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Abstract Theobjectof ourinvestigationsareisotropiccorvex bodiesK C R”,
centredattheorigin andnormedto volumeone,in arbitrarydimensionsWe showv
thata certainsubsebdf thesebodies—specifiedly boundsonthesecondandfourth
moments—isnvariantunderforming ‘expandedoins’.

Consideringa body K asabove asa probability spaceandtakingu € S™1,
we definerandomvariablesXx ,, = z - v on K. It is known thatfor subclasses
of isotropiccornvex bodiessatisfyinga ‘concentrationof massproperty’, the dis-
tributions of theserandomvariablesare closeto Gaussiardistributions,for high
dimensions: and ‘most’ directionsu € S™~!. We shav thatthis ‘central limit
property’,whichis known to hold with respecto corvergencen law, is alsotrue
with respecto L;-convergenceand L,-corvergenceof the correspondinglensi-
ties.
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Key words: convex body, isotropic,momentinequality centrallimit property log-
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1 Intr oduction

Let K C R™ beacorvex body i.e. acorvex compactsetwith nonemptyinterior.
We saythat K is isotropic if its ellipsoid of inertiais a Euclidearball, i.e.,

L3 = / (z-u)?dx
K

is independenbf the unit vectoru € S™~1. ThenumberL  is calledtheradius
of inertia of the body K. We saythat K is normedif its centroidis at the origin
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andits n-dimensionalolume,, (K) equalsl. Notethatevery corvex bodywith
nonemptyinterior hasanaffine imagethatis normedandisotropic.

For moreinformationon isotropiccorvex bodies relatednotions,andfurther
propertiesandapplicationsve referto [2], [7], [8].

Thesetof all normedisotropiccorvex bodiesin R™ is denotedby K,,, andwe
define

K= E_jl Kn.

Weregardabody K € K,,, with themeasure\,, restrictedto K, asaprobabil-
ity space For eachunitvectoru € S™~! wedefinearandonvariableX i ,,: K —
R by

Xru(x) =2 u.
Thedensityof the distribution of this randomvariableis givenby
orut) =Mo1({z€eK;z-u=1t}) (t€R).

In [4] it wasshavn thatfor Euclideanballs andfor cubesthesedensitiesare
closeto Gaussiandensitiesfor large dimensionsand most directionsu, in the
sensanadeprecisebelow. Further it wasshown in [1] thatananalogougproperty
holdsfor the distribution functionsof the randomvariablesX g ,, for classesof
symmetricconvex bodiessatisfyingthe‘concentratiorof masroperty’described
in Theorem4.1(i). Also, in [10] it wasobsened thatthis concentratiorof mass
propertyis a consequencef inequality (1.3) below, andthe applicationof [11]
wasshown to yield a ‘centrallimit property’.

In orderto make this moreprecisewe recallthefollowing definitionfrom [4].
Let M C K beasetof normedisotropiccorvex bodies.We saythat M hasthe
central limit propertyif

sup i1 ({u € S" 7Y lorw — 912 I >e}) =0
KeKnnM (1.2)

asn — oo, foralle > 0.

(0 1 t2
= exp | ———=
952 o2 p 20_2

denotesthe Gaussiardensity and i, the surfacemeasureon S”~!, normed
to a probability measure (In fact, the centrallimit propertywasexpressedn [4]
slightly differently—hut equivalently—byrequiring

Here,

sup  E|l¢oxu—gr2l1 =0 asn— oo,
KeK,NM K
whereE denotesxpectatiorwith respecto the probabilitymeasures,,—;.)
Ontheonehand for theexamplesan [4] thecentrallimit property(1.1), which
involvesthe L, -distanceof densitieswasshovn. On the otherhand,in the more
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generalresults[11], [1] only wealer forms of closenessvereobtained. This ob-
senationwasoneof the startingpointsof this paper As our mainresultwe showv
thatthe centrallimit property(1.1) canbedervedfrom a seeminglywealer form
of this property This is mainly dueto the logarithmicconcaity of the densities
PK,u-

We usethe following notation.For K € k,, let

ma(K) = [ JoP'de (= nL})
ma(K) ::/K|a:|4dx

denotethe secondandfourth momentof the body K, respectely. Let 7,, C K,
bethesetof all normedisotropicbodiesK thatsatisfy

m4(K m4(An)
(K2 S ma(An)? (13)

whereA,, denoteghenormedregularn-simplexin R™. Let
o0
T:=] T (1.4)
n=1

Inequalitieq1.2), (1.3)appeain [10] and[3], with theright handsideswritten
asexplicit expressionslependingnn. Theset7 isinvariantundercertainopera-
tionssuchasforming conesgcartesiarproductsjoins(cf. [10]), andp-productgqcf.
[3]). As aconsequence] containsall £7-balls (normedto volumel). Particular
p-productsarethejoin (p = 1) andthecartesiarproduct(p = c0).

