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Abstract Theobjectof our investigationsareisotropicconvex bodies
� �����

,
centredat theorigin andnormedto volumeone,in arbitrarydimensions.Weshow
thatacertainsubsetof thesebodies—specifiedby boundsonthesecondandfourth
moments—isinvariantunderforming ‘expandedjoins’.

Consideringa body
�

asabove asa probabilityspaceandtaking �	�	
 ����
 ,
we definerandomvariables��������������� on

�
. It is known that for subclasses

of isotropicconvex bodiessatisfyinga ‘concentrationof massproperty’, thedis-
tributionsof theserandomvariablesarecloseto Gaussiandistributions,for high
dimensions� and‘most’ directions ����
 ����
 . We show that this ‘central limit
property’,which is known to hold with respectto convergencein law, is alsotrue
with respectto � 
 -convergenceand �! -convergenceof thecorrespondingdensi-
ties.
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1 Intr oduction

Let
� �"���

bea convex body, i.e. a convex compactsetwith nonemptyinterior.
We saythat

�
is isotropic if its ellipsoidof inertiais a Euclideanball, i.e.,��#�%$ � & �(' �)�*�,+-#/.0�

is independentof theunit vector �1�	
 ����
 . Thenumber�2� is calledthe radius
of inertia of thebody

�
. We saythat

�
is normedif its centroidis at theorigin3

partly supportedby theDFG
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andits � -dimensionalvolume 5 � ' � + equals6 . Notethatevery convex bodywith
nonemptyinteriorhasanaffine imagethatis normedandisotropic.

For moreinformationon isotropicconvex bodies,relatednotions,andfurther
propertiesandapplicationswe referto [2], [7], [8].

Thesetof all normedisotropicconvex bodiesin
� �

is denotedby 7 � , andwe
define 7 $ �  8��9:
 7 �,;

Weregardabody
� �<7 � , with themeasure5 � restrictedto

�
, asaprobabil-

ity space.For eachunit vector �<��
 ����
 wedefinearandomvariable������� $ � =�
by �>�?��� ' �@+ $ �A�)�*� ;

Thedensityof thedistributionof this randomvariableis givenbyB �?��� 'DC +��E5 ����
GF-H �I� �KJ �)�L�M� CONQP 'RC � � + ;
In [4] it wasshown that for Euclideanballsandfor cubesthesedensitiesare

close to Gaussiandensitiesfor large dimensionsand most directions � , in the
sensemadeprecisebelow. Further, it wasshown in [1] thatananalogousproperty
holds for the distribution functionsof the randomvariables������� for classesof
symmetricconvex bodiessatisfyingthe‘concentrationof massproperty’described
in Theorem4.1(i). Also, in [10] it wasobserved that this concentrationof mass
propertyis a consequenceof inequality (1.3) below, and the applicationof [11]
wasshown to yield a ‘central limit property’.

In orderto makethismoreprecise,werecallthefollowing definitionfrom [4].
Let S � 7 bea setof normedisotropicconvex bodies.We saythat S hasthe
central limit propertyifTVUXW�ZY0[�\^]`_ba ����
 F H �c�c
 ����
 Jed B �?���gfih�j`kl d 
nmpo N P = q

as � = rAs
for all o(m q ; (1.1)

Here, h^tQk 'DC +u� 6v wyx�z #|{~} W�� f C #wyz #��
denotesthe Gaussiandensity, and a ����
 the surfacemeasureon 
 ����
 , normed
to a probabilitymeasure.(In fact, thecentrallimit propertywasexpressedin [4]
slightly differently—but equivalently—byrequiringTVUXW�ZY0[�\^]`_�� d B �?����fih j k l d 
 = q

as � = rAs
where � denotesexpectationwith respectto theprobabilitymeasurea ����
 .)Ontheonehand,for theexamplesin [4] thecentrallimit property(1.1), which
involvesthe � 
 -distanceof densities,wasshown. On theotherhand,in themore
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generalresults[11], [1] only weaker formsof closenesswereobtained.This ob-
servationwasoneof thestartingpointsof this paper. As our mainresultwe show
that thecentrallimit property(1.1)canbederivedfrom a seeminglyweaker form
of this property. This is mainly dueto the logarithmicconcavity of the densitiesB �?��� .

