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Abstract

We study LP-theory of second-order elliptic divergence type operators
with complex measurable coefficients. The major aspect is that we allow
complex coefficients in the main part of the operator, too. We investigate
generation of analytic Cip-semigroups under very general conditions on the
coefficients, related to the notion of form-boundedness.

We determine an interval J in the LP-scale, not necessarily containing
p = 2, in which one obtains a consistent family of quasi-contractive semi-
groups. This interval is close to optimal, as shown by several examples. In
the case of uniform ellipticity we construct a family of semigroups in an ex-
tended range of LP-spaces, and we prove p-independence of the analyticity
sector and of the spectrum of the generators.
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1 Introduction and main results

The aim of this paper is to develop the LP-theory of second-order elliptic differ-
ential operators on an open set  C R¥, where N € N, corresponding to the
formal differential expression

L=~V -(AV)+b-V+V- b +Q,

with complex measurable coefficients A: Q@ — CY*N_ b;,by: Q — CV and
Q: Q2 — C. We present rather general sufficient conditions on the operator £

*After the main results of this paper were obtained, Vitali Liskevich passed away. Then the
remaining authors rearranged and polished the manuscript.



under which, for p in some subinterval of [1,00), one can construct a Cp-semi-
group S, on LP := LP(§2) whose generator is associated with £ in a natural way
(which will be made precise below). Moreover, we give sufficient conditions for
quasi-contractivity and for analyticity of this semigroup.

The approach via Cy-semigroups is one of the traditional approaches to solving
the initial value problem for parabolic partial differential equations in different
Banach function spaces. Various examples are well documented in, e.g., [Dav89,
EnNa00, Paz83], and in some monographs [Ama95, Lun95| semigroups are the
main tool for the study of parabolic equations.

A classical approach to the construction of Cy-semigroups on LP generated
by divergence type second-order elliptic operators with measurable coefficients is
the form method in L?. The sesquilinear form corresponding to £ is given by

t(u,v) = /Q<.AVU, VU> +/§2<61-Vu,v> —/Q<b2u, Vv>+/Q<Qu,v>,

where the domain D(t) will be specified below; cf. (1.4). Here, (-,-) denotes the
scalar product in C" resp. C as appropriate.

If t is a densely defined closed sectorial form, then by the Kato representation
theorem [Kat80, Theorem VI.2.1] there is a unique m-sectorial operator £ associ-
ated with the form t, which is minus the generator of an analytic quasi-contractive
Co-semigroup S = (e )0 on L? (see also the recent paper [ArEl12] for a mod-
ification of the approach that applies to non-closable sectorial forms). In order
to construct the Cy-semigroup on LP, one looks at the restrictions S(t) | L? N LP
and studies whether they can be extended to bounded operators on L? forming a
Co-semigroup S,. Then, by construction, S, is consistent with the semigroup S.

A relatively simple case is when the semigroup S leaves invariant the unit
balls of both L' and L®. This property can be verified using form techniques
(see, e.g., [Ouh05, Theorems 2.13, 2.14 and Corollary 2.16] for the criteria). By
interpolation, S can then be extended to a consistent family of Cy-semigroups S,
of contractions on LP, 1 < p < oo (with weak*-continuity on L>).

Another possible approach to constructing a consistent family of Cy-semi-
groups in the LP-scale is via integral kernel estimates. If S has a kernel satisfying
Gaussian upper bounds (or Poisson upper bounds), then one easily sees that S
extends to a Cy-semigroup on LP for all p € [1,00). Suppose, e.g., that Q = RY,
that all the coefficients of the operator are bounded and that the matrix A is
uniformly elliptic. If the coefficients are real-valued, then Gaussian bounds are
valid by the classical result of Aronson [Aro68]. More recently it was shown that
Gaussian bounds hold if merely the coefficients of the principle part of £ are real-
valued, or if they are uniformly continuous; see [Aus96], [Ouh05, Theorems 6.10
and 6.11]. In dimensions N = 1 and N = 2 these additional assumptions are not
needed, by [AMT98].

If the coefficients of the principle part are complex-valued, then in general
Gaussian kernel bounds are no longer valid: in [ACT96, Proposition 3| it is
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shown that for N > 5 there exists a complex uniformly elliptic Gilbarg—Serrin
matrix A such that the Cy-semigroup S on L?(R”) generated by V - AV does
not extrapolate to a semigroup of bounded operators on L*°. Using [HMMI11,
Proposition 2.10] and a scaling argument one obtains a stronger result: given
N >3 andp ¢ []\2,—%, 21, one can choose A such that S does not extrapolate
to a semigroup of bounded operators on LP.

Even if the coefficients of £ are real-valued, the presence of singular lower-
order terms can result in a restricted range of p for which one obtains a semi-
group on LP corresponding to £. A typical example of such a situation is the
Schrodinger semigroup with negative Hardy potential, which corresponds to the

Cauchy problem
up = Au+ B2 1220, w(0) = f € LYRY) N L=(RY), (1.1)

where 8 € (0,1). To describe the existence of the Cy-semigroup on LP(RY), we
assume that N > 3. The L%-semigroup corresponding to (1.1) can be extrapo-
lated to a contraction semigroup on L? for all p € [p_,p4], where pL = ﬁm
(see [BeSe90, Theorem 1]), to a non-quasi-contractive Cyp-semigroup for all p €
(Prmins P—) U (P4, Prmax)s With Pmax = 5Pt and prin = Sbwax (cf. [KPS81, Theo-
rem 6.1(b)]), whereas for all p € [1,00) outside of the interval (pmin, Pmax) there
is no Cp-semigroup on LP corresponding to (1.1), and the Cauchy problem is not
well-posed (see [LSV02, Section 4]).

Another example comes from the non-symmetric situation of divergence type
operators with singular drift terms (see [KoSe90, Lis96]): again one obtains a
quasi-contractive semigroup S, only for p in a certain subinterval of [1, c0).

Quasi-contractivity of S, is of course intimately related to (formal) accretivity
of L in LP (or formal dissipativity of —L). For the general differential expres-
sion —L, the question of formal dissipativity in L? was studied in [CiMa05], and
a necessary and sufficient condition was obtained. One of the main results of the
present paper (Theorem 1.7) shows that a very close condition guarantees exis-
tence of the corresponding quasi-contractive Cy-semigroup on LP. In particular
cases our condition coincides with the condition of [CiMa05], namely when the
imaginary part A; of A is anti-symmetric, or when the lower-order terms are
absent and 4, is symmetric. See also Remark 1.5(b).

In previous work, the question of generation of Cy-semigroups on LP by el-
liptic operators with complex coefficients has only been studied under restricted
assumptions. In [CiMa05, Section 5], e.g., some smoothness of the coefficients
is assumed, and in [Ouh05, Chapter 4], only the case of anti-symmetric 4; is
considered.

In general the form t need not be sectorial, so that Kato’s representation the-
orem cannot be used directly. The initial approach to studying this case was by
approximating the singular coefficients by bounded ones (cf. [Lis96, Theorem 6]).



A more powerful approach was developed in [SoVo02], where general second-order
formal differential expressions with real-valued coefficients were studied, and the
natural functional responsible for the accretivity in L? was identified. A positive
potential U was introduced that ‘absorbs’ all the singularities of the lower-order
terms of the differential expression, in the sense that, being added to the corre-
sponding sesquilinear form, it makes the resulting form sectorial in L?. Then a
quasi-contractive Cy-semigroup on LP was constructed by an approximation pro-
cedure that removes the added potential. A crucial ingredient in the realization
of this approximation idea was the perturbation theory for positive semigroups
developed in [Voi86, Voi8§].

The main result of [SoVo02] establishes the precise interval in the LP-scale
where there exists a quasi-contractive Cy-semigroup corresponding to the formal
differential expression £. In [LSV02] it was shown that in the case of a uniformly
elliptic principal part of £, the interval in the LP-scale can be extended if one
allows for non-quasi-contractive semigroups, and an example was given where
this extended interval is the maximal interval of existence of the semigroup. The
main technique of [LSV02] is the technique of weighted estimates, which provides
additional information such as p-independence of the sector of analyticity of the
semigroups and p-independence of the spectrum of the generators.

In this paper we pursue the same goals as in the previous papers [SoVo02,
LSV02], with the significant difference that the coefficients are allowed to be
complex-valued. As in [SoVo02] we do not assume sectoriality of the form asso-
ciated with £, so we follow the idea described above: add an auxiliary positive
potential U to the form to make it sectorial, and remove U in L” by approxima-
tion to obtain a quasi-contractive Cp-semigroup on LP corresponding to £. The
range of p for which this is possible is determined by a family of functionals 7,
(computed from the coefficients of £) that we specify in (1.13).

We point out that the main tool of [SoVo02] — namely, the perturbation theory
for positive semigroups — is not applicable in the presence of non-real coefficients
and other tools must be used. As a result, we need stronger assumptions on the
auxiliary potential U; cf. Remark 1.3(c).

In the case of a uniformly elliptic principal part of £, we use the technique
of weighted estimates as in [LSV02] to extend the interval in the LP-scale of
existence of the semigroup. The Cy-semigroups thus obtained are analytic with
p-independent sector of analyticity and spectrum of the generators.

Before formulating and discussing the assumptions on the coefficients of L,
we introduce some notation. Throughout, all the function spaces will consist
of complex-valued functions. By (£,n) = £ - 77 we denote the inner product of
EneCN If f,g: Q — Cor f,g: Q = CV are measurable functions, then we
define (f, g) := [, f- g (integration with respect to Lebesgue measure) whenever
f-ge L' Given p € [1,00], we let p’ denote the dual exponent, z% + é =1.

Let U: 2 — C be a measurable function. Then we also consider U as a



sesquilinear form in L? with domain Q(U) = {u € L* Ulu|? € L'} by setting
U(u,v) = [Uuvforallu,v € Q(U). If h is a sesquilinear form in L?, then the sum
h+U is defined by (h+U)(u,v) := b(u,v)+U(u,v) on D(h+U) := D(h)NQU).
In the case of symmetric b and real-valued U we say that U < b if D(h) C Q(U)
and U(u) < h(u) for all u € D(h).

For given p,q € [1, 00| and a linear operator B: LP — L9 we denote its norm
by || Bllp-q-

In the following we formulate the qualitative assumptions on the operator L.
For this, we decompose A = Ay+i.A4;, where Ag, A;: Q@ — RV*N_ For j = 0,1 we
denote by A5 and A% the symmetric and anti-symmetric parts of A;, respectively,
ie.,

Al = %(Aj +A]-T) and  Aj = %(Aj — .A]T)

For the matrix A we assume that

() A5 € L., A¥(z) is positive definite for a.e. z € Q, and (A)~! € L

loc» loc *

We define the symmetric form a in L? by
D(a) := {u € Wu! N L% (A5Vu, Vu) € L'} (1.2)

loc

and

a(u,v) = (AJVu, Vo) = /Q<.A3Vu, V). (1.3)

It follows from Assumption (I) that the form a is a Dirichlet form in L?. (For
the closedness cf. [R6Wi85, Theorem 3.2]. Moreover, a is densely defined since
A5 € Li . implies that C! C D(a).)