It hasbeenshownin [9] that,for n = 2, inequality(1.2) holdsfor all K € K.
It appearshatonedoesnotknow abodyin L not satisfyinginequalitieg(1.2) and
(1.3).

In Section2 we introducethe expandedoin of two bodiesin K andshow that
T is invariantunderforming normedisotropicexpandedoins. Sections3 and4
areindependendf Section2.

Section3 is devotedto shawing propertiesof logarithmically concae func-
tions. Themainresult, Theorem3.3, stateghat closenes®f logarithmicallycon-
cave densitieso Gaussiardensitiescanbe expressedn several equivalentways:
in Lo.-normor Li-normof the differenceof the densitiesor in L,,-normof the
differenceof the correspondinglistribution functions.

In Section4 we shav thata set M C K satisfyinga concentratiorof mass
property(seeproperty(i) of Theoremd.1) will alsosatisfythe centrallimit prop-
ertydefinedin (1.1). Ourmaincontributionis shaving thatin the casereatechere
aresultof von Weizsacker [11] canbe reinforcedusingthe resultsof Section3.
Thegenerarkesultfor M is thenappliedto theclass7 definedabove.
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2 The expandedjoin

Continuingthe investigationgn [10], [3], we introduceyet anotheroperationon
corvex bodies the expandedoin.

Letng,n1 € Ny, Kj C R™ (] =0, 1), andn = ng + n; + 1. We definethe
(unnormed)expandedoin of Ky and Ky by

KoKy = conv (Ko x {0} x {0}) U ({0} x K1 x {1}))
= {((1=Na", A", X); 2" € Ko, 2" € K1, X €[0,1]}
U K)\ - ]Rna
A€[0,1]

whereK, = (1 — M) Ky x (AK;) x {\}.
Thesetof extremepointsis

ext(KoeK1) = (ext(Ko) x {0} x {0}) U ({0} x ext(K1) x {1}),

thusin particularthe expandedoin of two simplicesis a simplex (merelycount
the vertices). In the specialcasen, = 0, K; = Ag = R, the expandedjoin
Kye K, isaconewith baseK, x {0}. Finally notethatthe orthogonalprojection
P,: R* — R*~! (omit thelastcomponentimapsK,eK; ontothejoin of K, and
K, astreatedn [10]. This motivatesthe notion‘expandedoin’.

In thefollowing we only considemg, n; > 1. Ourfirstaimis to find anaffine
imageof Kye K thatis normedandisotropic.For thevolumeof KyeK; we have

1 1
A (KooK 1) :/ A1 (Ky) dA :/ (1= X)"A™ d)
0 0

F(no + 1)F(n1 + 1) . no'ng!

=Blro+Lim+1) = I'(ng +n1 + 2) nl

Thecentroidof Kye K isatr := (0,...,0,A.) where

n! !
Ao = Ad( d\ = 1 — AP\ gy
K()‘Kl / /’ x 2 no'nl'/o ( )
_ nol(lni + 1)1 ny +1
B no!nl! (n+1)!  n+1°

SinceK, and K areisotropic,thefunction

u (z-u)?de
KoaKl—T

is constanton S™~! x {0} x {0} and{0} x S™~! x {0}. Thuswe obtainan
isotropicimageof KyeK; — r by applyingalinearmapping?’ of theform

T = dlag(go,...,aq,gl,...,all,ag).

no—times n;—times
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This meanghatwe have to determineng, a1, as > 0 suchthat
1 1

= |$/|2 d(.’BI,.’B”,/\) — _/ |$”|2 d(.’Bl,.’B”,/\)
o JT(KyeK1—r) N JT(KyeK1—7)

= / )\2 d(:c',:c”,)\).
T(K03K1—’f‘)

As thesecondnomentin the 2’-directionwe obtain

(2.1)

1 1 !
— 2|2 d(2, 2", \) = —/ / |2'|? d(2,2"") d)
nO 0 N'A

nO KoaKl—T

1 1
= —/ / |2’ |2 da’ (1 — N)™0 T2\ d)\ = agma(K)),
no Jo JK,

_ (n0+2)!n1!
whereay = Mot Analogouslywe have
1
— 2" * d(z', 2", A) = a1ma (K1)
nl K03K1—7‘
and