We usethefollowing notation.For
� ��7 � let� # ' � + $ � & �p� � � # .0� ' ����� # � + s��� ' � + $ � & �p� � � � .0�

denotethesecondandfourth momentof thebody
�

, respectively. Let � � � 7 �
bethesetof all normedisotropicbodies

�
thatsatisfy� # ' � +?� � # '�� � + s (1.2)� � ' � +� # ' � + # � � � '�� � +� # '�� � + # s (1.3)

where � � denotesthenormedregular � -simplex in
���

. Let� $ �  8��9�
 � �,; (1.4)

Inequalities(1.2), (1.3)appearin [10] and[3], with theright handsideswritten
asexplicit expressionsdependingon � . Theset � is invariantundercertainopera-
tionssuchasformingcones,cartesianproducts,joins(cf. [10]), and� -products(cf.
[3]). As a consequence,� containsall � �� -balls (normedto volume 6 ). Particular� -productsarethejoin (�M��6 ) andthecartesianproduct(�M� r

).
It hasbeenshown in [9] that,for �c� w

, inequality(1.2)holdsfor all
� �I7 # .

It appearsthatonedoesnotknow abodyin 7 not satisfyinginequalities(1.2)and
(1.3).

In Section2 we introducetheexpandedjoin of two bodiesin 7 andshow that� is invariantunderforming normedisotropicexpandedjoins. Sections3 and4
areindependentof Section2.

Section3 is devotedto showing propertiesof logarithmicallyconcave func-
tions. Themainresult,Theorem3.3,statesthatclosenessof logarithmicallycon-
cave densitiesto Gaussiandensitiescanbeexpressedin severalequivalentways:
in �  -normor � 
 -normof thedifferenceof thedensities,or in �  -normof the
differenceof thecorrespondingdistribution functions.

In Section4 we show that a set S � 7 satisfyinga concentrationof mass
property(seeproperty(i) of Theorem4.1)will alsosatisfythecentrallimit prop-
ertydefinedin (1.1). Ourmaincontributionis showing thatin thecasetreatedhere
a resultof von Weizs̈acker [11] canbe reinforcedusingthe resultsof Section3.
Thegeneralresultfor S is thenappliedto theclass� definedabove.
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2 The expandedjoin

Continuingthe investigationsin [10], [3], we introduceyet anotheroperationon
convex bodies,theexpandedjoin.

Let �,� s � 
 �i��� , ���������y� '�� � q�s 6Q+ , and ���"�,���K� 
 ��6 . We definethe
(unnormed)expandedjoin of

� � and
� 
 by� �� ¡ � 
 ��¢¤£0¥�¦ F ' � ��§ H q N § H q N +@¨ ' H q N § � 
 § H 6 N + P� H '©' 6|fª5«+¬��­ s 5��«­®­ s 5«+ J ��­�� � � s ��­¯­�� � 
 s 5��±° q�s 6³² N� 8´ Y¶µ � � 
¸·�¹� ´ �º� � s

where ¹� ´ � ' 6Zfª5«+ � �»§ ' 5 � 
 + § H 5 N .Thesetof extremepointsis{¤}`¼ ' � �  ¡ � 
 +u� F {¤}�¼ ' � �½+ § H q N § H q N P ¨ F H q N § {¤}�¼ ' � 
 + § H 6 N P s
thusin particularthe expandedjoin of two simplicesis a simplex (merelycount
the vertices). In the specialcase� 
 � q

,
� 
 � � � � � � , the expandedjoin� �` ¡ � 
 is a conewith base

� �»§ H q N . Finally notethattheorthogonalprojection¾ � $ � � = � ���/

(omit thelastcomponent)maps

� �  ¡ � 
 ontothejoin of
� � and� 
 astreatedin [10]. This motivatesthenotion‘expandedjoin’.

In thefollowing we only consider� � s � 
n¿ 6 . Our first aim is to find anaffine
imageof

� �  ¡ � 
 thatis normedandisotropic.For thevolumeof
� �  ¡ � 
 wehave5 � ' � �  ¡ � 
 +À� & 
� 5 ����
 ' ¹� ´ +�.¶5M� & 
�ª' 6Zfª5«+ ��Á 5 �ÃÂ .�5��Ä ' �,����6 s � 
 �A6Q+u�ÆÅ ' � � �A6Q+ Å ' � 
 �A6Q+Å ' �,�!�K� 
 � w + � � �^Ç � 
 Ç� Ç ;

Thecentroidof
� �  ¡ � 
 is at È $ � ' qXs ;*;*; sVq�s 5«ÉÊ+ where5 É � 65 � ' � �� ¡ � 
 + & 
� &ÌË�uÍ 5|. ' � ­ s � ­Î­ +¶.�5�� � Ç� �^Ç � 
 Ç & 
� ' 6ZfK5«+ � Á 5 � ÂÐÏ 
 .�5� � Ç� �^Ç � 
 Ç �,� Ç ' � 
 ��6½+ Ç' �>��6½+ Ç � � 
 ��6�)�A6 ;