We decompose the potential () as Q = V + W, where V and W are real-
valued, and we define hy. :=a+ V7T, ie.,

hmasx (1, v) = (AGVu, Vo) + V7 (u,v)

for all u,v € D(hmax) = D(a)NQ(V). Then hpay is a closed positive symmetric
form in L? as a sum of two such forms, and hp., satisfies the Beurling-Deny
criteria. Note that D(hpay) is dense in L? if Q € L] .. We fix a restriction hg of
hmax and assume that

(IT)  hg is a Dirichlet form in LZ.

This means in particular that hg is densely defined. The form hy will be the
main reference object in the perturbation approach we develop in this paper. An
alternative reference form was used in [SoVo02]; see Remark 2.11.

The next two assumptions on the coefficients of £ are needed to define the
form t on D(hy):

(1) [{AE,n)|> < A {AE €) (ASn,n) for all £, € CV, for some ¢ > 0,
(IV) (A5 by, b1) + ((A5)Lba, bo) + |Q] < c(hg + 1) for some ¢ > 0.
Throughout this paper we assume that Assumptions (I) — (IV) are satisfied.
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It follows from (I) and (III) that A € Lj,.. By (III), (u,v) — (AVu, Vo)
is a bounded sesquilinear form on D(hy). By (IV) and the Cauchy—Schwarz
inequality, the forms (u,v) (bl-Vu, v), (u,v) — (bgu, Vv) and @) are bounded
sesquilinear forms on D(hg). Thus we can define a bounded sesquilinear form t
on D(hg) by

t(u,v) = (AVU, VU) + (b1 . Vu,v) — (b2u, Vv) + (Qu, v). (1.4)

The domain D(hg) of t will determine a particular realization of —L as a
generator of a Cy-semigroup. This is analogous to the classical theory of elliptic
and parabolic differential equations in divergence form with smooth coefficients,
where (homogeneous) boundary conditions are used. For example, the form hg =
Pmax [ oo () defines (homogeneous) Dirichlet boundary conditions on 052, and, if
has Llpschltz boundary, then taking hg = hyax leads to the generalized Neumann
boundary condition <AVU — bgu,n> = 0 on 02, where n is the outer normal
to 0f2.

Our first main result, Theorem 1.4 below, involves several explicit parameters
that are defined in a somewhat technical fashion; we will need the constants from
the next lemma.

Lemma 1.1. Adopt the above assumptions and notation.
(a) There ezists an as = 0 such that

[(ASE,m)|? < aZ (ARE, €) (Agn,n) (1.5)

for all £, € RNV,
(b) There exist B', B > 0 such that

Im (A}Vu — wIm(by +bs), Vu)

L 1 (1.6)
< (B%ho([ul) + B'llull3)* (A5n(u), n(w))?
for all w € D(hg), where n(u) := Im(sgnu Vu).
(c) There exist 3y, P, B1, Ba = 0 such that
(=1’ ((Rebj)u, Vu) < Biho(u) + Bjllull; (1.7)
for all 0 < w € D(ho) and j =1, 2.
(d) There exist v,I' > 0 such that
V™ =(ReQ)” <~vho+T. (1.8)

Proof. (a) By (III) there exists an ay > 0 such that

[(ALE, &) = [Tm(AE, §)] < as (ARE, €)

for all £ € RY. This implies (1.5) since Aj is real-valued and symmetric.
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(b) Using the anti-symmetry of A%, one easily computes
Im (A} Vu — wIm(by+bs), Vu) = (=2A3V [u] + |u| Im (b1 +b2), n(w))  (1.9)

for all w € D(hg); then (1.6) follows from (III) and (IV).
(c) and (d) are easy consequences of (IV). O

The combination of coefficients in (1.6) is explained by the circumstance that
in essence, A7 is the coefficient of an imaginary drift i(div.A})-V; cf. Example 4.4.
For further comments on the inequalities (1.5) — (1.7) see Remark 4.3.

In addition to the above constants we will use the following notation:

/
0p i= Oy 1——'+é
D 27
4 2 2 ,
€p ::W_];Bl_1762_5p_% (110)

~ 2 2 ~
Wp = —B1+—/BQ+F+BP
p p

for all p € [1, 00|, where

B’ asB’ 2 :
E ': I—F 23’ 1—5’ lf6/>0,
o if B = 0.

4

(1.11)

(In Theorem 1.4 we will require asB’ = 0 in the case §/ = 0.) Then the set
I={pe(l,0) g, >0} (1.12)

is a closed interval since % — €, is a concave function as the minimum of two
quadratic polynomials with negative leading coefficients.

In order to state the first main result, we need to formulate in which sense
a Cy-semigroup on LP is associated with the form t. We define the set i of
potentials as the set of all measurable functions U:  — [0, 00) satisfying the
following two properties:

e there exists a C' > 0 such that U < C'(hg + 1), and,

e t+ U is a closable sectorial form.
Note that £l depends on both t and hg. If U € U then we denote by Ly the
m-sectorial operator in L? associated with the closure of t + U and by Sy the

Cyp-semigroup on L? generated by —Ly. We shall show that both the conditions
of Theorem 1.4 and of Theorem 1.7 imply that 4 # &.

Definition 1.2. Let p € [1,00). We say that a Cy-semigroup S, on LP is associ-
ated with the couple (t, 1) if the following two properties hold:

e {{ # &, and for each U € Y the semigroup Sy on L? extrapolates to a
Co-semigroup Sy, on LP;



o if U Uy, U,,... € i satisfy U,, < U for all m € N and U,, — 0 a.e., then
Stm.p — Sp in the semigroup sense, i.e., for all f € L? and T' > 0 one has

Su,.p(t)f — Sp(t)f in LP as m — oo, uniformly for ¢ € [0, T].

Remark 1.3. (a) If U € U then (U —¢)™ € U for all ¢ > 0, and in Definition 1.2
one can choose, e.g., U,, = (U—m)" for all m € N.

(b) Assume that the form tis sectorial and closable, and let S be the associated
analytic semigroup on L?. Let p € [1,00) and assume that there exists a Cp-
semigroup S, on L associated with the couple (t, ), in the sense of Definition 1.2.
Then S, is consistent with S (choose U = U, = 0 in the definition).

(c) The approximation method of Definition 1.2 has already been used in
[SoVo02] and [LiMa97] for constructing semigroups associated with second-order
differential operators. In those papers, the authors did not need to require form-
boundedness of the potentials since they could work with positive and dominated
semigroups, respectively.

The next theorem, which is the first main result of this paper, shows that £
corresponds to a quasi-contractive semigroup on L for all p € I (see (1.12)).

Theorem 1.4. Let Assumptions (I) — (IV) be satisfied, and assume that I + .
Suppose that B > 0 or agB" = 0. Then 3 # @ and there exists a consistent family
of Co-semigroups S, = (e7%?)s0 on LP, p € I, with the following properties.
Ifpe I then S, is an analytic semigroup associated with (t, ) in the sense of
Definition 1.2. Moreover, for all u € D(L,) one has v, == ulu|2~' € D(ho) and

Re((@p + Ly)u, ulu™?) = epho(lvy)),
and if € € (0,1) satisfies € + ;=207 < &, then
Re((@, + ﬁép + L,)u, ululP~?) = eho(vy).
Finally, ||S,()|l,—p < € for allp € I and t > 0.

Remark 1.5. (a) The case where 5/ = 0 and a;B" > 0 is not covered in the
above result. In this case one does not necessarily obtain a quasi-contractive
Co-semigroup on LP associated with (t, L) if p € OI; see Example 4.2.

(b) Assume that by = b, =0, Q =0 and A} = 0. Then &, = Ep = 0, so that
Theorem 1.4 yields a contractive Cy-semigroup S, on L* if ¢, = % —a?(1- %)2 >
0, i.e., if

aslp—2| <2y/p—1.

In [CiMa05, Theorem 1], this condition is shown to be a necessary condition for
the formal LP-dissipativity of —L, i.e., for the property that for all u € C}(Q)

one has
Re(AVu, V(uu[P7?)) >0 ifp>2,
Z

Re(AV(u\uV’l’z),Vu) 0 ifp<2.



(c) Note that co ¢ I by definition. Nevertheless, Theorem 1.4 can be used
to derive L*°-properties of the semigroup: suppose that ag = ' = P =7 =0
and #; < 2. Then e, = 0 and [ # @. It follows from Theorem 1.4 that one
has the bound ||S,(t)],—p < exp((%Bl + Z%Bg + I+ %)t) for all t > 0 and
large p. Hence there exists a quasi-contractive weak*-continuous semigroup S
of weak*-continuous operators on L* that is consistent with S, for all p € I, and
100 (t)[lso—soe < exp((2B2 + T + B)t) for all t > 0.

Theoremol.él will be derived from Theorem 1.7 below. There we replace the
assumption [ # @ with a more general assumption which involves the following
notion. Let p € [1, 00|, and let 7, be the functional on D(hg) defined by

7p(v) :== Re(AVv, V) — (1 — 2)*(A5V|v], V]v])
— 2|1 — %|/ | (A5 V||, Im(5gnv V)|
0
+ 2(Jv] Re(%bl - [%bg),V|v|) — (v Im(by +b2), Im(sgnov Vo)) + V (v).

If in the third term of the above definition one removes the absolute value signs
except on |v|, then the corresponding functional coincides with the one introduced
in [CiMa05], where Lemma 1 states that its positivity on C! is a necessary condi-
tion for formal dissipativity of —£ in LP. In Theorem 1.7 we show that a suitable
coercivity assumption on 7, is a sufficient condition for the existence of a quasi-
contractive Cyp-semigroup on LP corresponding to L; this sufficient condition is
close to the necessary condition in [CiMa05].
Since V|v| = Re(sgnv Vv), it is straightforward to verify that

r(v) = Ret(w) = (1= 2Pa(jo]) 201 = 3| [ [(4;Vo]. Im(sgro 7))

(1.13)
—(1- %)(M Re(bl—i-bg),V\v\)
for all v € D(hg), with a as defined in (1.3).
Given p € [1, 00], we define &, € (—o0, 00| by
@, = inf{w € R: 7,(v) > —wl|v]]3 for all v € D(ho)}, (1.14)
and we set
J:={pel,00): @, < oo} (1.15)

Observe that  — 7,(v) is concave on [0, 1] for all v € D(hy). Hence the function

2 = @ € (—o0,00] is convex on [0,1] and J is an interval. In the proof of

Theorem 1.4 we will show that J D I (cf. (1.12)).

