) time span until the occurrence of a given target event. Then we call

a) the function S : [0,∞) → [0, 1], given by S(t) = P(T > t) = 1 − F (t), the survival

function of T .

b) the function Λ : [0,∞) → [0,∞], given by

Λ(t) =

∫ t

0

F (ds)

S(s−)
,

the cumulative hazard function of T .

As argued by Gill and Johansen (1990), there exists a sequence (t
(n)
i )1≤i≤k(n) of partitions

of the interval (0, t], such that

Λ(t) = lim
n→∞

k(n)∑

i=1

[
1− S(t

(n)
i )

S(t
(n)
i−1)

]

= lim
n→∞

k(n)∑

i=1

P
(
T ≤ t

(n)
i |T > t

(n)
i−1

)
,

where t
(n)
0 ≡ 0 for all n ∈ N.

c) If the distribution of T is continuous with Lebesgue density f , then we call

λ(t) :=
dΛ(t)

dt
=

f(t)

1− F (t)
=

f(t)

S(t)
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the hazard function or the incidence density of T , respectively. In the latter case, it holds for

all t > 0, that

λ(t) = lim
∆t→0

P(t < T ≤ t+∆t |T > t)

∆t
.

For this reason, λ(t) is also referred to as the instantaneous failure rate or the instantaneous

risk, respectively.

d) For two (sub-) populations A and B with corresponding incidence densities λA and λB , we

call the function RR, given by

RR(t) =
λA(t)

λB(t)
,

relative risk.

Remark 4.2

Under the conditions of Part c) of Definition 4.1, the following statements hold true.

(i) Regarding the relationship between hazard function and survival function, it holds that

Λ(t) =

∫ t

0
λ(s)ds =

∫ t

0

f(s)

1− F (s)
ds

=
u:=F (s)

∫ F (t)

0

du

1− u
= − ln(1− u)

∣∣∣
F (t)

0
= − ln(S(t))

⇐⇒ S(t) = exp(−Λ(t)) ⇐⇒ F (t) = 1− exp(−Λ(t)).

(ii) For “small” ∆t > 0, the quantity

R(t,∆t ) := P(t < T ≤ t+∆t |T > t)

=
F (t+∆t )− F (t)

1− F (t)
=

S(t)− S(t+∆t )

S(t)

≈ Λ(t+∆t )− Λ(t) (*)

denotes the (conditional) risk for the occurrence of the target event within the time interval

(t, t+∆t ], given that the time point t has been target event-free. In this, the approximation

(*) follows from the identity

S(t)− S(t+∆t )

S(t)
= 1− exp(Λ(t)− Λ(t+∆t ))

and from the first-order Taylor approximation 1− exp(−x) ≈ x for “small” x > 0.

(iii) If T is exponentially distributed with intensity parameter θ > 0, then

λ(t) =
θ exp(−θt)

exp(−θt)
≡ θ

is the constant incidence rate of T .
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A first main task of survival analysis consists in the estimation of the survival function (for a

homogeneous target population). In this, the problem of censored data is often encountered in

practice. Censoring occurs for a given observational unit, if it is not possible to decide until the

end of the study period whether the target event has occurred for that observational unit or not.

Censoring renders the naive estimator for the survival function, which is based on the empirical

cdf of the sample, biased.

Possible reasons for censoring are:

• Loss to follow-up (patient moves away, etc.)

• Dropout (e. g., unexpected side effects occur during a therapy)

• End of the study (e. g., funding runs out)

• Patient dies by a cause that is unrelated to the target event of interest.

A refined estimator for the survival function, which takes into account potential censoring, is the

Kaplan-Meier estimator, which is also referred to as product-limit estimator; see Kaplan and Meier

(1958).

Definition 4.3 (Kaplan-Meier estimator)

Let a random sample consisting of n observational units from a (homogeneous) target population

with (unknown) survival function S (with respect to a given target event) be given.

Denote by t1 < t2 < . . . < tk with k ≤ n the ordered, distinct observation time points in

the sample. In this, the term “observation time point” refers to any time point at which a target

event or a censoring occurs. Denote by di, 1 ≤ i ≤ k, the number of observed target events at

observation time point ti. In this, ti is expressed with reference to the inclusion time points of the

observational units in the sample. Moreover, denote by ni, 1 ≤ i ≤ k, the number of observational

units in the sample which have still been under risk immediately before time point ti.

With these specifications, the Kaplan-Meier estimator for S based on the sample of size n is given

by

Ŝ(t) =
∏

i:ti≤t

(
1− di

ni

)
, t ≥ 0.

Remark 4.4

(i) If no censoring at all occurs in the sample, then Ŝ(t) = 1− F̂n(t) = 1−n−1
∑n

i=1 1[0,t](ti)

for all t ≥ 0, where F̂n denotes the empirical cdf of the n event time points.