Since
� � and

� 
 areisotropic,thefunction�MÑ= & � Á*ÒÓ � Â �@Ô ' �)�³�,+ # .Ã�
is constanton 
 � Á ��
 § H q N § H q N and H q N § 
 � Â �/
 § H q N . Thuswe obtainan
isotropicimageof

� �  ¡ � 
 fÕÈ by applyinga linearmappingÖ of theformÖ�� diag 'D× � s ;*;*; s × �Ø Ù~Ú Û� Á � times

s × 
 s ;³;*; s × 
Ø Ù~Ú Û� Â � times

s × # + ;
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Thismeansthatwehave to determine× � s × 
 s × # m q suchthat6� � &�Ü/Ý � ÁLÒÓ � Â �eÔVÞ � � ­ � #�. ' � ­ s � ­Î­ s 5«+ß� 6� 
 &¶Ü/Ý � Á*ÒÓ � Â �eÔOÞ � � ­¯­ � #à. ' � ­ s � ­Î­ s 5�+� &�Ü/Ý � ÁLÒÓ � Â �eÔOÞ 5G#/. ' � ­ s � ­®­ s 5�+ ; (2.1)

As thesecondmomentin the � ­ -directionwe obtain6� � & � Á ÒÓ � ÂO�@Ô � � ­ � #�. ' � ­ s � ­¯­ s 5«+À� 6� � & 
� &ÌË�uÍ � � ­ � #/. ' � ­ s � ­á­ +�.�5� 6�,� & 
� & � Á � �«­ � # .0��­ ' 6Zfª5«+ ��Á Ï # 5 �ÃÂ .�5��Aâ`� � # ' � �ã+ s
where â � � Ý � ÁVÏ # Þ�ä�� Â ä� Á Ý � Ï # Þ�ä . Analogouslywe have6� 
 & � ÁLÒÓ � Â �eÔ � ��­®­ � # . ' �«­ s ��­Î­ s 5«+ß��â 
 � # ' � 
 +
and & � Á ÒÓ � Â �eÔ 5G#à. ' � ­ s � ­¯­ s 5«+u� & 
� &åË�ÀÍ . ' � ­ s � ­®­ + ' 5æfK5 É +-#/.�5M��â # s
where â 
 s â # m q dependonly on � � s � 
 . From(2.1)we now obtainthecondition× ��Á Ï #� × �ÃÂ
 × # â � � # ' � � +u� × ��Á� × �ÃÂ Ï #
 × # â 
 � # ' � 
 +�� × ��Á� × �ÃÂ
 ×�ç# â #
for × � s × 
 , and × # , which simplifiesto× #� â � � # ' � � +À� × # 
 â 
 � # ' � 
 +u� × ## â # ; (2.2)

Fromtherequirement5 � ' Ö ' � �  ¡ � 
 f1È�+©+ß�b6 weobtainthecondition

× ��Á� × �ÃÂ
 × # � � Ç� ��Ç � 
 Ç ; (2.3)

Solving(2.2) for × � and × 
 andinsertingthis into (2.3)yields

× # � è � Ç� �^Ç � 
 Ç � â �â # � # ' � � + � \ Ák � â 
â # � # ' � 
 + � \ ÂkÌé
Â\ ; (2.4)

For ourfurtherconsiderationsweneednotcompute× � s × 
 and × # moreexplicitly.
We definethenormedisotropic expandedjoin by� � ¡ � 
��¢¤£0¥�¦ F 'D× � � ��§ H q N § H f × # 5 É N +/¨ ' H q N § × 
 � 
 § H × # ' 6�f	5 É + N + P� H 'D× � ' 6|fK5�+¬� ­ s × 
 5�� ­®­ s × # ' 5æfK5 É +Ð+ J � ­ � � � s � ­®­ � � 
 s 5<�1° q�s 6¤² N ;
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Theorem2.1.Theset � definedin (1.4) is invariant underforming normediso-
tropic expandedjoins.