Remark 1.6. If p # 2 then the functional 7, is not a quadratic form, i.e., the
parallelogram law 7,(u +v) 4+ 7,(u — v) = 27, (u) 4+ 27,(v) does not hold. One can



show this by choosing v = w'*™ and v = u = w!~", where m > 0 is sufficiently

large and w € D(hy) is fixed, with 0 < w < 1 a.e. and Vw # 0. Note that u,v
are multiples of normal contractions of w, hence u,v € D(hg) as hg is a Dirichlet
form by Assumption (II). The terms (A3V|u % v|, V|u £ v|) from the definition
of 7, contribute a quadratic term in m on the left hand side of the parallelogram
law, whilst all the other contributions on either side are sublinear in m. So even
for real-valued coefficients, 7, is not quadratic unless p = 2.

We recall that the case of real-valued coefficients has already been studied in
[SoVo02]. In that paper, a different definition of 7, is used, making it a quadratic
form. It coincides with our definition of 7, only for real-valued functions in the
form domain.

For the next two results we will assume in addition to (I) — (IV) that

(V)  there exist py € J, > 0 and w € R such that

Tpo(V) = ptho(v) — wllv]3
for all v € D(hy).

The next theorem is our main result on existence of a quasi-contractive semi-
group on LP corresponding to L for all p € J (see (1.15)).

Theorem 1.7. Let Assumptions (1) — (V) be satisfied. Then J #+ 2, M+ and
there exists a consistent family of Co-semigroups S, = (e *7)>9 on LP, p € J,
such that -

19 ()]lp—p < et (1.16)

for allt > 0 and, for all p € JO, the semigroup S, is analytic and associated with
(t,40) in the sense of Definition 1.2.

Remark 1.8. (a) The above result extends the main result of [SoVo02] to the
case of complex coefficients. We point out, however, that the form-boundedness
assumption (IV) for the lower-order terms is not needed in [SoVo02]. This gen-
erality seems not achievable in the context of complex coefficients because of
the absence of a perturbation theory analogous to the perturbation theory for
positive semigroups.

(b) We shall prove in Proposition 2.3 that the form t is sectorial and closed
if 2 € J. It follows from Remark 1.3(b) that then £, is the m-sectorial operator
associated with t. (Recall that —L, is the generator of S5.)

(c) In addition to the assumptions of Theorem 1.7 assume that W, < 0.
Then the semigroup S5, extrapolates to a weak*-continuous quasi-contractive
semigroup S, on L. Indeed, since % — w, is convex, the interval J is un-
bounded and lim, o, @, < Weo. For all f € L' N L, ¢ > 0 and large p € (1,0)
one has ||S,(t)f|l, < e[| f],, so for p — oo one obtains ||S,()]|ccsee < €=
This generalizes the sufficiency part of [Ouh05, Theorem 4.6] to operators with
unbounded coefficients.
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In the case of uniformly elliptic and bounded A we can extend the interval J
of existence of a semigroup associated with L.

Theorem 1.9. Let Assumptions (I) — (V) be satisfied. Let p € J, and let S,
be the Cy-semigroup on LP constructed in Theorem 1.7. Suppose in addition
that N > 3, that Aj is uniformly elliptic and bounded, i.e., there exist constants
c1,co = 1 such that

arl€]® < (AR, €) < el for all € € RY, (1.17)

and that D(hg) is a subset of L%(Q) and an ideal of D(a); cf. (1.2).
Let p_ :=inf J, py :=sup J, pmax := %m_ and pin 1= (%(p_)’)/. Then
Sy extrapolates to an analytic Cy-semigroup on LY for all ¢ € (Pmin, Pmax), and

the sector of analyticity and the spectrum of the generators are independent of q.

Remark 1.10. (a) The assumption of the theorem that D(hy) is a subset of
L~N=2(Q) is in fact a Sobolev embedding theorem which holds, for example, for
Dirichlet boundary conditions or if the domain €2 satisfies the cone property or
the extension property; see [AdaT75].

(b) In [LSV02], instead of D(ho) being an ideal of D(a), a slightly weaker
(but more technical) assumption was used, namely that all the bounded Lip-
schitz functions on ) are multiplication operators on D(hg). In the case that the
bounded Lipschitz functions in D(hg) form a core for hg, the two conditions are
in fact equivalent.

The paper is organized as follows. In Section 2 we deal with the first part of
Definition 1.2: we investigate extrapolation of the semigroup Sy to the LP-spaces.
Next in Section 3 we prove our main result on generation of quasi-contractive Cjy-
semigroups, Theorem 1.7, from which we then derive Theorem 1.4 in Section 4.
There we also discuss some examples. Finally, in Section 5 we prove Theorem 1.9.

2 Construction of approximating semigroups

In this section we study the Cy-semigroup Sy on L? associated with the form
t+ U, where U € 4. Using Assumption (V) we will show in Proposition 2.6 that
Sy extrapolates to a family of consistent Cy-semigroups Sy, on LP, p € J, with
an estimate of the growth bound independent of U. If p € J , then we also obtain
a common sector of analyticity of the semigroups Sy,,. .

We first show that Assumption (V) extends to all p € J (see (1.15) for the
definition of J).

Lemma 2.1. Let Assumptions (1) — (V) be satisfied, and let p € [1,00). Then
p € J if and only if there exist i, > 0 and w, € R such that

75(v) = tpho(v) — wyllvl3 (2.1)
for allv € D(hgy). In particular, J #+ .

11



Proof. Assumptions (I) — (IV) imply that there is a constant C' > 0 such that

() — )] < 0‘3 - 3\ (ho + 1)(0) (2.2)

for all v € D(hg) and p,q € [1, 00].

Now let p € [1,00) satisfy (2.1) for some p, > 0 and w, € R. Assume that
p=1. Set U = <(Af))_1 Reb, Re b1> + V', then an easy computation shows that
71(v) = 2((Reby)v, Vo) + V(v) < B ho(v )—1— -U(v) for all real-valued v € D(hy).
From this estimate and (2.1) one deduces that Blhy < 2U + wy on D(he). By
Lemma 2.2 below (applied with L = D(hg)) it follows that Q(U) C D(ho) C wh!,
which is impossible: For a given z € 2 and large enough n € N, the indicator
function 1p(z1/m)nw<n lies in Q(U) but not in VVIOC Thus we have shown p > 1.
Now it follows from (2.1) and (2.2) that p € J. In particular, we have shown that
po € J.

Conversely, (2.1) is valid for p = py by Assumption (V). Moreover, 7,(v) >
—qu'UH2 for all ¢ € J and v € D(ho) by (1.14). Then by the concavity of

2+ 7,(v) we obtain (2.1) for all p € J. O

Lemma 2.2. Let (X, 1) be a measure space, let L be a dense sublattice of L*(p),
and let U: X — [0,00) be a measurable function satisfying L C Q(U). Then L
is dense in Q(U).

Proof. 1t suffices to show that the closure of L in Q(U) contains every function
0< fe€ Q). Let (f,) be a sequence in L converging to f in L*(u), without
loss of generality 0 < f,, — f a.e. Then for every £ € N we obtain

L3 fuNfe— A fr

in Q(U) as n — 0o, by the dominated convergence theorem. Moreover, fA fr — f
as k — oo in Q(U). It follows that f lies in the closure of L in Q(U). O

In the following we fix some p, > 0 and w, € R as in Lemma 2.1, for every
JAS J. The next result is a simple consequence of Lemma 2.1.

Proposition 2.3. Let Assumptions (1) — (V) be satisfied, and suppose that 2 € J.
Then t is a closed sectorial form in L?.

Proof. 1t follows from (1.13) that Ret(v) = m(v) for all v € D(hy). Thus, by
Lemma 2.1 there exist ys > 0 and wy € R such that Re t(v) > paho(v) —wsl|v||3 for
all v € D(hg). This implies the assertion since t is a bounded form on D(hy). O

We define the potential U: € — [0,00) by
~ 1
U= Z<(,43)—1 Re(b1+b2), Re(bi+bs)). (2.3)
This potential will play an important role in the proof of Theorem 1.7.
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Lemma 2.4. Let Assumptions (1) = (V) be satisfied.
(a) Then U € 4l and t+ U s closed. In particular, $ # .
(b) If U € U satisfies U = U — ¢; for some ¢, € R, then t+ U is closed.

Proof. (a) One easily sees that U < 5(ho + 1), where ¢ > 0 is as in Assump-
tion (IV). It follows from (1.13) that

Ret(v) > 7,(v) + (1 — —) (|v| Re(b1+b9), V\v]) (1-— %)2a(|v|)
o(0) = 3(10(A3) ™ Re(by+b), [o] Re(by+5)
= 7(v) = U (0) (24

for all v € D(hg) and p € [1,00). Thus, Assumption (V) implies that t+ Uis a
closed sectorial form. In particular we obtain Ue sl R

(b) By the assumptions on U there exists a C' > 0 such that Ret+ U — ¢; <
Ret+ U < C(hy + 1). Hence the assertion follows from (a). O

In the following lemma we provide some estimates on the form t that are
needed for the proof of Proposition 2.6, the main result of this section. Here we
adopt the convention 0° = oo for all s < 0, so that 0° Ar = r for all » > 0.

Lemma 2.5. Let Assumptions (I) — (IV) be satisfied. Let u € D(hgy), r > 1 and
p€ (l,00). Setv=u(lul2"tAr), w=u([uP2Ar?) and x = 1[ Then
v,w € D(hy) and

ufp—2>r2]"

~

Re t(u, w) = 1,(v) — (xU)(v). (2.5)

Moreover, there ezists a c¢o > 0, depending only on the constants in Assump-

tions (I11) and (IV), such that
|Im t(u, w)| < co(ho + 1)(v). (2.6)

Proof. For any s € R the function C 3 z — 2(|z|® A r) is Lipschitz continuous;
this is an easy consequence of the Lipschitz continuity of 0 < z + z*T1 A (rz).
Since hg is a Dirichlet form, it follows that v,w € D(hy).