(ii) A heuristic justification for Ŝ is given by the chain rule for events (or: chain factorization of

probabilities).
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Example 4.5

Table 4.1 contains the survival times (in weeks) of ten patients with superficial bladder cancer

after the (respective) start of a chemotherapy. In this, censored observations are marked with a

cross (“+”):

63, 59, 57+, 37, 33, 21+, 11, 57, 44+, 37.

ti di ni Factor = ni−di
ni

Ŝ(ti)

0 - 10 — 1.000

11 1 10 0.900 0.900

21 0 9 1.000 0.900

33 1 8 0.875 0.788

37 2 7 0.714 0.563

44 0 5 1.000 0.563

57 1 4 0.750 0.422

59 1 2 0.500 0.211

63 1 1 0.000 0.000

Table 4.1: Table for the computation of the Kaplan-Meier estimator

The resulting Kaplan-Meier curve (graph of the estimated survival function) is displayed in Figure

4.1.

Definition 4.6 (Nonparametric likelihood function)

Let X1, . . . , Xn be real-valued i.i.d. random variables, let x = (x1, . . . , xn)
⊤ stand for a realiza-

tion of (X1, . . . , Xn)
⊤, and denote by M the set of all cdfs on R.

Then, the function Z : M× Rn → [0, 1], given by

(F, x) 7→ Z(F, x) :=
n∏

i=1

[F (xi)− F (xi−)]

=
n∏

i=1

PF ({xi}),

is called the nonparametric likelihood function at x. In this, PF denotes the probability measure

induced by F .

Remark 4.7

Obviously, the only candidates for maximizing the nonparametric likelihood function for given

data are discrete probability distributions which distribute their entire mass amongst the observed

data points (xi)1≤i≤n.
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Figure 4.1: Exemplary Kaplan-Meier curve

Theorem 4.8 (Statistical properties of Ŝ)

Let T1, . . . , Tn be non-negative, real-valued random variables with Ti ∼ T for all 1 ≤ i ≤ n,

where T denotes a random variable with unknown cdf F and pertaining survival function S =

1− F .

Furthermore, let C = (C1, . . . , Cn)
⊤ be a vector of non-negative, real-valued random variables

with (joint) distribution LC , which does not depend on F .

We assume that the (Ti)1≤i≤n are conditionally stochastically independent given C. Moreover, we

assume that we can observe Y = (Y1, . . . , Yn)
⊤, where Yi = min(Ti, Ci) for all 1 ≤ i ≤ n.

Finally, we assume that censoring information is available via indicators δi := 1{Ti≤Ci} for

1 ≤ i ≤ n.

Under these assumptions, the following assertions hold true.

(a) Utilizing the notations from Definition 4.3, Ŝ is the nonparametric maximum likelihood

estimator (NPMLE) of S.

(b) The estimator Ŝ is uniformly consistent on intervals [0, t] with S(t) > 0.

For all time points t ≥ 0 with S(t) > 0, we have:
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(c) If the (Ci)1≤i≤n are i.i.d. with cdf G of C1, then

0 ≤ E

[
Ŝ(t)

]
− S(t) ≤ (1− S(t)) {1− S(t)(1−G(t))}n .

In particular, the bias of Ŝ(t) tends to zero for increasing sample size n. There exist other

bounds for the bias and even exact formulas (see Stute (1994)).

(d) A central limit theorem holds true for Ŝ(t) ≡ Ŝ(n, t), and the variance of Ŝ(t) can be

approximated by the Greenwood formula:

V̂ar(Ŝ(t)) =
[
Ŝ(t)

]2 ∑

i:ti≤t

di
ni(ni − di)

.

Proof: Let ~t := (t1, . . . , tn)
⊤ and ~c := (c1, . . . , cn)

⊤. For proving Part (a), we notice that the

representation

Z((S,LC), (~t,~c)) = Z((S,LC),~c) · Z(S,~t |C = ~c)

is valid. In this, Z((S,LC),~c) = LC({~c}) and hence does not contain any information about

the survival function S of interest. Thus, it suffices to maximize the conditional nonparametric

likelihood function Z(S,~t |C = ~c). To this end, we calculate that

Z(S,~t |C = ~c) =
∏

i:δi=1

PS({ti})
∏

i:δi=0

S(ci)

=
n∏

i=1

[PS({yi})]δi [S(yi)]1−δi

=
k∏

j=1

λ
dj
j (1− λj)

nj−dj (4.1)

as detailed in the corresponding exercise. In this, k ≤ n is as in Definition 4.3, PS is the probability

measure induced by S, and

λj = PS (T = tj:k|T ≥ tj:k) , 1 ≤ j ≤ k.

Maximizing (4.1) with respect to λ1, . . . , λk, we get that λ̂j = dj/nj is the estimated value of λj ,

for all 1 ≤ j ≤ k. Altogether, this entails that

ŜNPMLE(t) =
∏

j:tj≤t

nj − dj
nj

as desired, because (see the corresponding exercise)

∀0 ≤ t ≤ tk:k : S(t) =
∏

j:tj:k≤t

(1− λj).