1
/ Nd(z', 2", \) :/ d(z', 2" YA = Xo)2 d\ = as,
K()‘Kl—’f‘ 0 f()\

wherea;, a; > 0 dependonly onng, n,. From(2.1) we now obtainthe condition
a2 oM anagmsa (Ko) = oo T agaima(K) = af®a aday
for ag, a1, andas, which simplifiesto
agaomQ(Ko) = a%a1m2(K1) = a§a2. (2.2)
Fromtherequirement\,, (T'(KyeK; — r)) = 1 we obtainthe condition

!
n!
agaltay = ———. (2.3)
nolng!
01

Solving(2.2)for ap anda; andinsertingthisinto (2.3)yields

ng RN
n! a 2 (a 2
Ng:MNq- as as

For ourfurtherconsiderationgve neednotcomputeng, a; andas moreexplicitly.
We definethe normedisotropic expandedoin by

Koo K

= conv ((aoKo x {0} x {—a2A:}) U ({0} x a1 K71 x {az(1 — Ac)}))

= {(ao(1 = N)z',an Az",aa(A — N\.)); 2’ € Ky, 2" € K1, X € [0,1]}.
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Theorem2.1. ThesetT definedin (1.4)is invariant underforming normediso-
tropic expandedoins.

Proof. We have to show the persistencef inequalities(1.2) and(1.3). We may
assumeng,n, > 1 sincethe caseof coneshasbeentreatedin [10; Sect.2]. For
thesecondnomentof K e K; we obtain,using(2.1), (2.3), and(2.4),

mo(Ko e K1) = n/ Md(z' 2", N) = af*al ol nas
KO.Kl
2

nQ 21N\ n
n! n! ao 2 (aq 2
= 1 T 1 1 <—m2(K0)) <—m2(K1) nas.
ng:1Mnq- ng.1Mq- as as

Thusthevalidity of (1.2)for Ky andK; implies

mg(KO [ ] Kl) < mz(AnO [ ] Anl) = m2(An),

whichis (1.2)for Ky e K;.
Thefourth momentis computedas

/ |:z:|4d:c:/ (2 + |22 + A2)2 da
Koo Kq KooK,

_ not+4 . n ng . ni1+4
= o° oy anbo ma(Ko) + apait T anby mye(Ky)

2 2

+ ag®aradbs + af° P TP anberma (Ko)ma(K)
no+2_mn1 3 no ,n1+2 3

+ i’ Tar asboama (Ko) + af’art T agbiamea (K),

whereagainbg, by, b2, bo1, bo2, b12 > 0 dependdnly onng,nq. Using(2.3)aswell
as

1
EmQ(KO oK)= agowa?lcmao ma (Kp)

_ . no,n1+2
= ool T asar ma(K)

__.mng .n1 .3

appropriatelywe obtain

m4(K00K1) — ¢ m4(K0) c m4(K1)
m2(K00K1)2 Om2(K0)2 lmg(K1)2

+027

with suitablecy, c1,c2 > 0 dependingonly onng, n,. Similarly asabove for the
secondnomentthevalidity of (1.3)for K, K> implies(1.3)for Ko e K;. O
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3 Inequalities for logarithmically concare functions

Theassertiorof Lemma3.2(b)belown will beneededn Section4. Herewe prove
rathergeneralexplicit inequalitiesfor logarithmically concave functions,which
shouldbe of independeninterest.In Section4 we would only needa qualitatve
estimatefor a specificcase.

We recallthata function f: I — [0, c0) is calledlogarithmically concaveif
In f is concaeonaninterval I C R (with theusualcorventionln 0 = —o0). For
a € R wedenoten™ := max{a, 0}.

Lemma3.1l.Let0 < f € L1([0,00)) be logarithmically concave f(0) > 0,
[flli >0, a:= |J|}E(|)|)1 Letg: [0,00) — R beincreasing Assumehat

t1 :=sup{t > 0; f > gon|0,t]} < oc.
Then
t1 00 N
/ (f —9)(t)dt 2/ (f(0)e™/* — g(t)) " dt.
0 0

Proof. Let f(t) := f(0)e~*/* (t > 0) and
ty :=sup{t > 0; f > g on[0,¢]} (€ [0,00]).

