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Abstract

We prove new enclosures for the spectrum of non-selfadjoint operator matrices associated
with second order linear differential equations 2(¢) + Dz(t) + Apz(t) = 0 in a Hilbert space.
Our main tool is the quadratic numerical range for which we establish the spectral inclusion
property under weak assumptions on the operators involved; in particular, the damping
operator only needs to be accretive and may have the same strength as Ag. By means of the
quadratic numerical range, we establish tight spectral estimates in terms of the unbounded
operator coefficients Ag and D which improve earlier results for sectorial and selfadjoint D;
in contrast to numerical range bounds, our enclosures may even provide bounded imaginary
part of the spectrum or a spectral free vertical strip. An application to small transverse
oscillations of a horizontal pipe carrying a steady-state flow of an ideal incompressible fluid
illustrates that our new bounds are explicit.
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1 Introduction

Many linear stability problems in applications, in particular in elasticity theory and hydrome-
chanics, are modeled by second order differential equations of the form

5() + D2(t) + Agz(t) =0 (1)

in a Hilbert space H where Ay is a self-adjoint and uniformly positive operator in H and D is a
linear operator in1 H reg)resenting e.g. the damping of the underlying system. Here we consider
the case that A, 2DA, ? is bounded and accretive. Both Ap and D may be unbounded, D may
be equally strong as Ag and need not be self-adjoint, and for some results, D need not even be
sectorial.

By means of the standard substitution 2 = (2, )T, the second order differential equation (1)
is equivalent to a first-order system

i(t) = Az(t) (2)

1
in a suitably defined prodL}ct Hilbert space. More precisely, if we equip the space H1 := D(A{)
= 2
with the graph norm of Ag, then the operator A: D(A) C H1 x H — H1 x H associated with
2 2
(1) is defined as

A:[_O d ] D(A):{L'jeH;xH%]AonereH}. (3)



Under stronger assumptions on the damping operator D such as self-adjointness and/or
stronger relative boundedness, operators of this form and applications in elasticity theory or
hydromechanics have been studied intensively in the literature for more than 20 years, see
e.g. [3, 4, 6, 7, 8 15, 16, 18, 19, 21, 23, 30, 33, 34]. In particular, it was proved that A
is boundedly invertible, has spectrum in the closed left half-plane, and generates a strongly
continuous semigroup of contractions on H 1 x H, see e.g. [33, Proposition 5.1].

Another example for a differential equation (1) and corresponding operator A are abstract
Klein-Gordon equations originating in quantum mechanics, see e.g. [29] and the references
therein. In this case Ay has the form Ay = Hy — V? and D = 2V where Hj is a self-adjoint
uniformly positive operator, e.g. —A+mc? on R™ with particle mass m > 0, and V is a symmet-

ric operator such that VHO_ 2 is bounded. By means of indefinite inner product methods, the
spectrum of A was analyzed and criteria on D were found ensuring that A generates a group of
bounded unitary operators in a Pontryagin space in [28].

The aim of this paper is to establish new enclosures for the spectrum of the operator A in
(3) under rather weak assumptions on the damping operator D, allowing it to be as strong as
Ap so that even very general perturbation results such as [11] do not apply. To this end, we
do not only use the classical numerical range of A, but also the so-called quadratic numerical
range. The latter was introduced in 1998 for operator matrices with bounded off-diagonal entries
in [27], shortly after studied in great detail for bounded operator matrices in [25, 26|, and in
2009 generalized to diagonally dominant and off-diagonally dominant operator matrices in [31].
Unlike the numerical range, the quadratic numerical range is not convex: it may consist of two
components which need not be convex either. Since the quadratic numerical range is always
contained in the numerical range, see [32], it may give tighter spectral enclosures.

We show that this is indeed always the case here, for uniformly accretive, for sectorial and
even for self-adjoint damping operator D (see Figures 1-10 below).

If D is only assumed to be uniformly accretive relative to Ag in H (and hence uniformly
accretive in H) and its numerical range is e.g. a half-plane, then the numerical range cannot
provide a better spectral enclosure than the left half-plane since it is convex and contains the
numerical ranges of the diagonal elements D and 0 of A. The quadratic numerical range yields
a non-convex enclosing set to the left of the imaginary axis and, under a certain additional
condition, it provides a vertical strip free of spectrum, see Theorem 6.1.