The assertion of Part (b) is Theorem IV.3.1 in the book by Andersen et al. (1993). The asymptotic

normality of Ŝ(t) claimed in Part (d) is a consequence of Theorem IV.3.2 in Andersen et al. (1993),

and the Greenwood formula follows by virtue of the Delta method (see exercise). �
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While the aforementioned considerations referred to homogeneous target populations, Sir David

Cox (1972) developed a (regression-type) model enabling to perform survival analysis for hetero-

geneous target populations (taking into account covariates), too.

Model 4.9 (Cox proportional hazards model, Cox (1972))

We consider observable, stochastically independent response variables Y1, . . . , Yn with Yi =

min(Ti, Ci) for all 1 ≤ i ≤ n, as in Theorem 4.8.

We model the distribution of the times-to-event (Ti)1≤i≤n of interest as dependent on covariates,

and in this we make the structural assumption that

∀1 ≤ i ≤ n : λ(t| ~Xi = ~xi) = λ0(t) exp(ηi) ⇐⇒ log
(
λ(t| ~Xi = ~xi)

)
= log (λ0(t)) + ηi. (4.2)

In (4.2), ηi =
∑k

j=1 βjxij with ~xi = (xi1, . . . , xik) denotes the linear predictor of observational

unit 1 ≤ i ≤ n, as in previous chapters. In particular, it holds for the comparison with the baseline

profile of covariates (~xBaseline ≡ ~0), that RR(t| ~Xi = ~xi) ≡ RR(~xi) = exp(ηi). The function λ0

remains unspecified and is called baseline hazard.

The (main) targets of statistical inference are the regression coefficients β = (β1, . . . , βk)
⊤.

Remark 4.10

(a) Model 4.9 is a semiparametric, multiplicative model.

(b) The map t 7→ log(λ0(t)) can be interpreted as an “intercept function”. For a meaningful

interpretation of ~xBaseline = ~0, all covariates should be centered at their empirical means

(“standardization”), before they are included in the model.

(c) If a plausible assumption about λ0 can be made (e. g., Weibull or Gompertz), it is possible to

modify Model 4.9 to become a fully parametric model, such that the (parametric) inferential

likelihood theory can be applied.

(d) The proportionality assumption made in (4.2) can and should be checked by investigating

covariate-specific Kaplan-Meier curves (see Application 4.11 below). It is remarkable that

Model 4.9 is often a suitable model in practice.

(e) In the case of an unspecified baseline hazard (semiparametric situation), the estimation of

the regression coefficients is performed by maximizing the partial likelihood function of the

sample, which results from a conditioning on the observed event data points.

To explain this further, assume for simplicity that exactly m target events at distinct time

points t1:m < t2:m < . . . < tm:m have been observed in the sample, for some m ≤ n. In the

sequel, we denote the linear predictor corresponding to the observational unit with target

event occurrence at time point ti:m with ηi:m, 1 ≤ i ≤ m.
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According to Part (ii) of Remark 4.2, it then holds that

R(ti:m,∆t | ~Xi = ~xi) = ∆t λ(ti:m| ~Xi = ~xi)

= ∆t λ0(ti:m) exp(ηi:m)

for infinitesimally small ∆t , for all 1 ≤ i ≤ m. Denoting by Ri the set of all observational

units under risk immediately before ti:m,

∑

ℓ∈Ri

∆t λ0(ti:m) exp(ηℓ) = ∆t λ0(ti:m)
∑

ℓ∈Ri

exp(ηℓ)

denotes for 1 ≤ i ≤ m the conditional probability for the occurrence of the target event

within the interval (ti:m, ti:m + ∆t ] for any observational unit in Ri, where conditioning

refers to survival until immediately before ti:m. Based on these considerations, the partial

likelihood function is defined as the product of the covariate-specific individual observation

probabilities of all m target event, conditionally to the observed event time points. Thus,

Zpartial(β, y) =
m∏

i=1

exp(ηi:m)∑
ℓ∈Ri

exp(ηℓ)

with pertaining partial Log-likelihood function

ln(Zpartial(β, y)) =

m∑

i=1

ηi:m − ln


∑

ℓ∈Ri

exp(ηℓ)


 .

The obvious advantage of using the partial likelihood function for inference about β is that

the baseline hazard drops out of Zpartial completely. The case of ties amongst (ti:m)1≤i≤m

can be treated by (combinatorial) modifications of the partial likelihood function.

Application 4.11 (Tests for proportional hazards)

Let ~xA be a given profile of covariates, and assume that the conditions of Part (c) of Definition 4.1

are fulfilled. Then, the model equation (4.2), together with the relationship S(t) = exp(−Λ(t))

from Part (i) of Remark 4.2, yields that

SA(t) = exp(−ΛA(t)) = exp

(
−
∫ t

0
λA(s)ds

)

= exp

(
−
∫ t

0
λ0(s)ds exp(ηA)

)
= [S0(t)]

exp(ηA),

where SA is the survival function under profile of covariates ~xA, and S0 is the baseline survival

function. Hence,

log(− log(SA(t))) = ηA + log(− log(S0(t))).