We define the complementary indicator function x. := 1lqg — x = 1[
and observe that

ulp=2<r2]
u:v(%x+xc|v|%_1) and w:v(rx+xc|v|1_%). (2.7)
Moreover, by [SoVo02, Lemma 5.2] we obtain

Vv =rxyVu + Xc|u|§_1(Vu + (5 — 1)(Sgnu)V|u|),
Vuw = r*xVu + xc|u[f 2 (Vu + (p — 2)(sgn u)V]u\)
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and V|v| = (rx + Exclu|27")V|u|l. The latter implies that x.(1 — 2)V|v| =
Xe(2 — 1)|u|571V|u|. Taking into account x.|v| = x.|u|?, we deduce that

2

Vu = xVu + xc|v\%’1 (Vv —(1— %)(sgnv)V|v|),
Vuw = rxVu + xe|v|' » (Vv +(1-— %)(sgnv)V|v|),

and denoting
(=sgnoVe, {=Re(=Vf|, n=Img,
we arrive at
ngVu:%XC-i—XcWﬁ_I(C—(l_% (2.8)
ST Vo = 1+ xelol 7 (¢4 (1 2)6). |

It follows that

(AVu, Vw) = (Asgnv Vu,sgno Vw)
Using the identity
= —((A+ A", i) = 20(A5E, ) — 2(A3€,m)
(recall A = Ay + iA;), we thus infer that
Re(AVu, Vw) = Re(A(, ¢) — 2(1 = 2)x(ATEm) — (1 — 2)*xe(ARE,€)  (29)
and
Im(AVu, Vw) = Im(A¢, ¢) +2(1 = 2)xe(A5&, 1) — (1 — 2)*xc (A€, €). (2.10)
By (2.7) and (2.8) we have
wVu =[] (¢ = (1= Hxes) = (€ +in — (1= §)(1a — x)¢)
= [v[(3¢+ (1= 3)x& +in)
and
uVw = o[ (¢ + (1 = 2)xef) = [v](€ = in+ (1 = 3)(La = x)¢)
—lol(2€ — (1 - 2)ne — i),
so it follows that
(by - Vu,w) — (byu, Vw)

. ) , (2.11)
= [0]((2b1 — S, &) + (1 = 2)x(b1+b2, &) +i(bi+ba,m)).
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Now we are ready to estimate Re t(u, w). Using the definition (2.3) of U we
obtain (1 — 2)|(Re(b1+b2),&)| < (1 — 2)2(A5¢,€) + Ulv|* and hence

Re((b1 - Vu,w) — (bou, Vw)) )
> |v[(Re(2by — 5b), &) — X(AGE €) — XU vl* — [v[(Im(by +b2), 7).

Together with (2.9) and the identity (Re Q)(u,w) = V(v), we conclude by the
definition (1.4) of t that

Re t(u, w) > Re(A(,¢) — 2|1 - 3 /QRAié,n)} — (1= 3)* (A% §) +V(v)
+ (|U| Re(ibl - 1%52%5) - (’U| Im(b1+b2),n) - (Xﬁ)(v)
= 7(v) = (XU)(v).

This completes the proof of (2. 5)
Now we estimate |Im t(u,w)|. It follows from (2.10) and Assumption (III)
that

Im( AV, Vw) | = [Im(AC, ¢) + 2(1 — 2)xe(AzE, m) — (1 — 2)*xe (A€, €)]
3c((A, &) + (Ain.m) = 3c(A;Vv, Vo).
Next, with U; := ((A5)'b;,b;) for j = 1,2, we infer from (2.11) that
I ((b; - Vu, w) — (bou, Vw))|
< o] (2[(Im by, &) | + 2[(Im by, €)| + [(Re(b1+b2), 1))
< 2(AGE, )+ 2(Ajn ) + (UL + U)ol
Finally Im Q(u, w) = Im Q(v). Hence (2.6) follows from Assumption (IV). O

In the following let b, denote the lower semi-continuous hull of 7, for given
p € J; in other words, the functional h,: L? — (—o0, o] is defined by

hp(v) = sup{b : b is lower semi-continuous on L? and h < 7, on D(ho)}.

By (2.1) and [Kat80, Lemma VIII.3.14a] we have

h — 2 ifv e D(hy),
) 5 {1000~ ifv € DG 012
o0 if v e L*\ D(ho)
for all p € J. Similarly,
bp(v) = —@pl|v]l2 (2.13)

for all v € D(ho) and p € J by (1.14). If A; = 0, then it is not hard to show that
7, is lower semi-continuous for all p € J, so b,|p(n,) = 7, in that case.

For the next result recall that Sy is the Cy-semigroup on L? associated with
the closure of t 4+ U, for given U € 4l
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Proposition 2.6. Let Assumptions (I) — (V) be satisfied. Let U € L and
p € J. Then the semigroup Sy extrapolates to a Cy-semigroup Sy, on LP, and
1S, ()| psp < €¥#t for all t > 0. ]

Let — Ly, be the generator of Sy,,. If p € J, then for alluw € D(Ly,) we have

Re(Lyyu, uluf2) > b (ulul5~") (2.14)

and
[Im (Lo pu, uluP~?)| < T Re((Lup + wp + pp)u, ululP?), (2.15)

with p, > 0 and w, € R as in (2.1) and ¢y as in (2.6). In particular, Ly, is an
m-sectorial operator of angle arctan > and Sy, is an analytic semigroup on LP.

Although the above proposition is similar to [SoVo02, Lemma 5.1], we provide
a self-contained proof for the reader’s convenience. We will use the following two
lemmas.

Lemma 2.7. Let p € (1,00), and let (Ap)ren be a sequence of closed operators
in LP that converges in the strong resolvent sense to a closed operator Ay, in LP.
(a) Let b: L? = RU{oo} be a lower semi-continuous functional, and assume

that
Re(Agu, ulul~?) > h(u|u!g_1) (2.16)

for all k € N and w € D(Ag). Then (2.16) also holds for k = oo and all
u€ D(Ax).
(b) Assume that there exist C > 0 and w € R such that

|Tm (A, ulu[P?)| < CRe((w + Ag)u, ulul’~?) (2.17)

for all k € N and u € D(Ag). Then (2.17) also holds for k = oo and all
u € D(Ax)-

(c) Let k € N. In both (2.16) and (2.17), the estimate holds for all u € D(A)
if it is satisfied on a core for Ay.

Proof. Given u € LP, we denote v, (u) := ulu|>~! and w,(u) := u|u[P~2.
(a) Let A € C be such that (A+A;) ™! = (A+A) ! strongly. Let u € D(Ay)
and set uy = (A + Ax) "' (A + Ay )u for all k € N. By (2.16) we have

Re (g, wp(ug)) + b (vp(ur)) < Re(A+ Ag)ug, wy(ug)) = Re((A+ Ao )u, wy(uy))

for all k& € N. Moreover, uy — u in LP, so v,(ug) — vp(u) in L? and w,(ug) —
wy(u) in LP as k — oco. Since b is lower semi-continuous, we conclude that
h(vp(u) < Re(Ascu, wy(u)).

(b) This is proved in a similar way.

(c) Let u € D(Ayg), and let (u,,) be a sequence from the core such that w,, — u
in D(Ag). Then v,(uy,) — v,(u) in L? and w,(u,,) — wy(u) in LP as m — oo,
and the assertion follows (use the lower semi-continuity of b for (2.16)). O
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Lemma 2.8. Let g € [1,00), and let T' be a Cy-semigroup on L9 with generator
—A. Letp € (1,00) and w € R. Assume that for each uw € D(A) there exists a
sequence (wy,) in LP N LY such that |w,| < |u[P~", uw, > 0 and

Re((w+ A)u,w,) >0

for alln € N, and |w,| — |u[P~" a.e. Then T extrapolates to a quasi-contractive
Cy-semigroup on LP.

Proof. Without loss of generality assume that w = 0. Let f € LP N LY and
0 < X € p(—A). We shall show that [[(A+A) 7 f|l, < 5[ fl,- Set u= (A+A)7'F,
and let (w,) be a sequence as in the assumption. Then |w, [P~ = |w, |1 < |u|
for all n € N, so we obtain |w, " < |uw,| = uw, and hence

Mwall < A/?“Tn < Re((A + A)u,wn) < [ fllpllwnlly-

It follows that H]wnll/(p_l)Hp = Hwnﬂgfl < $/Ifllp- Since |w,|V®D — |u| ae.,
Fatou’s lemma yields |[(A+A) " f|l, = ||ull, < $[/f]l,- By the exponential formula
we conclude that T extrapolates to a contractive semigroup on LP, which is

strongly continuous by [Voi92, Proposition 1]. (The strong continuity can also
be deduced from [BrLi83, Theorem 1].) O

For the proof of Proposition 2.6 we need in addition the next observation.

Observation 2.9. Let M be a metric space, and for all n € N let f,: M —
R U {oo} be lower semi-continuous. Assume that f,, T f pointwise, and let (z,,)
be a convergent sequence in M. Then f(limz,) < liminf f,(x,). This holds since
for any m € N one can estimate f,,(limz,) < liminf f,,(z,) < liminf f,(z,).
n—oo n—oo

Proof of Proposition 2.6. First assume that p > 1 and that U > U — ¢ for some
¢ > 0. Then t + U is a closed sectorial form by Lemma 2.4(b). Let u € D(Ly).
Then u € D(t+U) = D(hg). Let n € N, and set v, = u(|ul2"' An), w, =
u(|uP~2 An?) and U, = 1[‘u|p_2>n2](7. Then |v,|? = v, and U —U, > —c, so by
Lemma 2.5 and (1.14) we obtain

Re(Lyu,w,) = Re(t + U)(u, w,) = 1(vn) + (U = Up)(vy) = —(@p + ¢)|vall3 -

Thus, by Lemma 2.8, Sy extrapolates to a Cy-semigroup Sy, on LP.

Let —Ly;,, denote the generator of Sy,,. Let u € D(Ly) N D(Lyy), and let vy,
w, and U, be as above. Then v, — ulu|2~" in L? and w, — u|u[’~2 in L”" and
hence

lim (t + U)(u, w,) = (Low, uluP?) = (Lupu, uluP~?).

n—oo
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For each n € N, the functional b, + (U — U,) on L? given by v + b,(v) +
[(U - U,)[v|?* is lower semi-continuous. Hence it follows from Lemma 2.5 and
Observation 2.9 that

Re(ﬁy,pu, u|u|p’2) = nh_>r101o Re(t+ U)(u,w,) > ligiogf(Tp +U—-U,)(v,)
> llﬂilnf(f)p +U - Un)<vn) Z (hp + U)(U‘Uﬁil),

where b, + U is considered as a functional on L?. The set D(Ly) N D(Ly,) is a
core for Ly, so by Lemma 2.7(c) and (2.13) we conclude that

Re(Lupu, ulul’=) = (b, + U)(ulu27) = Gy ullp (2.18)

for all w € D(Ly,). Thus (2.14) holds (even for all p € J\ {1}), and by the
Lumer—Phillips theorem it follows that ||Sp,(t)]|,—, < ! for all ¢ > 0.

In the case p = 1 we can argue as in Remark 1.8(c): we have lim,_,; &, < wy,
so by the above we obtain a semigroup Sp; on L' with || Sy (¢)]151 < e for
all ¢ > 0. Moreover, Sy is strongly continuous by [Voi92, Proposition 4].