If D is assumed to be sectorial with angle < 7 and uniformly accretive in H, then the
quadratic numerical range of A always yields an enclosure with corner at 0, whereas the numer-
ical range may still be a half-plane; if D is uniformly accretive relative to Ag in H, the former
is even contained in a sector, while the latter only gives a parabolic enclosure, see Theorem 6.2
and Proposition 3.8. In fact, it was proved in [26] for the bounded case that, while every corner
of the numerical range must belong to the spectrum o(A), corners of the quadratic numerical
range may also belong to the spectrum of a diagonal entry of A. Here 0 ¢ o(A), but 0 belongs
to both numerical range and quadratic numerical range; hence 0 cannot be a corner of W (A),
but 0 may be, and indeed is, a corner of W2(A) since it belongs to the spectrum of the zero
operator on the diagonal of A.

Even for self-adjoint D, the difference between numerical range and quadratic numerical
range is substantial. Whereas the imaginary part of the numerical range is always unbounded
if Ag is unbounded, the quadratic numerical range may have bounded imaginary part, may be
partly confined to the negative real axis or may even be entirely real, see Theorem 7.2! In the
latter case, under a certain additional condition, it may even consist of two disjoint real intervals.



There are two key problems we have to solve before we can take advantage of the quadratic
numerical range. Firstly, the operator A in (3) is not an operator matrix itself since its domain
does not decompose according to the decomposition H 1 X H of the space in which A acts; in

fact, A is merely the closure of the operator matrix A|g, xz, and only the quadratic numerical
range of A|pg, «xp, is defined. Secondly, the operator matrix A|g, x g, with its three unbounded
entries [ : H — H L Ao+ H 1= H, and D : H — H, is neither diagonally dominant nor
off-diagonally domlnant in fact in the first column the stronger entry is the off-diagonal Ay,
while in the second column the stronger entry is the diagonal D.

Our first main result is the so-called spectral inclusion property of the quadratic numerical
range, i.e. the set of inclusions

UP(A|H1><H1) C W2(A|H1><H1)a UGP(A|H1><H1) C Wz(-A|H1><H1)7
UP(A) - WQ(A‘H1><H1)a Jap(-A) - WQ(A|H1><H1)a

for the point and approximate point spectrum of A|g, xm, and A, respectively. As usual, one
has to require the existence of at least one point of the resolvent set p(.A) in each component of
C\ W2(A|g, xm,) to obtain the full chain of spectral enclosures

o(A) C W2(Almyxa,) € W(A). (4)

Although neither the numerical range nor the quadratic numerical range may be determined
precisely, analytic estimates for either of them provide bounds for the spectrum via the en-
closures (4). We derive an estimate for W(.A) and a series of estimates for W2(A|y,xp,) in
terms of various constants relating the “real part” of the operator D to Ag and, if D is sectorial
with angle < 7, in terms of its sectoriality angle. In all cases, the quadratic numerical range
yields tighter bounds than the numerical range since it allows for finer estimates. Moreover, we
compare all the obtained estimates for W2(A| g, x g, ) and combine them to further improve the
enclosure for the spectrum.

As an application and illustration of our results, we consider an operator of the form (3)
arising in the investigation of small transverse oscillations of a pipe carrying steady-state flow
of an ideal incompressible fluid. The corresponding second order equation (1) is of the form

Pu 9% [ 0% du 0%u

WJFW E62+C828t +K8t8x:0’ re (0,1), t >0, (5)
where u(r, t) denotes the transverse oscillation at time ¢ and position r, and E, C, K are positive
physical constants. Here both operator coefficients Ag = 8822E 822 and D = 8TQC 2 L K2 5 In
L?(0,1) with appropriate domains are fourth order differential operators and hence have the same
strength. We use this example to show that all constants involved in our abstract results may
be determined analytically and we establish a new enclosure for the spectrum of this problem.
In particular, we derive a threshold for the damping constant C' at which a spectral free strip
opens up (see Figures 9, 10 below).