For two different profiles ~xA and ~xB of covariates, this entails the relationship

log(− log(SA(t)))− log(− log(SB(t))) = ηA − ηB.
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For two different strata of profiles of covariates, we can thus employ a visual inspection of the log-

minus log-transformed estimated survival functions (i. e., Kaplan-Meier curves) for the purpose

of model diagnosis. A formal significance test for proportional hazards can be constructed based

on the scaled Schoenfeld residuals (see, e. g., Grambsch and Therneau (1994)).

Example 4.12

Prisoner data from Rossi et al. (1980), see presentation with R software.

Definition 4.13 (Pseudo-coefficient of determination for partial likelihood)

Since the partial (and not the full) likelihood function is used for model fit under the circumstances

of Part (e) of Remark 4.10, it is in this case more complicated than under an ANCOVA or a

GLM to evaluate the amount of spread in the response which can be explained by the model. One

approximation of this amount is provided by the formula of Maddala (Maddala, 1983, Page 39).

To this end, let

D(β̂) = 2
[
log(Zpartial(β̂, y))− log(Zpartial(β̂0, y))

]
,

where β̂0 corresponds to the null model (intercept only), in analogy to Definition 3.11. Then, a

pseudo-coefficient of determination is given by

R̃2
Maddala := 1− exp

(
−D(β̂)

n

)
.

There exist many other proposals for pseudo-coefficients of determination for partial likelihood in

the literature. Some of them are based on a comparison with the saturated model, as in the case of

a GLM (see Definition 3.11).

Application 4.14 (Time-dependent covariates)

Apart from static covariates (like, for instance, place of birth or body height for adults), oftentimes

also dynamic covariates have to be considered in a survival-analytic context. The values of such

dynamic covariates (can) change over time. Examples are cumulative pollutant exposure or the

therapy indicator in a crossover study. For the statistical analysis of the influence (on the response)

of such time-dependent covariates in the (partial) likelihood approach, it is required to have access

to the current values of the covariates at every event time point ti:m for all observational units

under risk (corresponding to ℓ ∈ Ri).

Under the assumptions of Part (e) of Remark 4.10, a modified version of the partial likelihood

function is then given by

Zpartial(β, y) =

m∏

i=1

exp(ηi:m,i)∑
ℓ∈Ri

exp(ηℓ,i)
,

where ηℓ,i =
∑k

j=1 βjxℓj,i denotes the (time-dependent) value of the linear predictor of obser-

vational unit ℓ at time point ti:m, and ηi:m,i corresponds to that observational unit, for which the
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target even occurs at time point ti:m (with generalizations with respect to the handling of ties

which are analogous to the considerations in Part (e) of Remark 4.10).

Since this modification can imply a substantial increase in computational complexity, it is advi-

sable to carry out a pre-test for time dependency for covariates which are prone to be dynamic.

Let X1 denote such a covariate. The original proportional hazards model (for simplicity only

containing this single covariate) makes the assumption that

λ(t|Xi1 = xi1) = λ0(t) exp(β1xi1), 1 ≤ i ≤ n.

Now, in order to check for time dependency of the influence of X1 on the response, we addi-

tionally include a derived dynamic covariate X2 into the model, for instance X2 = X1t or

X2 = X1 log(t), and consider the extended model, which makes the assumption that

λ(t|Xi1 = xi1) = λ0(t) exp(β1xi1 + β2xi2), 1 ≤ i ≤ n.

By testing the hypothesis H0 : β2 = 0, which can be done with standard methods (Wald test,

t-test), it is possible to judge whether the influence of the covariate X1 of interest exhibits time

dependency.

Example 4.15 (Leukemia data, Example 11.6 in Le (2003))

Example 11.6 in Le (2003) reports a controlled efficacy study for a certain drug against leukemia.

In this study, n = 42 patients were randomly assigned to either the therapy arm (xi1 = 1) or the

placebo arm (xi1 = 0).

The target event (response) in this study was the remission time (time with reduced symptoms or

free of symptoms) until relapse. Censoring occurred, if no relapse was observed (for a particular

observational unit) within the study time.

The following two questions were of interest:

(1) Is the drug efficacious in prolonging the remission time as compared to placebo (yes / no)?

(2) Does the drug have an accumulated effect (over time), meaning that the treatment duration

plays an important role?

 see presentation with R software and handouts.
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Chapter 5

Bayesian analysis of linear models

In this chapter, we take a brief look into Bayesian methods to analyze (multiple) linear regression

models and GLMs.

We start with the classical ANCOVA model introduced in Model 2.1. Namely, we study the model

given by Y = Xβ + ε with all assumptions made in Model 2.1, including the assumption of

normally distributed error terms. In Bayesian notation, we can write

Y |β̃ = β, σ̃2 = σ2 ∼ Nn(Xβ, σ2In),

where β̃ and σ̃ are treated as random objects.

Bayesian inference is facilitated in the presence of conjugate distributional classes. To this end,

we first study some distribution theory around the (multivariate) normal distribution.