Proof. We have to show the persistenceof inequalities(1.2) and(1.3). We may
assume� � s � 
�¿ 6 sincethecaseof coneshasbeentreatedin [10; Sect.2]. For
thesecondmomentof

� � ¡ � 
 we obtain,using(2.1), (2.3), and(2.4),� # ' � � ¡ � 
 +ß�A� & � Á Ó � Â 5 # . ' �«­ s ��­®­ s 5«+ß� × ��Á� × �ÃÂ
 ×�ç# ��â #� � Ç� ��Ç � 
 Ç è � Ç� ��Ç � 
 Ç � â �â # � # ' � �y+ � \ Ák � â 
â # � # ' � 
 + � \ Âkêé k\ ��â # ;
Thusthevalidity of (1.2) for

� � and
� 
 implies� # ' � � ¡ � 
 +!� � # '�� � Á ¡ � � Â +u� � # '�� � + s

which is (1.2) for
� � ¡ � 
 .

Thefourth momentis computedas& � ÁOÓ � Â � � � � .0��� & � ÁëÓ � Â ' � � ­ � #?� � � ­®­ � #?�p5�#ã+-#à.0�� × ��Á Ï �� × �ÃÂ
 × #½ì � � � ' � �½+�� × ��Á� × �ÃÂ Ï �
 × #Qì 
 � � ' � 
 +� × � Á� × � Â
 ×�í# ìë# � × � ÁOÏ #� × � Â-Ï #
 × #½ì � 
 � # ' � �½+ � # ' � 
 +� × � ÁOÏ #� × � Â
 × ç# ì � # � # ' � �½+/� × � Á� × � Â-Ï #
 × ç# ì 
 # � # ' � 
 + s
whereagainì � s ì 
 s ìë# s ì � 
 s ì � # s ì 
 # m q dependonly on �,� s � 
 . Using(2.3)aswell
as 6� � # ' � � ¡ � 
 +u� × ��Á Ï #� × �ÃÂ
 × # â � � # ' � � +� × � Á� × � Â-Ï #
 × # â 
 � # ' � 
 +� × ��Á� × �ÃÂ
 ×:ç# â #
appropriately, weobtain� � ' � � ¡ � 
 +� # ' � � ¡ � 
 + # �Aî � � � ' � �ã+� # ' � � + # �	î 
 � � ' � 
 +� # ' � 
 + # �	î # s
with suitableî � s î 
 s î # m q

dependingonly on � � s � 
 . Similarly asabove for the
secondmoment,thevalidity of (1.3) for

� 
 sO� # implies(1.3) for
� � ¡ � 
 . ïð
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3 Inequalities for logarithmically concavefunctions

Theassertionof Lemma3.2(b)below will beneededin Section4. Herewe prove
rathergeneralexplicit inequalitiesfor logarithmicallyconcave functions,which
shouldbeof independentinterest.In Section4 we would only needa qualitative
estimatefor a specificcase.

We recall that a function ñ $�ò = ° q�sër + is called logarithmically concaveifó ¥nñ is concaveon aninterval ò ��� (with theusualconvention
ó ¥ q �ôf r ). Forâ>� � we denoteâ Ï $ �Aõ÷ö } H â sOq N .

Lemma 3.1.Let
q � ñø�ù� 
 ' ° q�sër +©+ be logarithmically concave, ñ ' q + m q

,d ñ d 
Zm q , â $ � ú¬ûÃú Âû Ý � Þ . Let h $ ° q�s~r + = �
beincreasing. AssumethatC 
 $ � TVU�W H C ¿ qXJ ñ ¿ h on ° q�s C ² N�ü r ;

Then &Ký Â� ' ñ)f�h�+ 'DC +�. C ¿ &  � F ñ ' q +-þ � ýDÿ�� fih 'DC + P Ï . C ;
Proof. Let ¹ñ 'DC + $ �"ñ ' q +-þ � ýDÿ�� ( C ¿ q ) andC # $ � TVU�W H C ¿ q�J ¹ñ ¿ h on ° qXs C ² N F �1° qXs~r ² P ;
Then ¹ñ ¿ h on ° qXs C # + , and ¹ñÕ��h on 'DC # s~r + since ¹ñMfÕh is decreasing.We have
to show

� ý k� ' ¹ñ>f�h�+ 'DC +�. C � ��ý Â� ' ñ)fih�+ 'DC +¶. C .
In case ñ�� ¹ñ thereis nothing to show, so we assumeñ �� ¹ñ . Note that� ¹ñª� � ñ by thedefinitionof â . Thus, ñ�f ¹ñ changessignat leastonce.Sinceó ¥nñ�f ó ¥ ¹ñ is concave and ñ ' q +n� ¹ñ ' q + , thereexists C � m q

suchthat ñ ¿ ¹ñ on° qXs C � + and ñ	� ¹ñ on 'DC � s~r + . This implies
���� ¹ñ 'DC +¶. C � ���� ñ 'DC +�. C for all � ¿ q