Thenf > g on [0 t2), andf < g on(ty, 00) sincef — g is decreasingWe have
toshav fo*(f = g)(t) dt < [3*(f = 9)(¢) dt

In casef = f therels nothing to shcw sowe assumef # f. Note that
ff ff by the definitionof a. Thus, f — f changesign at leastonce. Since

In f —In f is concareand £ (0) = £(0), thereeX|stst0 >0 suchthatf fon
[0,20) andf < f on (tg,0). Th|S|mpI|est t)dt < fO t)ydtforalls >0

andhence
| i-awas [ -

Assumefirst thatt, < tp. Thenty < t1 < tg, SOwe obtainthe assertion
sincef — g > 0 on(t2,t;). Now assume, > to. Thenty < t1 < t2. We have
(< ) < £(0) on(ty, ), so f andthus f — g is decreasingn (ty, o). By the
definitionof ¢;, thisimplies f — g < 0 on (¢4, t2), andwe obtaintheassertion. O

Lemma3.2.Let0 < f € L;(R) belogarithmically concave ||f||y > 1, g €
Li(R) N Lo (R), andF G antiderivativesof f, g, respectively

(@) Leta>1.If |F - Glw < 5 — 1"'21% then|| f||oo < aesssupg.

(b) If g is Lipsdhitz contlnuouswlth Lipsditz constantZ then

1f = glloo <2V L+ [[fIIGNF = Gl

(€)Leta > 1. If |F — G|l < 1 — 122 ig|l; < 1, and g is Lipschitz
continuouswith Lipsditz constantZL then

1
1f = gllo <2VIV1 + a?||F - G||%.
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Proof. We will make useof theinequality | fab(f(t) —g(t)) dt| < 2||F — Gl|so,
whichis valid for all a, b € R.

(a) Obserethat M := esssup g > 0. Withoutrestrictionassumehat f(0) =
| fllc > M. LetI bethemaximalopeninterval containing0 with f > g on .
Then

(e9]

mw—mm>[w—mww>/ (F(t) - M)*dt.

—0o0

By Lemma3.1,with g = M, we have
| uo-myras [T - anta,
0 0

wherea := [ f(t) dt/ f(0). Theaboreinequalitymakessensén thecasen = 0,
too; thenbothsidesare0. In the sameway we obtain

0 0
| sw-mya [ goer-mta,
with b := [°__ f(t)dt/f(0).

Letty :=aln % andsg := —bln %. Thenf(O)e—tO/“ = f(())eSO/b =M.
Therefore,

/wﬁm—Mﬁﬁ>fbmwﬁﬂmﬁ+/%ﬂwﬂ”—th

—00 So 0
= b(f(0) = M) — a(M — £(0)) — (to — 50) M
= (a+b)(f(0) =M - MIn {3).

Sincea + b = ||f||1/f(0) > ﬁ we arrive at

2|F — G| >/_OO (f(t) — M)Tdt > 1—% <1+ln%>.

Using2||F — G|l <1 - 1(1 +1Ina), wededucehat|| f||o = f(0) < oM.

(b) We haveto estimatd f (z) — g(x)| for all z € R. Sincetheassumptionare
translationinvariantit sufiicesto considerr = 0. Firstassumef(0) < ¢(0). We
supposehat f is decreasingn [0, o). (If thisis notthecasethen f is increasing

on (—oo, 0]; the latter caseis treatedanalogously) Letn := 9“”2—“”. By the
Lipschitz continuityof g we have

g(t) — f(t) 2 9(0) =Lt — f(0)=L(n—1t) (=0),
andthus

(9(0) — £(0))
2L ’

mw—ww>[@m—ﬂmﬁ>A3m—ww=
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Figurel

or
9(0) = f(0) < 2v/L||F — Gl|oo-
Now assumeh := f(0) — ¢g(0) > 0. We have to shov ||F — G|/ =
h2
AL+ f112)

Letg(t) := g(0) + L[t| (t € R). Let] (I) bethe maximalinterval containing
Owith f > gonlI (f > gonlI). Then,by theLipschitzcontinuityof g,

2F — Gllos 2/I(f—g)(t)dt>/_(f—§)(t)dt-

I

Let a,b asin the proof of (a), anddefine f by f(t) := f(0)e=*/* (t > 0) and
f(t) == f(0)et/? (¢t < 0). Thefirstinequalityin the following estimatefollows
from Lemma3.1,whereaghesecondnequalityis illustratedby Figurel (thearea
betweerthe graphsof § and f containsthe shadedarea):

[u-pwas [ (o -a0)

— 00

—0o0

00 0
> / (h— 19 — 1) *at +/ (h+ 29+ Lt) " at
0

h? h?
2(L + 1Oy oL + £

Recallthatc := a + b = || f||1/f(0). Thus,

2||F — Gl|loo > mi h L L
Qa

c—a
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Themininumis attainedata = 0 andata = ¢, SO

h? h?