Now assume that p € J. Let u € D(Ly) N D(Ly,), and let again v, w, and
U,, be as above. Since uw, is real, we obtain

Im(EUpu, wn) = Im(t+ U)(u, w,) = Im t(u, w,)

for all n € N. Set M = {2 and w = pu,, +w,. Using (2.6), (2.1), (2.5) and U > 0,
we estimate

co(ho + 1) (v,) < M(1, 4+ w)(vy)

|Im t(u, wy,)| <
< M(Ret+ U+ w)(u,wy,) + MUy, (vy,).

Next, Up|vn)? < Ululp < (U + ) )|ulu|57* € L by (2.18) and U,|v,|* — 0 a.e.
Therefore Uy, (v,) — 0 by the dominated convergence theorem, and we infer that

IIm (Lo pu, ululP~?)| = lim [Im t(u, w,)| < M Re((Ly,p + w)u, ulu[P?).
n—oo

By Lemma 2.7(c), this estimate carries over to all u € D(Ly,), i.e., (2.15) holds.

So far we have proved the proposition in the case where U > > U — ¢ for some

> 0. In this last step we show the assertions for an arbitrary U € 4. Let

k E N and set Uy, = U + (U k;)*. Then U, > U— k, and U, € {1 since U,

is ho-form-bounded and (t+ U) + (U k)* is closable as a sum of two closable
forms. Thus, as shown above, the assertions hold for U in place of U.

Note that (t+ Uy)(v) — (t+ U)(v) for all v € D(hg) due to the dominated
convergence theorem; then by [Kat80, Theorem VIII.3.6] we see that Sz, — Sy
as k — oo in the semigroup sense on L?. Now let p € J. Using Fatou’s lemma,
we obtain ||Sy(t)]/,—, < € for all t > 0. Then by [Voi92] one deduces that
Sy extrapolates to a Cp-semigroup Sy, on LP. If p € J then it follows by
interpolation that S, , — Su, as k — 0o in the semigroup sense on LP. Applying
Lemma 2.7 we thus conclude that (2.14) and (2.15) hold. O
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With the same argument as in the last paragraph of the above proof one also
obtains the following result.

Lemma 2.10. Suppose that Assumptions (I) — (V) are satisfied, and let p € J.
Let U,U, Uy, Us, ... € M satisfy U < Uy < U forall k € N and Uy — U a.e. as
k — oo. Then Sy, p, — Sup as k — oo in the semigroup sense on LP.

We end the section by commenting on the reference form hy.

Remark 2.11. Recall from Assumption (II) that hg C hpayx is a Dirichlet form.
We point out that in [SoVo02], where the case of real-valued coefficients is studied,
the main reference object is a Dirichlet form ay C a rather than hg, and it is
assumed that D(ag) N Q(V™T) is a core for ag (recall V.= Re Q). Under that
assumption one can choose hg := ag+ V™", and then hg satisfies Assumption (II).

Conversely, if in the setting of the current paper one defines ag = a[ ), then
ag is a Dirichlet form, ap C a, and D(ag) N Q(VT) is a core for ag. Moreover,
ag + VT = hy. Indeed, the inclusion ag + V't D hg is clear, so one only has
to show that u € D(ap + V1) implies u € D(hy). Without loss of generality
assume that u > 0. Let (u,) be a sequence in D(hg) such that u, — u in D(ao).
Then D(hy) > v, == (Reu,)™ Au — w in D(ag); cf. the proof of Lemma 2.2
and [SoVo02, Proof of Lemma 3.13]. By the dominated convergence theorem it
follows that v, — u in D(hpax), so u € D(hg).

3 Generation of quasi-contractive semigroups

Throughout this section let Sy, be the Cyp-semigroup on L? constructed in Propo-
sition 2.6, for given p € J and U € 4, and let —Ly, be the generator of Sy.
At the end of the section we prove Theorem 1.7, in which we eliminate the ab-
sorption potential U via strong resolvent convergence. In Theorem 3.3 we give
the proof of Theorem 1.7 in a special case. We then need a modification of that
proof to deduce the general case; this involves resolvents twisted with suitable
multiplication operators.

One of the key points that make the elimination of U work is the following
observation.

Lemma 3.1. Let (X, u) be a measure space, let p € (1,00) and let A be an
m-accretive operator in LP(u). Let U: X — [0,00) be measurable. Suppose that
vp(u) == ulu|2' € Q(U) and

U(vp(u)) < Re(Au, wy(u))
for all uw € D(A), where w,(u) = u|u|P~2. Then

Y e

U7 (A + A) Moy < A
for all X > 0.
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Proof. Let f € LP(u) and set u = (A+ A)~'f. Then |ull, < A7'||f]l, and

(U ull? = Uy (u)) < Re(Au, wy(u)) = Re(f, wp(u)) — Aluls
< llpllwp (@)l = I llpllall ™ < A-ED] £lp,
which implies the assertion. O
Lemma 3.1 will be used via the following result.

Proposition 3.2. Let Assumptions (I) — (V) be satisfied. Let U € t and p € J.
Let U': Q — [0,00) be measurable, let ¢ > 0 and w € R, and suppose that
U'(v) < e(rp(v) + wl|v||3) for all v € D(hy). Then

1

er(A—w) 7,
(A —w)_%

)7l
P—W

H )%)\—i-EUp
i’ A+ Ly,)~

S e

I

o, <c

for all A > w.

Proof. Tt follows from the assumptions and the lower semicontinuity of the func-
tional L? 3 v — [ U'|v]* that U'(v) < ¢(bp(v) + w|[v]|3) for all v € D(hg). Let
u € D(Ly,). By Proposition 2.6 we obtain v := ulu|2~' € D(h) and

U (v) < by(v) + wlvlly < Re((w + Lup)u, ulul”™?).

Then the first assertion follows from Lemma 3.1.

To prove the second assertion, note that the semigroup (e =% )5 adjoint to
(e7*£),50 extrapolates to the Cy-semigroup (e "*0r),5o on L¥'. Moreover, L, is
associated with the closure of t* + U, where t* denotes the adjoint form defined
by t*(u,v) = t(v,u) on D(t*) = D(t). Finally, t* has the same structure as the
form t:

t*(u,v) = (A*Vu, Vo) + ((=b2) - Vu,v) — ((=b1)u, Vv) + (Qu,v),

from which one easily deduces that 7, = 7,, where 7, denotes the functional
corresponding to t* and p'; cf. (1.13). Thus the second assertlon follows from the
same argument as the first one. O

Making use of Proposition 3.2, we now give the proof of Theorem 1.7 in the
special case where the absorption potentials belong to 4 N L'. (Observe that
U C LY if 1g € D(hg), which holds, e.g., if Q is bounded and D(hg) = W12.)

Theorem 3.3. Let Assumptions (I) — (V) be satisfied, and let p € J. Let
U U, Uy, ... € 4N L' be such that U,, < U for allm € N and U,, — 0 a.e.
Then the sequence (Su,, p)men converges in the semigroup sense.
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Proof. By Proposition 2.6 we know that ||Sy,, ,(t)||,—, < et for all m € N and
t > 0. We shall show that there exists an w > 0 such that for every f € L' N L™,
the sequence ()\(/\ + Ly, )" f)meN is convergent in LP, uniformly for A > 2w.
Then it follows that the assumptions of the Trotter-Kato—Neveu theorem [Kat80,
Theorem IX.2.17] are satisfied, which yields the asserted semigroup convergence
of (SUm p)mEN

Without loss of generality we assume that U > 0 a.e. Let g € J with q > p.
Since U € 4, it follows from Lemma 2.1 that there exist ¢ > 0 and w > 1 such
that U(v) < ¢(7-(v) + wl[v]|3) for all v € D(hg) and r € {p,q}.

In the next steps we fix £, m € N. Note that

Upn = Ui+ (Un—n)" €y Upp i =U,+ Uy —n)" €l
for all n € N. By Lemma 2.10 we see that
Rjyn()\) = ()\ + EUj,mp)_l — ()\ + ,CUj,p)_l

strongly as n — oo, for all A > w and j € {k,m}.

Let A > w and n € N. Observe that Uy ,, — Uy, = Uy An—U,, An is bounded.
Thus, Ly, , = Lu,,.. + (Ukn — Un,n) and hence Ly, ., = Lo, p + (Ukn — Unin),
so the second resolvent equation gives

Rmm()\) — ka()\) = Rk,n(/\)<Uk: An—U, A n)Rm,n()\)

Since |Uy An — Uy, An| < |Ug — Uy, it now follows from the second estimate in
Proposition 3.2 (applied to the adjoint operator from LP to LP) that

1

||Rmn f Rkn fH 7/ A—w _7HU Uk_U m,n()‘)pr
By Holder’s inequality and the first estimate in Proposition 3.2 we obtain
1 1 _1_1
U™ Uk = Un) B e W || < U3 R o) £l (U = Upn)U ™ wﬁ,(gn

< i (A —w) 7| ]| (Lslel) | o,

L/ | Uk _ U7n

1 _
where we have used |Uy — Up,|U # ¢ = LU in the second inequality.

With C' = c¥*i we arrive at
pg 11
| Rn N F = RO ]|, < CO—w) ™5 [l (g2l =07,
Now let A > 2w, so that ﬁ < 2. Then we infer, letting n — oo, that
A+ Lo )™ F = (At L) ], < 20033 7l || (Seler) 0|77

Since U € L', UT"L < 1 and Uvm — 0 a.e. as m — oo, we conclude that the sequence
(A()\ + EUm,p)_lf)meN is convergent in LP, uniformly for A > 2w. O
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Remark 3.4. In the case of uniform convergence Uy /U — 0 one can use (3.1)
with p = ¢ to obtain norm resolvent convergence.

In general 4 ¢ L', and it is not even clear whether Y {NL' # &. However, since
every U € 4 is form bounded with respect to hg, one has Up? € L! for all p €
D(hp). This is the basic observation for adapting the technique of Theorem 3.3
to the general case. Let p € D(hg) satisfy p > 0 a.e., and set ¢ = 2222, Then
instead of using (3.1) we will work with the inequality

U™ (U = Un) B (V1
< Uo7 R V£, (U3 — Um)U_ﬁ_épEII% (3.2)
< U0 R V| o7l (G2 5 0| |57

where p® and p~¢ are understood as multiplication operators, and we assume that
p~°f € Li. This idea motivates us to study the twisted resolvent p~=(A+ Ly) ! p°
and the corresponding sesquilinear form, for given U € 1.

As a first preparation we investigate under which conditions p° is a bounded
multiplication operator on the form domain.

q—q

Lemma 3.5. Let (X, ) be a measure space, let b be a symmetric Dirichlet form
in L*(p), and let H be the associated positive self-adjoint operator in L*(u).

(a) Let f € L*NL>® and p:= (I+H)~'f. Then p is a bounded multiplication
operator on D(b).