andhence & ý k� ' ¹ñ>fih�+ 'DC +¶. C � & ý k� ' ñ)fih�+ 'DC +¶. C ;
Assumefirst that C # � C � . Then C # � C 
 � C � , so we obtain the assertion

since ñMf±h ¿ q
on 'DC # s C 
 + . Now assumeC # m C � . Then C � � C 
 � C # . We haveñ ' � ¹ñ@+|�%ñ ' q + on 'DC � sër + , so ñ andthus ñ�fÕh is decreasingon 'DC � sër + . By the

definitionof C 
 , this implies ñÌf÷h>� q on 'DC 
 s C # + , andweobtaintheassertion. ïð
Lemma 3.2.Let

q � ñb�b� 
 ' � + be logarithmically concave,
d ñ d 
 ¿ 6 , h��� 
 ' � +��M�! ' � + , and 	 s�
 antiderivativesof ñ s h , respectively.

(a) Let × m 6 . If
d 	Ef 
>d  � 
# f 
 Ï
�����# � then

d ñ d  � × { TOTGT©U�W h .(b) If h is Lipschitzcontinuouswith Lipschitz constant� thend ñ÷fih d  ø� w�� �i� d ñ d #  d 	�f 
�d Âk ;
(c) Let × m 6 . If

d 	�f 
>d  � 
# f 
 Ï
�����# � ,
d h d 
 � 6 , and h is Lipschitz

continuouswith Lipschitzconstant� thend ñ÷fih d  � w v � � 6!� × # d 	�f 
>d Âk ;
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Proof. We will make useof the inequality �� ���� ' ñ 'DC +uf±h 'DC +©+¶. C �� � w d 	�f 
>d  ,
which is valid for all â s ì � � .

(a)Observe that � $ � { TOTGT©U�W h ¿ q . Without restrictionassumethat ñ ' q +ß�d ñ d  m � . Let ò be themaximalopeninterval containing
q

with ñ ¿ h on ò .
Then w d 	Ef 
�d  ¿ & � ' ñ)f�h�+ 'DC +�. C ¿ &  �  ' ñ 'DC +�f�� + Ï . C ;
By Lemma3.1,with hæ��� , we have&  � ' ñ 'DC +�f��b+ Ï . C ¿ &  � ' ñ ' q +-þ � ýDÿ�� f��b+ Ï . C s
whereâ $ � �  � ñ 'DC +¶. C � ñ ' q + . Theaboveinequalitymakessensein thecaseâ � q

,
too; thenbothsidesare

q
. In thesameway weobtain& ��  ' ñ 'DC +�f�� + Ï . C ¿ & ��  ' ñ ' q +-þ ýDÿ � f�� + Ï . C s

with ì $ � � ��  ñ 'DC +¶. C � ñ ' q + .
Let C � $ �Aâ ó ¥ û

Ý � Þ� and � � $ � f ì ó ¥ û
Ý � Þ� . Then ñ ' q +-þ � ý Á ÿ�� ��ñ ' q +¬þ � Á ÿ � ��� .

Therefore,&  �  ' ñ 'DC +�f��b+ Ï . C ¿ & �
� Á ' ñ ' q +-þ ýDÿ � f�� +¶. C � &Ký Á� ' ñ ' q +-þ � ýDÿ�� f�� +¶. C� ì ' ñ ' q +:f�� +:f1â ' � fKñ ' q +©+:f 'DC � f�� � +��� ' â�� ì + F ñ ' q +:f�� f�� ó ¥ û Ý � Þ� P ;

Since â�� ì � d ñ d 
 � ñ ' q + ¿ 
û Ý � Þ we arriveatw d 	Ef 
�d  ¿ &  �  <' ñ 'RC +�f��b+ Ï . C ¿ 6|f �ñ ' q + � 6!� ó ¥ ñ ' q +� � ;
Using

w d 	Ef 
>d  ø��6|f 
� ' 62� ó ¥ × + , wededucethat
d ñ d  ���ñ ' q +?� × � .

(b) Wehaveto estimate� ñ ' �@+Xf÷h ' �@+ � for all �I� � . Sincetheassumptionsare
translationinvariantit sufficesto consider��� q

. First assumeñ ' q +Ì�Eh ' q + . We
supposethat ñ is decreasingon ° qXs~r + . (If this is not thecasethen ñ is increasing
on ' f rAsOq ² ; the latter caseis treatedanalogously.) Let  $ � !