Definition 5.1 (Inverse gamma distribution)

Letting Z1 denote a non-negative, real-valued random variable with Z1 ∼ Gamma(α, r), we call

Z2 := 1/Z1 inverse gamma-distributed, and we write Z2 ∼ IG(α, r). The Lebesgue density of Z2

is given by

fZ2(z) =
αr

Γ(r)
z−(r+1) exp(−α/z)1(0,∞)(z), and it holds that

E [Z2] =
α

r − 1
as well as Var (Z2) =

α2

(r − 1)2(r − 2)
, provided that r > 2.

Definition 5.2 (Normal-inverse gamma distribution)

Let β̃|σ̃2 = σ2 ∼ Np

(
m,σ2M

)
for hyperparameters m und M . Furthermore, let σ̃2 ∼ IG(α, r)

with hyperparameters α und r. Then, the joint distribution of β̃ and σ̃2 is called normal-inverse

gamma distribution with parameters m, M , α, and r. The (joint) density of this distribution is
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given by

f(β̃,σ̃2)(β, σ
2) = fβ̃|σ̃2=σ2(β) fσ̃2(σ2)

=
[
(2π)

p
2σp|M | 12

]−1
exp

(
− 1

2σ2
(β −m)⊤M−1(β −m)

)
×

αr

Γ(r)
(σ2)−(r+1) exp

(
− α

σ2

)
, β ∈ Rp, σ2 > 0.

We write that (β̃, σ̃2) ∼ NIG(m,M,α, r).

Dropping factors in the representation of the joint density that neither depend on β nor on σ2, we

get that

f(β̃,σ̃2)(β, σ
2) ∝ σ−p exp

(
− 1

2σ2
(β −m)⊤M−1(β −m)

)
(σ2)−(r+1) exp

(
− α

σ2

)

= (σ2)−
p
2
−r−1 exp

(
1

σ2

[
−1

2
(β −m)⊤M−1(β −m)− α

])
. (5.1)

Corollary 5.3

If we assume that (β̃, σ̃2) ∼ NIG(m,M,α, r), then it holds that

E
[
β̃|σ̃2 = σ2

]
= m, Cov

(
β̃|σ̃2 = σ2

)
= σ2M,

E
[
σ̃2
]
=

α

r − 1
if r > 1, and

Var
(
σ̃2
)
=

α2

(r − 1)2(r − 2)
if r > 2.

Moreover, unconditional moments of β̃ for r > 1 are given by

E
[
β̃
]

= E

[
E
[
β̃|σ̃2

]]
= m and

Cov
(
β̃
)

= E
[
Cov

(
β̃|σ̃2

)]
+ Cov

(
E
[
β̃|σ̃2

])

= E
[
σ̃2
]
M =

α

r − 1
M

according to the covariance decomposition formula; see, e. g., (Ross, 2002, Page 392).

Exploiting furthermore that fσ̃2|β̃=β(σ
2) ∝ f(β̃,σ̃2)(β, σ

2) we see that

σ̃2|β̃ = β ∼ IG

(
α+

1

2
(β −m)⊤M−1(β −m), r +

p

2

)
.

Finally, we compute the unconditional (marginal) distribution of β̃. To this end, we notice that, by

normalization of the IG
(
α+ 1

2(β −m)⊤M−1(β −m), r + p
2

)
-distribution,

∫ ∞

0
(σ2)−

p
2
−r−1 exp

(
1

σ2

[
−1

2
(β −m)⊤M−1(β −m)− α

])
dσ2

= Γ(r +
p

2
)

{
α+

1

2
(β −m)⊤M−1(β −m)

}−r− p
2

.
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Hence, it follows from (5.1) that

fβ̃(β) ∝ Γ(r +
p

2
)

{
α+

1

2
(β −m)⊤M−1(β −m)

}−r− p
2

∝
{
1 +

1

2r
(β −m)⊤

[α
r
M
]−1

(β −m)

}−r− p
2

, (5.2)

by integrating out the joint density of (β̃, σ̃2) with respect to σ2.

The representation in (5.2) corresponds to the Lebesgue density of a multivariate t-distribution

with 2r degrees of freedom, location parameter m, and dispersion parameter αM/r.

Thus, β̃ ∼ t(2r,m, αM/r).

Remark 5.4

The covariance matrix of a multivariate t-distribution with dispersion parameter Σ and ν degrees

of freedom is given by ν
ν−2Σ, provided that ν > 2.

Theorem 5.5

The family of normal-inverse gamma distributions as priors for the parameters (β̃, σ̃2) is con-

jugate to the family of normal distributions for the likelihood of the response Y in the classical

ANCOVA given by Model 2.1.

More precisely, the following statement holds true: If Y |β̃ = β, σ̃2 = σ2 ∼ Nn

(
Xβ, σ2In

)
and

(β̃, σ̃2) ∼ NIG(m,M,α, r), then

(β̃, σ̃2)|Y = y ∼ NIG(m∗,M∗, α∗, r∗) with

M∗ = (X⊤X +M−1)−1, m∗ = M∗(M−1m+X⊤y),

r∗ = r +
n

2
, α∗ = α+

1

2

(
y⊤y +m⊤M−1m− (m∗)⊤(M∗)−1m∗

)
.