(b) Let p € L>®(u) be a bounded multiplication operator on D(h), and let
F: C — C be Lipschitz continuous. Then F o p is a bounded multiplication
operator on D(h).

Proof. (a) Assume without loss of generality that f and hence p is real-valued.
We shall show that there exists a constant ¢ > 0 such that (h+1)(pu) < e(h+1)(u)
for all real-valued u € D(h) N L>; then the assertion follows since D(h) N L™ is
a core for h and the form b is real.

Observe that pu, pu? € D(b) since p,u € D(h)NL>®. For all z,y € X we have

(pu)(x)? = p(z) - (pu*)(z) and
((pu)(x) — (pu)(y))”
= p(«)p(y) (u(z) — u(y))” + (p(x) — p1)) ((pu®)(x) — (pu?)(y)).

An application of [Hua02, Proposition 2.1] yields

(1 =) (pu), pu) < Nlpll2((T = e u, w) + ((I = e)p, pu?)

for all ¢ > 0, and hence

(h+1)(pu) < [lpll3b(w) + (b + 1) (p, pu®) = llpll2b(w) + (f, pu®).

This completes the proof of (a) since fp € L>(u).
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(b) It is not too difficult to see that the function ®: {(w,z) € C x C: |z| <
|pllso]w|} — C defined by ®(w, z) = F(£)w if (w, z) # (0,0) and ®(0,0) = 0 is
Lipschitz continuous. Moreover, (Fop)u = ® o (u, pu) for all u € D(h), so the
assertion follows from [MaR692, Theorem 1.4.12] applied to Re ® and to Im ®. [

In the following let p € W' N L™ be a bounded multiplication operator on

loc

D(hg) with p > 0 a.e. We further suppose that there exist x, K > 0 such that

AV, V
W, = <°p—gp> < kho + K. (3.3)
We first consider the special case where p=! € L*; then p~! € I/Vkl)c1 Let € € R.
Since p*! € L™, there exists a Lipschitz continuous function F': C — C such
that Flop = pf. Hence by Lemma 3.5(b), p° is a bounded multiplication operator
on D(hg). It follows that (u,v) — t(p°u,p~cv) is a bounded form on D(hy).

A straightforward computation yields
t(p"u, p°v) = t(u,v) — e(AVu, L) + e (AL, Vv)

Fe((ntby Py e) (1T )

(3.4)

for all u,v € D(hg), so the form is of the same structure as t, with new lower-order
coefficients

DY =b — AT b =by — AL, Q) = Q + (by+by, L) — 2HAVEYEL

We define a new reference form h with domain D(h{) = D(ho) by
h (u,v) = (AVu, Vo) + V= (u,v),

where V. = Re Q®). Whenever the tuple (A, bf), bgf) , Q(E), h(()a)) satisfies Assump-
tions (I) — (IV), we denote by t*) the sesquilinear form and by 79 (p € 1, 00])
the functionals associated with the new lower-order coefficients.

In the following let a5 be as in (1.5). By Assumption (III) there exists an
M > 0 such that (AZE, M) < MP(ASE &) (A5, n) for all £,n € RN, Moreover,

U < é(hg + 1) for some ¢ > 0 by Assumption (IV). In the next result we will use
the constants

Cp=2(M>+(1-2+¢)+al (pe[l, ). (3:5)
Lemma 3.6. Let Assumptions (I) — (IV) be satisfied, and let p € Wo' N L be

loc
a bounded multiplication operator on D(hg). Assume that p > 0 a.e., p~* € L™
and that p satisfies (3.3) for some k, K > 0. Let p € [1,0].

(a) Let C := 14 (Cy +1) max{k, K}, and let 0 < e < &9 :=min{1, 55}. Then
tho—1< h((f) < 2hg + 1, the tuple (A, b b Q) h((f)) satisfies Assumptions
(1) - (1IV), and

TZSE) (v) = 7 (v) —eC(ho + 1)(v)

for all v € D(hy).
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(b) Suppose that k = 0, and let € > 0. Then the tuple (A, bf), bga), Q(E), h(()a))
satisfies Assumptions (1) — (IV), and

7 (0) 2 7(0) = 6(ho + 1)(v) = 2K (Z + 1) ol

for all 6 >0 and v € D(hy).

Proof. First observe that the form h((f) satisfies Assumption (II) if there exists a
¢. > 0 such that |h{?(v) — ho(v)| < sho(v) + c:||v|3 for all v € D(hg). Then,
using this estimate and (3.3), one easily shows that the coefficients bg‘f), bga), Q(E)
satisfy Assumption (IV).

We shall show that

0§ () — ho(v)] < 8(ho + 1) (v) + £2(& + 1) W, (v), (3.6)

ho(v)| <
7O () 2 7,(v) — 8(ho + 1)(v) — €2(Z + 1) W, (v) (3.7)

for all v € D(hy) and § > 0. Then one easily obtains the assertions of (a) by
choosing ¢ = ¢ and noting that ¢ < C), < €y, W, < max{x, K}(ho + 1) and

e+e3(Z + 1) max{x, K} <eC < L,

provided 0 < € < gy. If K = 0, then we choose § = % in (3.6), and the assertions
of (b) follow since W, < K.
It remains to verify (3.6) and (3.7). Note that

1) (v) — ho(v)] = |V (v) = VF(0)] < [Vi(v) = V()| (3.8)

for all v € D(hg). Since V. =V + e(Re(by +by), % — %W, we can estimate

1/2

V. — V| < e(40) WY 4 2 W, < 3U + €220, + £2W, (3.9)

by the Cauchy-Schwarz inequality and the definition (2.3) of U. By (3.8) and
the estimate %(7 < ho + 1, this implies (3.6).
Observe that Re(—%AT+ Z%A) = (1 — 2)A5 + A3 and Im (AT 4 A) = 245,
where the real and imaginary parts are taken coefficient-wise. It follows that
Re(1017 — Lb§7) = Re(1b — Lby) +=((1 — 2)A5 + A5) 22
and
(b + b5)) = Tm(by +by) — 24552

Thus we obtain

T(e)(v) =7,(v) + 25(!v|((1 — %)A(s) + Ag)%, V|U\) (3.10)
+ 2 (|v] A3 32, Im(sgmo Vo)) + (Ve — V)(v) '

for all v € D(hy).
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Let v € D(hy), and set = Im(5gno Vv). For all £ € RY| the definition of M
implies that

(AGE, (AD)THAGE)? < MP(AZE, E)(AGE, (A5) 1 ARE)
and hence
((AD) (] + ADE, (Al + ADE) = o (AGE, &) + ((A)LAGE, A3E)
\xa+Mﬁ<&@

for all & € R. By the Cauchy-Schwarz inequality we infer that

[(ol((1 = 245 + A3) 52, Vo)) [
< (1= 22+ M) (A2, YN - { A3V o], V]o]).

0porp
Similarly,
S 2 S
[lol A3 m < ad(ARZE )0l - (Adm.m)
by (1.5). Together with (3.9) it follows from (3.10) that

1

0 2 (o) = 2 (M + (1= 2 Tallo 210 0)?
— 2c0, (Agn, 1) Wy (0)F — (L0 + 22, + 2, ()

Finally, observe that a(v) < ho(v) and (A§n,n) = a(v) — a(|v]) = ho(v) — ho(|v]).

Then, estimating

22 (M2 + (1= 2)%) Fa((o]) H10j(0)* < Sholol) + 22 (M2 + (1 = 27) Wy (0)
2z, (A3, 1) W, (0)% < 8(ho(v) — ho(J]) +62%0z§VVp(U)

and %(/]\(U) < $(ho + 1)(|v]), we conclude that (3.7) holds, and the proof is
complete. n

We point out that in the following result we do not assume p~! € L.

Proposition 3.7. Let Assumptions (I) — (V) be satisfied, and let p € W,or 0 L

loc
be a bounded multiplication operator on D(hy). Assume that p > 0 a.e. and that
p satisfies (3.3) for some k, K > 0. Let p € J, and let 1, > 0 and w, € R be as
m (2.1).
(a) Let U': Q — [0,00) be measurable, and suppose that U < ci(hg + 1) for
some ¢y > 0. Then there exist 6,€ > 0 such that for all e € (0,€], A > w, + pp,
Ueland g€ J with |3 — §| <0 one has

Q=
-

H(U/)Epis()‘"‘['U,pylpguq%q< (i_p) (A —wp — pp) 7. (3.11)
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(b) Suppose that Kk = 0. Then

19728000 - < ex0((wp + 11y + 2K (52 + 1))1)
foralle >0, U e and t > 0, with C, from (3.5).

Proof. (a) We first assume that p~! € L> and that U > U — ¢ for some ¢ € R.
In the last step of the proof we will remove these assumptions.

Let ¢g > 0 and C' > 1 be as in Lemma 3.6(a), and fix ¢ G (0,e0]. Re-
call from (3.4) that the form t() with lower-order coefficients b , by QO is a
bounded form on D(hg) given by

9 (u,v) = t(p°u, p~°v). (3.12)
We will employ the corresponding Dirichlet form h((f) and the functionals Tq(e)
(¢ € [1,00]) as in Lemma 3.6; in addition we use the corresponding set U of
potentials and the interval J(®.

By (1.13) we have Ret(v) = m(v) for all v € D(hg), and similarly for t.
Thus, by Lemma 3.6(a) we obtain Ret®) > Ret — eC(hg + 1). It follows from
(2.4) and (2.1) that Re(t+ U) > ppho — wy. Together with U > U — ¢ we infer
that

Re(t® + U) > (u, — eC)hg — (wp + ¢ + £C). (3.13)

Therefore if ¢ < £ ‘&, then t4+Uisa closed sectorial form; in particular, U € 4
It follows from (3 12) that the form &) + U is associated with the operator
p Lyp® with domain p=°D(Ly) and that the corresponding Cp-semigroup is

(p=e™ "0 )20
By (2.2) there exists a Cy > 0 such that |7,(v) —74(v)| < Col3 — —\(hg—l— 1)(v)
for all v € D(hg) and g € [1,00]. Set 0 = ;& and fix g € [1, oc] with 3 — 3] <.