Ý � Þ¸� û Ý � Þj . By the
Lipschitzcontinuityof h we haveh 'DC +:fªñ 'DC + ¿ h ' q +:f±� C fªñ ' q +u�E� '  gf C + 'DC ¿ q + s
andthusw d 	"f 
�d  ¿ &�"� ' h 'DC +�fªñ 'DC +©+¶. C ¿ &�"� � '  (f C +¶. C � ' h ' q +:fªñ ' q +Ð+ #w � s
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or h ' q +:fKñ ' q +ß� w�� � d 	Ef 
>d  ;
Now assume( $ � ñ ' q +åf"h ' q + m q

. We have to show
d 	 f 
�d  ¿) k� Ý j Ï ú¬ûÃú k * Þ .

Let ¹h 'DC + $ �Eh ' q +à�K� � C � ( C � � ). Let ò ( ¹ò ) bethemaximalinterval containingq
with ñ ¿ h on ò ( ñ ¿ ¹h on ¹ò ). Then,by theLipschitzcontinuityof h ,w d 	Ef 
�d  ¿ & � ' ñ>f�h�+ 'DC +¶. C ¿ &�Ë� ' ñ)f ¹h�+ 'DC +¶. C ;

Let â s ì asin the proof of (a), anddefine ¹ñ by ¹ñ 'DC + $ � ñ ' q +¬þ � ýDÿ�� ( C ¿ q
) and¹ñ 'DC + $ � ñ ' q +-þ ýDÿ � ( C � q

). The first inequality in the following estimatefollows
from Lemma3.1,whereasthesecondinequalityis illustratedby Figure1 (thearea
betweenthegraphsof ¹h and ¹ñ containstheshadedarea):& Ë

� ' ñ�f ¹h¶+ 'DC +�. C ¿ &  �  F ¹ñ 'DC +�f ¹h 'RC + P Ï . C¿ &  � F ( f û Ý � Þ� C f1� C P Ï . C � & ��  F (�� û Ý � Þ� C �K� C P Ï . C� ( #w ' �i� û Ý � Þ� + � ( #w ' �i� û Ý � Þ� + ;
Recallthat î $ �Aâ»� ì � d ñ d 
 � ñ ' q + . Thus,w d 	Ef 
>d  ¿ õ,+�¥�.- � -,É ( #w è 6�i� û Ý � Þ� � 6�i� û Ý � ÞÉ � � é ;
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Themininumis attainedat âæ� q andat âæ�Eî , sow d 	�f 
>d  ¿ ( #w ' ����û Ý � Þ kú¬ûÃú Â + ¿ ( #w ' �i� d ñ d #  + s
which wasto beshown.

(c) is adirectconsequenceof (a)and(b) since
d h d  ù� v � . ïð

Wewill applyLemma3.2in form of thenext theorem,where

 t k denotesthe

Gaussiandistribution functionwith variance
z # ,


 tQk 'DC +ß� 6v wQx�z # &Ký�  {¤} WI� f � #wyz #G� ./� ;
Theorem3.3.There existsan increasingfunction 0 
 $ ' q�sër + = ' qXs w ² with

0 
 'DC +ß�21 F C~' f ó ¥ C + Âk P F q üºC � 
3 #54 P
with the following property. Let

q � ñ � � 
 ' � + be logarithmically concave,d ñ d 
 � 6 , and 	 the distribution function of ñ . Let
z m q

and assumethatd ñ d  � 
t . Thend 	�f 
 tQk d  ø� d ñæf�h^tQk d 
 �60 
 ' z d ñ)fih0tQk d  +2�70 
 ' v 8 d 	"f 
 tQk d Âk + sd ñæf�h^t k d  � v 8z d 	"f 
 t k d Âk ;
Proof. Thefirst inequalityis clear;thesecondoneis provedin [4; Prop.2.5]. The
third inequalityis aconsequenceof thelastone.Notethat h^tyk is Lipschitzcontinu-
ouswith constant


3 #54:9 tQk ü 
� t k . Thus,thelastinequalityis adirectconsequence
of Lemma3.2(b). ïð
Remark3.4. If ñ is logarithmicallyconcavethentheassumption

d ñ d  ù� 
t in the
abovetheoremis in particularsatisfiedif

�  �  C ñ 'DC +�. C � q and
z # is thevariance

of ñ . This follows from [6; Thm.8, eqn.(7)], appliedwith B 'DC +ß� C # .
4 A central limit theorem

The main result of this section(and the whole paper)is the following. As in
Section3,


 t k denotestheGaussiandistribution functionwith variance
z # . Also,

; ��� � 'DC +ß��5 � ' H �<� �KJ �)�*�I� CON +
is thedistribution functionof thedensity B ��� � , for

� ��7 � , �c�c
 ����
 .