Proof: By straightforward calculation,

f(β̃,σ̃2)|Y=y(β, σ
2) ∝ f(β̃,σ̃2)(β, σ

2) · Z
(
(β, σ2), y

)

∝ (σ2)−
p
2
−r−1 exp

(
1

σ2

[
−1

2
(β −m)⊤M−1(β −m)− α

])
×

σ−n exp

(
− 1

2σ2
(y −Xβ)⊤(y −Xβ)

)
.

The latter expression can be brought into the desired form by algebraic manipulations, which are

detailed in an exercise. �

Corollary 5.6

Under the assumptions of Theorem 5.5, the following assertions hold true.
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(i) β̃|σ̃2 = σ2, Y = y ∼ Np (µβ ,Σβ) with

Σβ =

(
1

σ2
X⊤X +

1

σ2
M−1

)−1

and

µβ = Σβ

(
1

σ2
X⊤y +

1

σ2
M−1m

)
.

(ii) σ̃2|β̃ = β, Y = y ∼ IG(α′, r′) with

α′ = α+
1

2
(y −Xβ)⊤(y −Xβ) +

1

2
(β −m)⊤M−1(β −m) and

r′ = r +
n+ p

2
.

Proof: It is known from Theorem 5.5, that (β̃, σ̃2)|Y = y ∼ NIG(m∗,M∗, α∗, r∗). Furthermore,

Definition 5.2 and Corollary 5.3 have provided the following characterizations of

NIG(m∗,M∗, α∗, r∗):

(a) β̃|σ̃2 = σ2, Y = y ∼ Np

(
m∗, σ2M∗

)

(b) σ̃2|β̃ = β, Y = y ∼ IG
(
α∗ + 1

2(β −m∗)⊤(M∗)−1(β −m∗), r∗ + p/2
)

It remains to identify the parameters:

(i)

σ2M∗ = σ2
(
X⊤X +M−1

)−1
=

(
σ−2X⊤X + σ−2M−1

)−1
= Σβ .

m∗ = M∗
(
M−1m+X⊤y

)
= σ−2Σβ

(
M−1m+X⊤y

)

= Σβ

(
σ−2M−1m+ σ−2X⊤y

)
= µβ .

(ii) It is easy to verify that r∗ + p/2 = r + n/2 + p/2 = r + n+p
2 = r′. Furthermore,

α∗ + (β −m∗)⊤(M∗)−1(β −m∗)/2 = α+
(
y⊤y +m⊤M−1m− (m∗)⊤(M∗)−1m∗

)
/2

+
1

2
(β −m∗)⊤(M∗)−1(β −m∗) =: α′′.

We compare α′′ with α′:

2(α′′ − α′) = y⊤y +m⊤M−1m− (m∗)⊤(M∗)−1m∗ + (β −m∗)⊤(M∗)−1(β −m∗)

−(y −Xβ)⊤(y −Xβ)− (β −m)⊤M−1(β −m) = 0.

Notice for the last equality:

(M∗)−1m∗ = M−1m+X⊤y,

(m∗)⊤(M∗)−1 =
(
M−1m+X⊤y

)⊤
,

because (M∗)−1 is symmetric. The equality follows by straightforward verification. �
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Remark 5.7

We know from Corollary 1.9, that the conditional expectation E
[
β̃|Y

]
is the Bayes-optimal point

estimator for β under quadratic loss. This entails that

β̂Bayes = E
[
β̃|Y

]
= (X⊤X +M−1)−1(M−1m+X⊤Y ).

Defining the matrix A :=
(
X⊤X +M−1

)−1
X⊤X , it thus holds that

β̂Bayes = (Ip − A)m + Aβ̂, where β̂ = (X⊤X)−1X⊤Y denotes the LSE for β, which is at the

same time the MLE for β under the assumption of normally distributed error terms.

Conceptually, it is possible to apply the presented concepts regarding Bayesian inference from the

classical ANCOVA model to generalized linear models, too.

Definition 5.8 (Bayesian GLMs)

Let Z(y, β) =
∏n

i=1 p(yi, β) denote the (joint) likelihood function of a GLM, where we suppress

notationally the dependence on the covariates, which enter the model via the regression coeffi-

cients. Moreover, let fβ̃ be a prior density with respect to the Lebesgue measure λp on Rp.

Then we call

(i) fβ̃|Y=y, given by

fβ̃|Y=y(β) =
fβ̃(β)Z(y, β)∫

Rp fβ̃(β)Z(y, β)dβ
∝ fβ̃(β)Z(y, β)

posterior density of β̃ (wrt. λp), given the observed data Y = y.

(ii) E
[
β̃|Y = y

]
=
∫
Rp βfβ̃|Y=y(β)dβ posterior mean (expected value) of β̃ (given Y = y).

(iii) Cov
(
β̃|Y = y

)
=
∫
Rp

(
β − E

[
β̃|Y = y

])(
β − E

[
β̃|Y = y

])⊤
fβ̃|Y=y(β)dβ

posterior covariance matrix of β̃ (given Y = y).