Throughout this paper we use the following notation. For a closable densely defined linear
operator S in some Banach space X we denote by p(S) the resolvent set, by 0,(S) the point
spectrum, and by o4, (S) the approzimate point spectrum, i.e. the set of all A\ € C for which there
is a sequence (Zy,)nen in D(S) such that

lznll =1, (S = Nanl| =0, n— oo,

see e.g. [12, p. 242]. Clearly, the point spectrum is a subset of the approximate point spectrum;
moreover, the boundary of the spectrum o (.S) belongs to o4, (5), see e.g. [12, IV §1.10].



2 Operator framework

In this section, we rigorously introduce the operator A in (3) associated with the second order dif-
ferential equation (1). Throughout this paper H is a Hilbert space and we assume the following.

(A1) The operator Ay : D(Ag) C H — H is a self-adjoint and uniformly positive linear
operator on H such that 0 is in the resolvent set of Ag.

Assumption (A1) allows us to introduce Hilbert spaces H1 and H_1 by means of Ag as follows.
2

We define

1
2

1 1
Hy :=D(AG), |- llmy =[5 - ar

and we set H_1:= H7, where the duality is taken with respect to the pivot space H; in other

2 2
words, H_1 is the completion of H with respect to

1
2
_1
el = 145 2l
If we further define Hy := D(Ap) with the norm || - || g, := || 4o - ||z, then Ap may be viewed as
a bounded operator Ay : H; — H and extends to a bounded operator Ay : H1 — H_1; in both
2 2
cases we keep the notation Ag.
If we denote the inner product on H by (-,-)g or (-, -) and the duality pairing on H_
by (-, )& | xH,, then, for (2/,2)T € H x Hi,
-2 2 2

x H

N

1
2
<Z/7Z>H71><H1 = <Z/>Z>H'
2 2
(A2) The (damping) operator D : Hi — H_
1 1 2

Ay2DA,? is accretive in H, i.e.

is bounded and the (bounded) operator

1
2

Re(Dz,2)g , xm, >0, z€ Hi .
T2 2 2
(A3) The operator D maps the space H; = D(Ap) into H.

Remark 2.1. The bounded operator D : H1 — H_1 has H; as a core. If we view D as an
2 2
operator in H with domain Hj, then it is densely defined and accretive by (A2), (A3),

W(D):={(Dg,9) | g € H1, |lgll =1} c {z € C|Rez >0},
hence closable by [22, Theorem V.3.2]. In the following, we use the notation D for both operators.
In the product Hilbert space Hi x H we now consider the operator A: D(A) C H1 x H —
2 2
Hi x H given by
2

A

[0 ! ] D(A)Z{Li]EH;XH%|A02+DwEH}. (6)

Proposition 2.2. The operator A is closed with bounded inverse given by

[ -AgtD —Ap?
e @



in Hi x H, A generates a Cy-semigroup of contractions, and Hy x Hy is a core of A, i.e.
2

./4|H1 xHy — A
Moreover, A is bounded if and only if Ag is a bounded operator in H.

Proof. The formula (7) for the inverse of A is easy to check; it is also easy to see that all entries
therein are bounded operators between the respective Hilbert spaces. Hence A is a closed
operator. The semigroup property was shown e.g. in [13].

By (A3), we have H; x H; C D(A). Hence A|g,xm, C A since A is a closed operator.
Thus it remains to be shown that A C Alg,xu,. Let (z,w)T € D(A), ie. z,w € H% and

f:=Apz+ Dw € H. Since H; is dense in H1, there exists a sequence (wy,)nen in Hy such that
wy, —w, n—00, in Hi. If we define z, := Aglf — AalDwn € Hy, n € N, then z, — 2z, n = o0,
in H1 and Agz, + Di}n = f in H. This shows that (z,,w,)" € D(A) and (A(zn, wn)T)
(wp, 2—f)T converges in H% x H.