2 :
2(L+ 44 7 2L+ [I£113)

2||F - GHoo 2

which wasto be shawn.
(c) is adirectconsequencef (a) and(b) since||g||cc < VL. O

We will applyLemma3.2in form of thenext theoremwhereG = denoteshe
Gaussiaristribution functionwith variances?,

1 t 32
G,2(t) = \/W/—oo exp (_ﬁ> ds.

Theorem 3.3. Thele existsan increasingfunctionf; : (0, 00) — (0, 2] with

[N

Bi(t) =0((-Int)2)  (0<t<

v5r)

with the following property Let0 < f € L;i(R) be logarithmically concave
||fll1 = 1, and F' the distribution functionof f. Letos > 0 and assumethat
| flloo < L. Then

IF = Go2lloo < If = go2ll < B1(0]lf = go2lloo) < Br(VB||F = Go2|Z),
V5 1
17 glloe < 2N~ Golls.

Proof. Thefirstinequalityis clear;thesecondneis provedin [4; Prop.2.5]. The
third inequalityis aconsequencef thelastone.Notethatg, - is Lipschitzcontinu-
ouswith constantﬁ < ;4. Thus,thelastinequalityis adirectconsequence
of Lemma3.2(b). O

Remark3.4.1f f islogarithmicallyconcarethentheassumption| f || < < in the
above theoremis in particularsatisfiedf ffooo tf(t)dt = 0 ando? is thevariance
of f. Thisfollowsfrom [6; Thm. 8, eqn.(7)], appliedwith o(t) = ¢2.

4 A central limit theorem

The main result of this section(and the whole paper)is the following. As in
Section3, G- denoteghe Gaussiamistribution functionwith variances2. Also,

Brco(t) =Mz € K;2-u<t))

is thedistribution function of thedensityyk , for K € K, u € S*1.
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Theorem4.1.Let M C K bea setof normedisotropic corvex bodies.Consider
thefollowing properties:
() supgex, v ({7 € K; ||2]> — nL% | > enl%}) — 0 asn — oo, for
all e > 0;
(i) supxer, am n—1({u € ™71 || Pk u — GL%{HOO >e}) = 0 asn — oo,
forall ¢ > 0;
(iii) supgei, nm tn—1({u € S*7 |lox,u — gr2 i > €}) = 0 asn — oo,
forall € > 0, i.e., M hasthecentml limit property(1.1),
(V) sup ke, nam n—1 ({u € ™7 [lpru — 912 |l > e}) = 0 asn — oo,
forall ¢ > 0.
Then(i) = (i) < (iii) = (iv). If supxc ¢ Lx < oo thenalso(iv) = (jii) .

Theorem4.2. The setT definedin (1.4) satisfiesproperties(i) — (iv) of Theo-
rem4.1.

Remark4.3.1n [1; Thm. 4] the implication (i) = (ii) of Theorem4.1 is shovn
for classef centrallysymmetricbodies,with quantitatve estimates.By useof
our Theorem3.3, this resultcanbe reinforcedto a quantitatve resultconcerning
L-normsandL,-normsof the differenceof the correspondinglensities.

Before proceedingo the proof of Theorem4.1 we wantto recall a resultof
vonWeizsacker[11] whichwill beanessentialngredientof our proof.

For K € K, we defineprobability measure’x and Px on the o-algebra
B(R™) of Borel setsof R" by

Py (B) := A (BN K),
Py (B) := Pg(LxB) (B € B(RY)).

For themawginal densitiesandthe correspondinglistribution functionsof themea-
surePx we obtain

Pru(t) = Lok u(Lit), o
Q%K,u(t) =®ru(Lrt) (teR ue Sn—l)’ .

respectrely. )
SinceK is isotropicthe covariancematrixC of Py is computedas

C= (/ ;% dPK(x)> =L;? (/ % d:l:) = FE,.
" §j=1,..,m K 6,j=1,...,n

geeey

Hencetheconditiong[11; (9) and(10)], i.e.
traceC = O(n),
Z C?j = o(n?),
i,5=1
aresatisfied.Further property(i) in Theorend.1 canbe expresseds

sup PK({x e RY; |% —1| 25}) — 0 asn — oo, foralle > 0,
KekK,NnM
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i.e.,thecondition[11; (11)] is satisfied.