If ¢ <2 :=min{eg, £5 }, then by Lemma 3.6( ) and (2.1) we obtain
7(0) 2 74(v) = €Clho + 1)(v) Z 7(v) = (Cod +C) (o + 1)(v)
> Shpho(v) = (wp + 31) V13

for all v € D(hg). On the one hand, this implies that ¢ is in the interior of J()
due to Lemma 2.1 and the estimate hy > %(h((f) —1). On the other hand we infer,
using U’ < ¢1(ho + 1), that

U'(v) < g (137 (0) + (wp + 2 5i) [0]13)

for all v € D(hg). Thus we have verified the conditions of Proposition 3.2 for the
perturbed operator p—°Lyp° associated with the form ) 4 U, and (3.11) follows
in the case that the initial assumptions on p and U hold.
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Now we prove the assertion for general p and U. We define p, := p Vv % and
Up == U+ (U —m)*; then p;t € L®, W, < W, < kho + K for all k € N and
Unel, U, >U-—mfor all m € N, so by the above it follows that

1
o

1O 0 A+ Lun) 0,y < (2) TN —wp =) @ (3.14)

for all A > w, + g, and ¢ € [1,00] with |3 — 3] < d. By Lemma 2.10 we see
that Sy, , = Su, in the semigroup sense on LP as m — co. Moreover, up to a
subsequence, (A+Ly,) oo f — A +Ly,) 1o f ae ask — oo, forall f € LPNLA.
Thus we obtain the assertion by first letting m — oo in (3.14), and then k — oo,
taking into account Fatou’s lemma.

(b) The proof is similar as above; we only point out the main differences. Fix

e > 0. Instead of (3.13) we obtain
Re(t® + U) > &hy — (w, + c+ 2 + 2K (22 + 1)),
by Lemma 3.6(b) applied with § = £2. As above it follows that U € $(¢).
Applying Lemma 3.6(b) with § = p,, we obtain

e C,
T3 (W) = = (wp + pp + K (G2 + 1)) [J0]l3

for all v € D(hg). Hence p € J© | and the assertion follows from Proposition 2.6.
O

The final step in the preparation of the proof of Theorem 1.7 is the existence
of a weight p that satisfies the assumptions of Proposition 3.7 and belongs to
D(hg), not just W!

loc -
Lemma 3.8. Let f € L? be such that 0 < f <1 a.e. Set p= (I+ Hy)"Lf, where
Hy is the positive self-adjoint operator associated with the Dirichlet form hg. Then
0<p<1ae, pe D(hy), pis a bounded multiplication operator on D(hg) and

AV, Vp)
2

W,,:< < 4dho +2
P

as forms.

Proof. By Lemma 3.9 below we have p > 0 a.e., and p < 1 a.e. since hq is a
Dirichlet form. Moreover, p € D(Hy) C D(hy). It follows from Lemma 3.5(a)
that p is a bounded multiplication operator on D(hg). We shall show that hg(u) >
W, (u) — 3l|ul|3 for all real-valued functions v € D(hg) N L™; then the last
assertion follows since D(hg) N L™ is a core for hy and the form hy is real.

Let ¢ > 0. Then the function z + (z+ + &)~!/2 is bounded and Lipschitz
continuous on R. By Lemma 3.5(b) it follows that v := (p+¢)~2u € D(ho)NL>.
Moreover, Vu = (p +£)/2Vv + v(p + £)71/2Vp. Therefore,

(A3Vu, Vu) = (p + ) (AFVo, Vo) + (A5Vp,vVv) + 1 (p+ &) v* (A Vp, Vp)
> 2 (A5Vp, Vo*) + L(p+e) 2w’ (A3Vp, Vp),
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because (A5Vv, Vo) > 0. Since v? € D(hg) and V*(u) = 1V T (p,v?), we obtain

1 [ {AVp, Vp) 1
T + L 0 2 1 2
ho(u) = (AZVu, Vu) + V7 (u) > 4/ Gt u® + 2h0(p7v ). (3.15)

Moreover,

hO(p7 U2) = (HOP, UQ) = (f - P 02) 2 _(p> Uz) 2 _Hqu .

Letting £ — 0 in (3.15), we conclude that ho(u) > W, (u) — 1 ||u||3, and the proof
is complete. O

Lemma 3.9. Let p € [1,00), and let B € L(LP) be a positive operator with dense
range. Then Bf >0 a.e. for all f € L? such that f >0 a.e.

Proof. Let E be a measurable set such that Bf = 0 a.e. on E. Let g € L? satisty
g>0. Then 0 < B(gA (nf)) <nBf,so B(gA(nf)) =0a.e. on E for alln € N.
Moreover, B(g A (nf)) — Bg in LP. Therefore Bg = 0 a.e. on E. By linearity,
Bg =0 a.e. on E for all g € LP. Since R(B) is dense in LP, we conclude that F
is a null set. O

Now we are ready to prove our main result on the existence of a quasi-
contractive Cp-semigroup associated with L.

Proof of Theorem 1.7. It was proved in Lemmas 2.1 and 2.4(a) that J #+ & and
I # . Now let U, Uy, Us,... € U satisty U,, < U for all m € N and U,, — 0
a.e. as m — oo. Without loss of generality we assume that U > 0 a.e. By
Proposition 2.6, the estimate

150, ()l < € (3.16)

holds for allom eN,reJandt > 0.

Let p € J. It follows from Lemma 3.8 that there exists a p € D(hg) N L> such
that p > 0 a.e., pis a bounded multiplication operator on D(hy) and W, < 4ho+2.
Hence the assumptions of Proposition 3.7(a) are satisfied with k = 4 and K = 2.
As a result there exist 9,2, Cp,wy > 0 such that

_ 1
7

1 —E ~ - £
1Usp~* (A + L) 05 llgsq < Co(X — wp) (3.17)
for all € € (0,2], A > wy, U € Y and all ¢ € J with |1 — 1| <.
Choose ¢ € J such that 0 < % — % < %/\ 0. Then € := 2(% — %) < €. Observe

that M, := {f cL'NnL>®:p=feln L°°} is dense in LP.

Now we prove that the sequence (Sy,, ,)men converges in the semigroup sense.
Let f € M.. Following the argument of Theorem 3.3, replacing (3.1) with (3.2)
and applying (3.17), one finds C,w > 0 such that

_1
q

MO+ Lup) ™ f = A+ Luy) ], < Cllp fllg|| (L) 5 U2 7

for all A > 2w and k,m € N.
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Note that Up? € L' since U < ¢(hg + 1) and p € D(hy). By the dominated
convergence theorem it follows that the sequence (A(A+ Ly,,) ™ f ) y 18 conver-
gent in LP uniformly for A > 2w. Hence there exists a Cy- semlgroup S, on LP
such that Sy, , — S, in the semigroup sense. Since, by Proposition 2.6, the
semigroups Sy, , are analytic in a common sector and with a uniform bound, we
conclude that S, is analytic as well. Moreover, (3.16) implies the bound (1.16).

Finally, let r € J \ J. Then it follows from (3.16) that S, extrapolates to a
quasi-contractive semigroup S, on L", which is a Cy-semigroup by [Voi92]. O

The above proof also gives the following estimate that will be important in
the next two sections.

Theorem 3.10. Let Assumptions (I) — (V) be satisfied, let p € J and let L, be
as in Theorem 1.7. Then for all u € D(L,) one has ulu|2~" € D(hy) and

Re(Lpu, uluP~?) > bp(u|u|g_1).
Proof. We use the notation from the previous proof. By Proposition 2.6 one has
Re(ﬁUm,puau‘u’piz) = hp(u‘uﬁil)

and hence ulu|2~' € D(hy) for all m € N and v € D(Ly,,,). Then the assertion
is a consequence of Lemma 2.7(a). O

4 Proof of Theorem 1.4

In this section we derive Theorem 1.4 from our more general result, Theorem 1.7.
The main technical part of the proof of Theorem 1.4 is contained in the next
lemma. Recall the definitions of d,, €,, &,, B, and I from (1.10) — (1.12).

Lemma 4.1. Let Assumptions (I) — (IV) be satisfied, and let p € I. Suppose
that ' >0 or agB’ = 0. Then

7(v) = (g — € — 75202) ho([v]) + eho(v) — (@) +
for allv € D(hgy) and ¢ € [0,1).

Proof. Let ( =sgnu Vo, £ = Re( = V|v| and n = Im (. Then an easy computa-
tion yields

Re(AVv, Vo) — (1= 2)2(A3V|o], Vo[) = 4 (A5, €) + (An,m) + 2(A3E, 7).

ZB)E (4)

SO
7p(v) = 57 (A, ) + (AGn,m) +2(Ai¢, ) —2/1 -2 \/y Ase )]
+2(Jv] Re(2b1 = 352),€) = (JolTm(by+b2),m) + V7 (v) = V7 (0)
:[1+I2++18
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The terms I3, I, and Ig involving the imaginary parts of the coefficients can
be estimated as follows. Firstly

~Li= 2= 3] [ 1A < 200 3] o (A, )V (Ajn)
by (1.5), and secondly (1.9) and (1.6) imply that
—(I3 + Is) = —2( A%, 1) + (Jv[ Im(by+b2), 7)
= Im(A}Vo — v Im(bi+by), Vo)
< ((8%ho + B')(jv) " (Azn,m) "

Set = ho([v]) = (A, &) +VH(v), y = (Ain,n), z = B'[[v])3 and a;, = ay|1 - 2].
Then

—Iy— (I3 + 1) < (2% V24 (8% + 2)1/2)91/2- (4.2)
Now we employ the inequality
(av/a+/BPa+b) < (a+p) 2a+ (1+4)b, (4.3)

valid for all a,a,b > 0 and 8 > 0. (This estimate is trivial for b = 0; for b > 0 it

easily follows by differentiating with respect to b.) In the case 5 > 0 it follows
from (4.3), (1.10) and (1.11) that

(2apa:1/2 + (872 + 2)1/2>2 < (20, + 87 + (1 + %)z = 4(6% + By|v||2);

in the case ' = B’ = 0 this becomes an equality 1f is replaced with 0 (note
that then a,z = 0). Thus by (4.2) we obtain

1 ~
— I, — (I3 + Ig) < 2(8%x + B, ||v]2)*y"2 < = (@a+ Bylvll3) + (1 —<)y.

1
Since £ = V|v|, we infer from (1.7) and (1.8) that

—%+&%>%WM%%Q+§WM%%Q+V%@

2 2 2 2
< (—m + 25 +v) holo]) + (—Bl + 25, +r) loll2.

Moreover, I + I7 > a: and I, =y, so we conclude that

4 1 2 2
7(v) 2 <p—p,—1_€5§—551—552—’7>1’+5y

1—
:(sp—€—§5§)x+6(x+y)—( B)||v||§
This completes the proof since x = ho(|v|) and x +y = ho( ).

1 2 2
— <—B + 2B, + BQ+F) |v]|3
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Now we are able to prove the first main theorem of this paper.

Proof of Theorem 1.4. Applying Lemma 4.1 with ¢ = 0 we obtain

7p(v) = pho([v]) — Bpllv]3 (4.4)

for all p € I and v € D(hg). It follows that w, < @,, with w, as in (1.14), and
this implies I C J. Moreover b,(v) = g,ho(|v]) — ©p||v]|3 for all v € D(hg) since
the right-hand side of (4.4) is lower semi-continuous in v.