) Clearly, if A is bounded in H% x H, then so is Ap : H% — H. This is equivalent to

AZ : H — H being bounded which implies that A is bounded in H. Vice versa, the boundedness

of Ay implies that D(Ag) = H and H 1= H=H_ 1 with all norms being equivalent. Then also

the entries [ : H — H: and D : H — H in A are bounded and hence so is A. O
2

neN —

Remark 2.3. Proposition 2.2 implies that o(.A) is contained in the closed left half-plane and that
0 € p(A). However, otherwise the spectrum of A may be quite arbitrary, see [19, Example 3.2].

In the following sections we will establish new, tighter enclosures for the spectrum of A in
terms of its entries Ay and D; particular attention will be paid to the case of sectorial and
self-adjoint damping operator D.

3 The numerical range of A

In this section we investigate the numerical range of the operator A in (6), which is defined as
W(A) = {{Az, 2}, s | © € DA), ol = 1},

By the Toeplitz-Hausdorff Theorem, W (.A) is always a convex subset of C, see [22, Theo-
rem V.3.1], and it has the so-called spectral inclusion property

ap(A) CW(A),  aap(A) C W(A). (8)

Since A is unbounded in general, additional assumptions are needed to ensure o(A) C W(A): if
a component €2 of C\ W(A) contains a point of p(.A), then Q C p(A), see [22, Theorem V.3.2].




The following constants will play an important role throughout this paper, see also [19, 20]:

Re(Dz, z)H_% xH,

= inf 2 € [0,00),
(A N P E 009
Re(Dz,2)m | xm,
v:i= sup 5 € [0, 00],
zeH%\{O} [l
9
R6<DZ,Z>H_1><H1 ( )
§:= inf ———= € [0,00),
2€H ) \{0) 1217,
2
Re(Dz,z)H_lel
= 22 €10,00).

in
zGH%\{O} ||Z||”ZHH;
2

By (A1), the operator Ay is uniformly positive, i.e. there exists a constant ag > 0 such that
(Apz, 2) > a3|z||? for z € D(Ap). In other words,

1
lzllzzy, = lAg 21l = aollzll, =€ Hy; (10)
_1
note that one may choose ayp = (min O'(AQ))% = ||Ag 2|7t Altogether, we have the following
estimates between the constants in (9):
p? > B8, > PB>aou, p> agd. (11)

Note that f > 0 means that D is uniformly accretive as an operator in H with domain Hj,
ReW (D) > f3, while 6 > 0 means that D is uniformly accretive relative to Ay in H, i.e. the
numerical range of the linear operator pencil L in H, cf. [26], given by L(\) := D — AAy,
D(L(X)) = Hy, for X € C satisfies ReW(L) > ¢. Note that both > 0 and ¢ > 0 imply 5 > 0.

The following three simple observations will be useful in the following.

Remark 3.1. In the definition (9) of 3, 7, J, p, the infimum and supremum, respectively, may
equivalently be taken over z € H; \ {0} since H; is a core for D, see Remark 2.1.

Lemma 3.2. If v < oo and p > 0, then Ay is a bounded operator in H with ||Ag|| < 772" the
same holds if v < oo and 6 > 0.

Proof. By definition of u, we have Re(Dz,z) > pul|z|||z||g, for all z € Hy \ {0} and hence,
because v < oo and p > 0, :
1 Re(Dz, z)
po =l

note that 6 > 0 implies x> 0 by (11). O

1
: ol
1Ag 2l = [[zlle, < [zl < = |l=l;
2 I

Remark 3.3. We have A\ € W (A) if and only if there is (f,g)" € D(A), 1£1%, +lgll* = 1, with
2

(A FA N

= 9. D)y — {Aof9)ur_yxtry — (Dg.g)ir_yxi (12)

1
2
1 1



Proposition 3.4. (i) The numerical range W (A) of A is contained in the closed left half-
plane and
W(—D)U{0} c W(A). (13)

(ii) The real part Re W (A) satisfies
inf (ReW(A)) = —y, max(ReW(A)) =0; (14)
in particular, Re W (A) is bounded if and only if v < oo.

(iii) The imaginary part Im W (A) is bounded if and only if Ay is a bounded operator in H ; in
this case, also D is bounded and

1
[Tm W (A)| < [[Ag || + [[Tm D1.