Moment
�

inequalities,centrallimit properties,isotropicconvex bodies 11

Theorem4.1.Let S � 7 bea setof normedisotropic convex bodies.Consider
thefollowing properties:

(i) T©U�W �ZY0[ \ ]�_ 5 � F H �1� �KJ �� � � � # fª��� # � �� m�o ��� # � N P = q
as � = r

, for
all o�m q ;

(ii) T©U�W �ZY0[ \ ]�_ a ���/
 F H �c��
 ����
 J@d<; �?����f 
 j k l d  m o N P = q
as � = r

,
for all o�m q ;

(iii) T©U�W �ZY0[ \ ]�_ a ���/
 F H �	�p
 ����
½Jud B �?����fªh j k l d 
�m�o N P = q
as � = r

,
for all o�m q , i.e., S hasthecentral limit property(1.1);

(iv) T©U�W �ZY0[ \ ]�_ a ���/
 F H �Õ�1
 ����
½J:d B �?����f1h j k l d  m�o N P = q
as � = r

,
for all o�m q .

Then(i) = (ii) > (iii) = (iv). If T©U�W �ZY^_ �!� ü r thenalso(iv) = (iii) .

Theorem4.2.The set � definedin (1.4) satisfiesproperties(i) – (iv) of Theo-
rem4.1.

Remark4.3. In [1; Thm. 4] the implication (i) = (ii) of Theorem4.1 is shown
for classesof centrallysymmetricbodies,with quantitative estimates.By useof
our Theorem3.3, this resultcanbereinforcedto a quantitative resultconcerning� 
 -normsand �! -normsof thedifferenceof thecorrespondingdensities.

Beforeproceedingto the proof of Theorem4.1 we want to recall a resultof
von Weizs̈acker [11] which will beanessentialingredientof ourproof.

For
� � 7 � we defineprobability measures

¾ � and ¹¾ � on the
z

-algebra? ' � � + of Borel setsof
� �

by¾ � 'A@ + $ �"5 � 'A@ � � + s¹¾ � 'A@ + $ � ¾ � ' �2� @ + 'A@ � ? ' � � +©+ ;
For themarginaldensitiesandthecorrespondingdistributionfunctionsof themea-
sure ¹¾ � we obtain¹B ��� � 'DC +ß���2� B ��� � ' �!� C + s¹; ��� � 'DC +ß� ; ����� ' � � C + 'DC � �?s �c�c
 ����
 + s (4.1)

respectively.
Since

�
is isotropicthecovariancematrix B of ¹¾ � is computedas

Bc� � & C \ �ED � � . ¹¾ � ' �e+ � DR� � 9:
 �GFGFGFá� � �E� � #� � & � �ED�� � .0� � DR� � 9�
 �GFHFGF®� � �JI �,;
Hencetheconditions[11; (9) and(10)], i.e.

trace Bc�21 ' �à+ s�K
DR� � 9:
 B�#D � �JL ' ��#Q+ s

aresatisfied.Further, property(i) in Theorem4.1canbeexpressedasT©U�W�nY^[/\�]`_ ¹¾ � F H �<� ��M>J ��ON PON3 � f 6 �� ¿po N P = q
as � = rAs

for all o�m qXs
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i.e., thecondition[11; (11)] is satisfied.
In orderto describethetopologyof convergencein law on QSRO£UT ' � + , theprob-

ability measureson
? ' � + , weusetheLévymetric;cf. [5; Section8.1,Theorem3].

For
¾2s�V �WQSRV£:T ' � + , with distribution functions	 s�
 , theLévydistance� ' ¾2s�V +is definedby� ' ¾2s�V + $ �J+�¥YX H³o�m q�J 	 'DC f o +:f o � 
 'DC +!�Z	 'RC � o +�� o for all C � � N ;

Expressedwith this metric,von Weizs̈acker’s resultimplies that,in caseproperty
(i) in Theorem4.1holds,wehaveT©U�W�ZY0[�\�]�[ a ����
2FÐH �<�i
 ����
 J � ' ¹B ������5 
 s h 
 5 
 + m	o NQP = q

(4.2)

as � = r
, for all oMm q

. (This follows from [11; Corollary1]. Also, onehasto
usethat,dueto theconcentrationof mass,themixedGaussiancanbereplacedby
theGaussianwith variance6 ; cf. [11; p. 316,line 10].)