In orderto describehetopologyof corvergencen law on Prob(R), the prob-
ability measuresn B(RR), we usetheLévymetric;cf. [5; Section8.1, Theorens3].
For P, @ € Prob(R), with distributionfunctionsF, G, theLévy distancel (P, Q)
is definedby

L(P,Q):=inf{e >0; F(t—¢) —e < G(t) < F(t+¢)+eforallt € R}.

Expressedvith this metric,von Weizsacker’s resultimpliesthat,in caseproperty
() in Theorem4.1 holds,we have

sup fin—1 ({u € S"7 L(Brur, 1M1) > €}) =0 (4.2)
KeKx,NT

asn — oo, for all ¢ > 0. (Thisfollows from [11; Corollary 1]. Also, onehasto
usethat,dueto the concentratiorof massthe mixed Gaussiarcanbe replacedoy
the Gaussiarwith variancel; cf. [11; p. 316,line 10].)

The above is the main part of the proof of the implication (i)=-(ii) in Theo-
rem4.1. We furtherneedthe following preliminaryfacts.

Lemmad.4.Letc > 0, andlet P, € Prob(R), with associateddistribution
functionsF, G, respectivelyAssumehat F, G are Lipsditz continuouswith Lip-
sditz constantc. Then

|1F' = Glloo < (1+¢)L(P,Q).

Proof. It sufiicestoshav G(t) — F(t) < (1+c¢)L(P,Q) forallt € R. Lett € R,
e > L(P,Q). Then

Gt) K Ft+e)+e < F(t)+ce+e.
Lettinge — L(P, Q) weobtainG(t) — F(t) < 1+ ¢)L(P,Q). O

Remarkd.5.For all K € K we have
1
\2me '

Indeed,t iswell-knownthatLx > L, forall K € K,,, whereB,, is thenormed
Euclideanball (we have

nL3 :/ |z|?dx 2/ |z|?dz = nL%
K B

n

Lig >

sincethenormof avectorin K \ B, is alwaysgreaterthanthenormof avectorin
B, \ K). Theradiusof inertiaof the normalisedball is givenby (see[4; Section
3], easycomputation)

2
12 _F(%+1)” S n1/27rg

= > .
Bu (n+2)t = 2e(n+2)r ~ 2me
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Proofof Theoem4.1.We make useof thefactthatthedensitiesp x ,, arelogarith-
mically concae. Indeed by Brunn’stheorem(cf. [2; Theoremb.1]) thefunctions

VK, u(.)ﬁ areconcare on their support Sincethe logarithmis increasingand

concae,ln i, = (n—1)In(pr " —1) is concareon RR.
(i) = (ii). From(4.1) andRemark3.4 we know that ||@x u|lcc < 1 for all
K € K. By (4.1), Lemma4.4,and(4.2) we obtain

sup  pin—1({u € S" Y [[8xu — Gz lloo > €})

KeK,.nM
= sup  fp-—1 ({u e sl ||‘1~5K,u = Gilfoo > 5})
KeKn,nM
_ £
< sup g (fu € 577 Lipkadt, g3, M) > 53) = 0
Kek,nM

asn — o<.

(i) < (i) is adirectconsequencef the first chainof inequalitiesin Theo-
rem3.3,andRemark3.4.

(i) = (iv). Becausef Remark3.4, We canapplythelastinequalityof Theo-

rem3.3t0 f = pg y, Witho = Lg > —— by Remark4.5. Thuswe have

sup  pin—1({u € S"7 Y o — 912 lo > €})

KeKnnNM

< sup  pp—1 ({u e S™ \/5v27re\/||§l5K,u =Gz |leo > e})
KeK,NnM

2

= _ ST b, — G > -0

KE?CU;LI?WM fin 1({u © 1950 L%HOO 107re})

asn — oo.

(iv) = (iii) undertheadditionalassumptioBup x-c », Lx < oo. Thisissimilar
to the proofof ‘(i) = (iv)’ above. (Insteadof the lastinequalityof Theorem3.3,
usetheseconcne:||ox,u — gz2 1 < 51 (Lkllexu — 912 llc)) O

Proof of Theoem4.2. As notedin [10; egn.(1.1)], inequality (1.3) implies prop-
erty (i) of Theoremd.1for M = 7. More preciselyfor all ¢ > 0 we have

—nlL? | enL

s ) )

asn — oo. Thusthestatementsreaconsequencef Theorend.1. O

sup)\ (
Ke
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