Next let p € I, so that e, > 0. Let ¢ € (0,1) satisfy ¢ + =02 < &p. Then
it follows from Lemma 4.1 that (2.1) holds with 4, = € and wp = @p = B
In particular, Assumption (V) is satisfied since p € [ C J. Moreover, bp( ) >
eho(v) — wpyl|v||3 for all v € D(hg). Now all the assertions of Theorem 1.4 follow
from Theorem 1.7 and Theorem 3.10. [l

The case where 5/ = 0 and asB" > 0 was excluded in Theorem 1.4. In
this case one does not necessarily obtain a quasi-contractive Cy-semigroup on LP
corresponding to L if p € 01, as the following example shows.

Example 4.2. Let N = 1, Q = (0,1), A = 1414, by = —1, by = Q =
and D(hy) = W2(Q). Then £ = —(1 + i)% — i< with Neumann boundary

conditions. Observe that in (1.5) — (1.8) one can choose a5 =1, f1 = fs =
By =v=1=0, p/ =0 and B’ = 1. Therefore,

sp:%—(1—§)2:1—2(1—§)2

pp

and hence I = [4— 2v/2, 4422 2]. It follows from Theorem 1.4, applied with small
£ > 0 instead of f' = 0, that S; extrapolates to a quasi-contractive Cp-semigroup
Sp on LP, for all p € ] but we now show that this is not true for p = 4 + 2/2.
Letp =4+2v2andr=1—+2—1i. Let 7: [0,1] = [0, 00) be a C™-function

satisfying 7(0) = 7(0) = 7/(1) = 0 and 7 > 0 on (0,1]. Let A > 0 and consider
u=uy =e"". Then u € C*[0,1] and 2* = 0 on 92, so u € D(L;). We are
going to compute the real part of

(Lou, |ulP7?u) = (1+4) (o, (Ju["?w)) —i(d, JulP~?u).
We have v/ = Ar7'u and |u["~*u = exp(A(r + (p — 2) Rer)7). Therefore,

(W, (JulP~?w)") = (Mrt'u, M(r + (p — 2) Rer) 7' |ulP~?u)

=N (|r?+ (p— 2)rRer) (7')*|ul?.

A straightforward computation yields |r|? + (p — 2)r Rer = 2(1 +4), so we infer
that
1 1
(Lou, [ufP~?u) = 42')\2/ ()2 |ulP — i)\r/ 7'|ulP.
0 0
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Since Re(ir) = 1 and |ul? = ePARen)T — ¢=VE e conclude that

1
1 1 1
Re(Louy, |up|P2u :—)\/ Plufp = —=e V|l 5 — — A — 00).
( 2UWN\ | )\| /\) 0 | | \/g ‘0 \/g ( )
Because uy € LP, Louy € LP and ||upl|, — 0 as A — oo, the Lumer—Phillips

theorem implies that S5 does not extrapolate to a quasi-contractive Cy-semigroup
S, on LP.

Remark 4.3. Here we comment on the inequalities (1.5) — (1.7) in Lemma 1.1.
(a) It is easy to see that (1.7) holds if ((A§)~'b;,b;) < B3 ho + 28;B;. Such
an assumption was used, e.g., in [Lis96] to obtain quasi-contractive semigroups
as in Theorem 1.4.
(b) From the definition n(u) = Im(sgnu Vu) it follows that n(u) = —n(u) for
all u € D(hg). Thus, (1.6) is actually a two-sided estimate:

[N

‘Im(.Ai‘Vu—uIm(bl—I—bg),Vuﬂ < (5’2h0(|u|) —|—B'||u||§)%( En(u),n(u)) )

(¢) By Assumptions (IIT) and (IV), there exist constants o, B > 0 and 5 > 0
such that

[(ALE, M < 0 (AZE, §) (Aqn, ).

4.5
((AS) ™" Tm(by + by), Im(by +by)) < B2ho + B (45)

for all £,7 € RY. These inequalities are somewhat more explicit than (1.6); we
now show that they imply (1.6) with 8’ = 2a, + 5 and B’ = (1 + %)B
Let uw € D(hy) and set £ = Vl]u|, n = Im(sgnu Vu). Then (1.9) gives

Im (A} Vu — wIm(by +bs), Vu) = (=243 + |u| Im(by + b2), )
< (20a(A56 ) + (B hollul) + Bllul3)* ) (Ain, n)?.

Since (A5, &) < ho(Ju|), it follows from (4.3) that

1

I ARV Ty +52). Var) < ((aB)%ho((ul) +(1+22) Bllull3) (Agn.n) .

N

i.e., the estimate (1.6) holds with 8’ = 20, + ( and B’ = (1 + Q%)B
In the next example we explain why the estimates (4.5) are much cruder

than (1.6). The main point is that A% essentially plays the role of a first-order
coefficient i div A%, rather than a second-order coefficient.
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Example 4.4. Let us assume that C°(Q) is a core for h, i.e., ho = hmax [ oo (o)
(a) Suppose that b := idiv.A} = (i Zjvzl 9;(A2)jr), is a locally integrable
vector field. Then by the anti-symmetry of A% one obtains

Im (A}Vu — ulm(by +bs), Vu) = Im(uIm(b — b — b), Vu)
= (lu|Tm(b — by — by), n(u))

for all uw € C2°(Q2) and hence for all u € D(hg). Thus, (1.6) is valid if
((A3) " Im(b — by — by), Im(b — by — by)) < 8%ho + B'.

Note that b = 0 if A has divergence free columns (e.g., if A% is constant). In
this case, the form t and the associated semigroup are independent of A}, and
the constant v, in (4.5) does not play any role.

(b) Assume that b := Im(b;+by) € LP(Q2) for some p > 1 and that b is the
restriction of a compactly supported divergence free vector field b* € LP(RY). If
b itself is divergence free, then this is the case, for instance, when b has compact
support in € or when 2 is a simply connected Lipschitz domain. (In the latter
case use [KMPTO00, Proposition 4.1] with £ = s = 0 and ¢ = 1.) Then the
exterior derivative of (—A)71b%,

A= (%(ak(—A)—lbg. - aj(—A)—lbi)) e W(RY)

J
is an anti-symmetric matrix such that div. 4’ = b*. As in (a) it follows that
(AVu — uIm(by+b), Vu) = ((A} — A)Vu, Vu)

for all uw € D(hy). Hence, if there exists an o > 0 such that

(A2 — A& [P < a(A3E, €) (A3, ) (4.6)

for all £,n € R, then by (1.9) we see that (1.6) is valid with 3’ = 2a and B’ = 0.
In the case where Im(b;+bs) is oscillating, this can lead to much better estimates

than Remark 4.3(c).

5 Extension of the interval

According to Theorem 1.7, the couple (t, 1) is associated with a quasi-contractive
Cy-semigroup on LP for every p € J. The aim in this section is to show that under
additional assumptions there exist consistent analytic Cy-semigroups on L for p
from a larger interval. In general, these semigroups are not quasi-contractive any
more.
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The following result is an extension of [LiVo00, Proposition 9].

Lemma 5.1. Suppose that D(hgy) is an ideal of D(a). Let p € T/Vhl)cl N L, and

assume that there exists a ¢ > 0 such that (A3Vp,Vp) < c(hg +1). Then p is a
bounded multiplication operator on D(hy).

Proof. Firstly, observe that p is a bounded multiplication operator on Q(V).
Secondly, let u € D(hg) N L. Then pu € W, and

46900, lpw) < 2e(hotu) + ul}) + 2plhol). 6.1

So pu € D(a) and |pu| < ||p||oo]u|. By the ideal property we obtain pu € D(hy).
Since D(hg) N L™ is a core for hg, the assertion now follows from (5.1). O

Remark 5.2. By a similar argument as above one can show the following con-

verse of Lemma 5.1: If p € VVi)C1 N L> is a bounded multiplication operator on

D(hy), then there exists a ¢ > 0 such that (A§Vp, Vp) < c(ho + 1). For this one
does not need to assume that D(hg) is an ideal of D(a).

Proof of Theorem 1.9. We prove the assertion for all ¢ € (p_, pmax); then by
duality it also holds for all ¢ € (pmin,p+). Fix p € (p—,ps). We shall show that
there exist M, u,w > 0 such that

Hpglsp(t)pﬁnp—m < M@“|5\2t+wt7 5.2
”Sp(t)Hp_)%p < Mt /Pt 53)

for all t > 0 and & € RY, where p¢(z) := e~%); then [LSV02, Proposition 2.8]
yields the assertion for all ¢ € [p, s25p).
For the proof of (5.2) fix ¢ € RY and n € N, and set p, = p¢ An. Then

(A5Vpn, V) ,
I/Vpn = . pg = < 0£>€>1[p§<n} < 62|€|2 = K

n

with ¢y as in assumption (1.17). In particular, p, is a bounded multiplication
operator on D(hg), by Lemma 5.1. Applying Proposition 3.7(b) with £ = 1, one
finds p,w > 0, independent of £ and n, such that

low Sup(®)pnllp—p < exp((w + pl*)t)

for all t > 0 and U € 8. Now let f € LP be such that p¢f € LP. Choosing
U = (U—-m)" and passing to the limit m — oo, we infer from the previous
estimate that

”pglsp(t)f)anp—w < eXp((W + U|€|2)t) (Al

for all ¢ > 0. Then by Fatou’s lemma we conclude that (5.2) holds with M = 1.
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2N

By Theorem 3.10, the estimate (2.1) and the assumption D(hg) C L¥-2
(combined with the closed graph theorem), there exists a 0 > 0 such that

Re((wp + 1+ Ly)u ulul™?) > ppho(ulul™?71) + [[[ul”?|[3 = ollull”~_,

for all u € D(L,). Now let f € LP, and set u; = e ! HHL) f for all ¢ > 0.
Using Holder’s inequality and the analyticity of S, one deduces that there exists
a C' > 0 such that

i

_ C
N, S Re((wp + 1+ Ly)ug, uglue”?) < —|| fI2
N—-2 t
_ Y
for all + > 0. It follows that ||e~* P+1+£p)fH%p < (577 flp for all t > 0,
which proves (5.3). O

Remark 5.3. In the case N < 2 a similar result can be proved if one replaces
the assumption of the Sobolev embedding theorem with the following Gagliardo—
Nirenberg inequality: for all € (2,00] with § := £(1 — 2) < 1 there exists a
¢ > 0 such that

[Vl < el(ho + 1) ()] |lv]l;~

for all v € D(hg). Then a minor adaptation of the above proof shows that in the
case N = 2 the semigroup S, extrapolates to an analytic Cy-semigroup on L? for
all ¢ € (1,00); in the case N = 1 the semigroup S, extrapolates to an analytic
Co-semigroup on L7 for all ¢ € [1,00), and the integral kernel satisfies Gaussian
upper bounds. For N = 1 see also [Dav95].
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