The above is the main part of the proof of the implication (i) = (ii) in Theo-
rem4.1.We furtherneedthefollowing preliminaryfacts.

Lemma 4.4.Let î m q
, and let

¾2s�V �\QSRO£UT ' � + , with associateddistribution
functions	 s�
 , respectively. Assumethat 	 s�
 are Lipschitz continuouswith Lip-
schitz constantî . Then d 	"f 
�d  ø� ' 62�KîL+-� ' ¾2s�V + ;
Proof. It sufficesto show


 'DC +�f]	 'DC +!� ' 6:��î*+-� ' ¾2s�V + for all C � � . Let C � � ,o�m � ' ¾2s�V + . Then 
 'DC +2�^	 'DC � o +�� o �_	 'DC +��Kî o � o¶;
Letting o = � ' ¾!s�V + we obtain


 'DC + f`	 'RC +?� ' 6!�KîL+¬� ' ¾2s�V + . ïð
Remark4.5.For all

� ��7 we have� � ¿ 6v wyx þ ;
Indeed,it is well-known that �2� ¿ �ba \ for all

� ��7 � , where@ � is thenormed
Euclideanball (wehave����#� � & � � � � #ã.0� ¿ & a \ � � � #L.0���A����# a \ s
sincethenormof avectorin

�dc @ � is alwaysgreaterthanthenormof avectorin

@ � c�� ). Theradiusof inertiaof thenormalisedball is givenby (see[4; Section
3], easycomputation)��# a \ � Å F � # �A6 P k\' ��� w + x ¿ � � wQx � # k\w þ ' �)� w + x ¿ 6wyx þ ;
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Proofof Theorem4.1.Wemakeuseof thefactthatthedensitiesB ����� arelogarith-
mically concave. Indeed,by Brunn’s theorem(cf. [2; Theorem5.1]) thefunctionsB �?��� ' �á+ Â\fe Â areconcave on their support. Sincethe logarithmis increasingand

concave,
ó ¥ B ����� � ' ��f 6½+ ó ¥ ' B �?��� Â\ge Â + is concaveon

�
.

(i) = (ii). From (4.1) andRemark3.4 we know that
d ¹B ��� � d  � 6 for all� ��7 . By (4.1), Lemma4.4,and(4.2)we obtainT©U�W�nY^[/\�]`_ a ����
 F H �<�c
 �`�/
 Jed<; �?��� f 
 j k l d  mpo N P� TVU�W�ZY^[/\�]`_ a ���/
 F H �c�I
 ����
 J«d ¹; ����� f 
 
 d  m o N P� TVU�W�ZY^[ \ ]`_ a ���/
 F H �c�I
 ����
 J � ' B �?����5 
 s h j k l!5 
 + m o w N P = q

as � = r
.

(ii) > (iii) is a direct consequenceof the first chainof inequalitiesin Theo-
rem3.3,andRemark3.4.

(ii) = (iv). Becauseof Remark3.4,we canapplythelast inequalityof Theo-
rem3.3to ñM� B �?��� , with

z �E�2� ¿ 
3 #54:9 by Remark4.5.Thuswe haveT©U�W�ZY^[/\�]�_ a ����
 F H �c�c
 ����
 Jed B �?��� fih j k l d  m o N P� T©U�W�nY^[ \ ]`_ a ����
 F H �I��
 ����
 J v 8 v wQx þOh di; �?���gf 
 j k l d  mpo N P� T©U�W�nY^[ \ ]`_ a ����
XF-H �I��
 ����
 Jedi; �?���»f 
 j k l d  m o #6 q x þ NyP = q
as � = r

.
(iv) = (iii) undertheadditionalassumptionT©U�W �ZY0_ � � ü r

. Thisissimilar
to theproof of ‘(ii) = (iv)’ above. (Insteadof thelast inequalityof Theorem3.3,
usethesecondone:

d B �?����fih j�kl d 
 �60 
 ' �2� d B �?���gfih j`kl d  æ+ .) ïð
Proof of Theorem4.2.As notedin [10; eqn.(1.1)], inequality(1.3) impliesprop-
erty (i) of Theorem4.1for S ��� . Moreprecisely, for all o�m q we haveTVUXW�ZYj[ \ 5 � F-H �<� �KJ �� � � � # fÕ��� # � �� ¿	o ��� # � NQP� 6o # � ' ���A6Q+ ' �)� w +' ����k`+ ' �)��l�+ � 6!� w� � m�>��6 � f 6 � = q
as � = r

. Thusthestatementsareaconsequenceof Theorem4.1. ïð
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