(iv) β̂post. := argmax
β∈Rp

fβ̃|Y=y(β) = argmax
β∈Rp

{
ln(fβ̃(β)) + ln(Z(y, β))

}

maximum a posteriori (MAP) estimator for β.

Remark 5.9

Analytic calculation of the posterior mean E
[
β̃|Y = y

]
and the posterior covariance matrix

Cov
(
β̃|Y = y

)
, respectively, is only possible in a very few special cases. Furthermore, nume-

rical integration in Rp is only stable / reliable for small to moderate dimensions p. This is why one

often resorts to MAP estimators instead of posterior mean estimators.

Theorem and Definition 5.10 (Ridge estimator)

Under the circumstances of Definition 5.8, assume that we choose a Gaussian prior, meaning that

β̃ ∼ Np (m,M). Then, the following assertions hold true.
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(a)

β̂post. = argmax
β∈Rp

{
ln(Z(y, β))− 1

2
(β −m)⊤M−1(β −m)

}

=: argmax
β∈Rp

ln(Zpost.(y, β)).

This allows for interpreting the logarithmic posterior density ln(Zpost.(y, ·)) as a penalized

log-likelihood function. In this, the penalty term (β−m)⊤M−1(β−m) penalizes deviations

from the prior mean (expected value) m.

(b) For the special choice of m = 0 and M = τ2Ip, the MAP estimator β̂post. equals the

so-called ridge estimator with shrinkage parameter λ := [2τ2]−1, and the penalty term

simplifies to

λ · (β⊤β) = λ‖β‖22.

(c) Define the penalized Fisher information matrix Fpost.(β) by

(Fpost.(β))i,j = −E

[
∂2 ln(Zpost.(y, β))

∂βi∂βj

]
, 1 ≤ i, j ≤ p.

Then it holds for n → ∞, that

β̂post.(n) ∼
as.

Np

(
β, F−1

post.(β̂post.)
)
,

where Fpost. depends on the sample size n via Z(y, β).

Proof: See Section 4.6 in Fahrmeir et al. (2009). �

Another popular shrinkage method is given by the LASSO (least absolute shrinkage and selec-

tion operator). This method can be embedded into the Bayesian theory by considering double-

exponential priors for the vector of regression coefficients.

Definition 5.11 (Double-exponential distribution)

The double-exponential distribution (sometimes also referred to as Laplace distribution) with scale

parameter λ > 0 is a continuous probability distribution on R with Lebesgue density fλ, given by

fλ(t) =
λ

2
exp(−λ|t|), t ∈ R.

Theorem 5.12

Under the circumstances of Definition 5.8, assume that we choose the prior density as fβ̃(β) =
∏p

j=1 fλ(βj), meaning that we assume a priori stochastically independent, identically Laplace(λ)-

distributed regression coefficients.

Then, the resulting MAP estimator for β is an L1-norm penalized MLE.
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Proof: For the posterior density of β̃, we get that

fβ̃|Y=y(β) ∝ Z(y, β) ·
p∏

j=1

exp(−λ|βj |).

Thus,

β̂post. = arg max
β∈Rp

fβ̃|Y=y(β)

= arg max
β∈Rp

{ln (Z(y, β))− λ

p∑

j=1

|βj |}

= arg max
β∈Rp

{ln (Z(y, β))− λ · ‖β‖1},

and the assertion follows. �

Remark 5.13

(a) Equivalently,

β̂post. = arg min
β∈Rp

{− ln (Z(y, β)) + λ ‖β‖1}.

In the case of a Gaussian likelihood, − ln (Z(y, β)) is an isotone transformation of the

residual sum of squares.

(b) In the classical ANCOVA model with unknown error variance σ2, it is convenient to choose

the conditional (to σ2) prior distribution L(β̃|σ̃2 = σ2) as [Laplace(λ/σ)]⊗p. This guaran-

tees that the posterior density is unimodal for every prior inverse gamma distribution of σ̃2

(see Park and Casella (2008)).

(c) The penalization or regularization parameter λ can either be chosen explicitly (e. g., by

cross validation or by maximizing the marginal likelihood), or one can introduce an ad-

ditional level of hierarchy into the Bayesian modelling. This additional level of hierarchy

consists in choosing a hyper-prior for the random variable λ̃. Park and Casella (2008) re-

commend a prior gamma distribution for λ̃2.

(d) Under the circumstances of Part (b), meaning a classical ANCOVA, the MAP estimator

β̂post. from Theorem 5.12 equals the LASSO estimator from Tibshirani (1996).

(e) In contrast to L2-regularization, the L1-regularization often implicitly performs a variable

selection. To see this, let us re-write the target criteria of the two regularization approaches

as follows:

β̂LASSO = argminM1{− ln (Z(y, β))}, M1 := {β ∈ Rp : ‖β‖1 ≤ C1},

β̂Ridge = argminM2{− ln (Z(y, β))}, M2 := {β ∈ Rp : ‖β‖22 ≤ C2},
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where C1 ≡ C1(λ) and C2 ≡ C2(λ) are transformations of the respective regularization

parameter.

In the case of an ANCOVA, the term − ln (Z(y, β)) is equivalent to the residual sum of

squares
∑n

i=1(yi −
∑p

j=1 βjxij)
2, whose contour lines (wrt. β) are ellipsoids. For p = 2,

we get the following two graphs (adapted from Tibshirani (1996)).

β1

β2

β̂LSE

β̂LASSO

M1

β1

β2

β̂Ridge

β̂LSEM2
β

(f) There exist a plethora of other (more general) regularization or penalization techniques

for likelihood-based inference in (generalized) linear models, for instance bridge regres-

sion (Lq-norm regularization with general q ≥ 0) or the “elastic net” (penalty term is a

weighted average of L1- and L2-norm regularization terms). The derivation of (asymptotic)

distribution theory for penalized MLEs or LSEs, respectively, is a topic of modern research

in mathematical statistics.

Application 5.14 (Markov chains and Markov Chain Monte Carlo methods)

A general approach towards Bayesian inference in complicated (analytically not tractable) mo-

dels is given by so-called Markov Chain Monte Carlo (MCMC) methods; see, e. g., Liang et al.

(2010). Such methods deliver algorithms, which allow one to generate pseudo-samples from the

corresponding posterior distributions on the computer.

See the respective presentation (with examples in R).

Notes regarding the presentation “Markov chains on finite state spaces”

Let (Ω, 2Ω) be a state space with |Ω| = m. The transition kernel K(x, ·) is a probability measure

on F = 2Ω, i. e., K(x, ·) : F → [0, 1]. If (Xn) is time-homogeneous, then K(x, ·) is already

completely specified by specifying all point masses K(x, y) for x, y ∈ Ω. Hence, K can be cha-

racterized by an (m×m)-matrix P with P (x, y) = P
(
X1 = y|X0 = x

)
.

Example: m = 4 and P =




0 1 0 0
1
3 0 2

3 0

0 2
3 0 1

3

0 0 1 0



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a) Is P recurrent? Is P irreducible?

(1, 1) : (1)− (2)− (1)
√

(1, 2) : (1)− (2)
√

(1, 3) : (1)− (2)− (3)
√

(1, 4) : (1)− (2)− (3)− (4)
√

(2, 1) :
√

(2, 2) : (2)− (3)− (2)
√

(2, 3) :
√

(2, 4) : (2)− (3)− (4)
√

(3, 1) : (3)− (2)− (1)
√

(3, 2) :
√

(3, 3) : (3)− (4)− (3)
√

(3, 4) :
√

(4, 1) : (4)− (3)− (2)− (1)
√

(4, 2) : (4)− (3)− (2)
√

(4, 3) :
√

(4, 4) : (4)− (3)− (4)
√

b) Invariant measure (initial distribution)

µ
!
= µP⇐⇒ (µ1, µ2, µ3, µ4) = (µ1, µ2, µ3, µ4) ·




0 1 0 0
1
3 0 2

3 0

0 2
3 0 1

3

0 0 1 0




.

This is equivalent to the following system of linear equations.

µ1 =
µ2

3
[1]

µ2 = µ1 +
2µ3

3
[2]

µ3 =
2µ2

3
+ µ4 [3]

µ4 =
µ3

3
. [4]

[1] in [2]: µ2 =
µ2

3
+

2µ3

3
⇐⇒ µ2 = µ3. [5]
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Equations [5], [4], and [1] imply that µ1 = µ4 =
µ2

3 .

4∑

i=1

µi ≡ 1 =⇒ 2µ2 +
2

3
µ2 = 1

⇐⇒ 8

3
µ2 = 1 ⇐⇒ µ2 =

3

8

=⇒ (µ1, µ2, µ3, µ4) =

(
1

8
,
3

8
,
3

8
,
1

8

)
.

Cross check:

(
1

8
,
3

8
,
3

8
,
1

8

)




0 1 0 0
1
3 0 2

3 0

0 2
3 0 1

3

0 0 1 0




=

(
1

8
,
3

8
,
3

8
,
1

8

) √

But: This chain is periodic (with period 2). Therefore, convergence to the invariant measure does

not happen for every µ(0)! This example is an Ehrenfest chain with N = 3. For general N , the

corresponding transition matrix is given by

P (x, y) =
x− 1

N
, y = x− 1,

P (x, y) =
N − x+ 1

N
, y = x+ 1,

P (x, y) = 0, otherwise.

New chain with m = 3:

P =




4
10

4
10

2
10

3
10

4
10

3
10

2
10

4
10

4
10




This P is recurrent and irreducible (
√

), and P is aperiodic (
√

).

µ∗ =

(
3

10
,
4

10
,
3

10

)
, because

(
3

10
,
4

10
,
3

10

)



4
10

4
10

2
10

3
10

4
10

3
10

2
10

4
10

4
10


 =

(
3

10
,
4

10
,
3

10

)
.
√
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