Proof. (i) By Remark 3.3, assumption (A2) ensures that W (A) is contained in the closed left
half-plane.

If we choose g =0 and f € Hy with ||f||z, =1, then (f,0)" € D(A) and Remark 3.3 shows
that 0 € W(A). If we choose f =0 and g € Hy with lgll =1, then (0,9) " € D(A) and Remark 3.3
shows that —(Dg, g) € W(A).

(ii) The second equality in (14) is immediate from (i). The inclusion (13) implies that
inf (ReW(A)) < —, cf. Remark 3.1; the opposite inequality follows since for A € W (A), by
Remark 3.3, there exists g € H% with [|g|]| < 1 such that either A =0 > —v if g = 0 or else, if
970,

Re<D97g>H7%><H% Re(Dz,2)m xHy

> — sup : =—7.
gl sy \{0} 12|

ReA = —|g||?

(iii) If Ap is a bounded operator in H, then 4 is a bounded operator in H 1 X H by Propo-

sition 2.2 and so W (.A) is bounded. ) )
Vice versa, suppose that Ay, and hence Ag , is unbounded. Then, since H; is a core for Ag ,

there exists a sequence (gn)nen in Hy with ||g,| = % such that (Aégn,gn> — 00, n — 0o. For
n € N, we set )
14, °gn if Im(Dgp,gn) =0,
Foi=19 . Im(Dgn, gn)

_1
lm AO 2 gn otherwise.

Obviously, || fll%;, + llgnll* = 1 and, by (A3), (fn,gn)" € H1 x H; C D(A). From Remark 3.3

we deduce 2

fn fn _(_ % o Im<Dgn>gn>
fm <“4 H ’ H >Hle‘ ( 2on, Ao gny — |Im{D g"’g"”) T (Dgor, o)

if Im(Dgy,, gn) # 0 and

(A ] 2] =2l A

if Im(Dgy, gn) = 0, which shows that the imaginary part of W (.A) is unbounded.



The last claim follows from Remark 3.3 if we use that Ay bounded implies D bounded and
1 1 1 1 1
that in (12) we can estimate [2(Ag f, Agg)l < 21 AG l[I1f 1, llgll < A ICLANZ, + gl*) = 1451
2
and [Im(Dg, g)i_, 11, | < [Tm D|[lg]|* < [[Tm DJ. O

The following example shows that the numerical range W (.A) may indeed fill the entire closed
left half-plane.

Example 3.5. Let H = (2(N), N= {1,2,...}. The operator
D(A0) i= {(@n)ner € ) | (nza)ncrs € )},
Ao(xn)nEN = (nxn)nENv (xn)TLEN € D(AO)?

satisfies (A1) and H% = {(zn)nen € C(N) | (nan)nen € £2(N)}. Then the operator

D(In)TLGN = ((1 + (—1)")n:pn)n€N7 (xn)TLEN € H% 5

satisfies (A2) and (A3). As usual, we denote by e; := (J;j)ien, j € N, the sequence of unit vectors
in /2(N). Then, clearly W(—D) = (—00,0] and hence (—o00,0] C W (A) by (13). Moreover, for

n €N,
1 1 o1 1
[272(2n + 1) 2 62n+1HH% = 1272 eanial| = —=,

1
\6 )

S

and, by (12) since Degpy1 =0,

1 1 1 1
A 272(2n+1)72 egp41 272(2n+1)"2 g1
1 ) a1
+i27 2 €on+1 HixH
3
+i

+i272 egpy
= BT (V2n+1egpi1,V2n+ legnyr) = (£i)v2n+1 — +ico, n— .
mn

Altogether, the convexity of W (.A), see e.g. [22, Theorem V.3.1], implies that W (.A) is the entire
closed left half-plane,

W(A) = {\ € C | Re < 0}.

Due to the spectral inclusion property (8), estimates for the numerical range yield estimates
for the approximate point spectrum. For the spectrum of A, we obtain the following.

Corollary 3.6. The spectrum of A satisfies the following inclusions:
(i) 0(A) C {z € C\ {0} | Rez < 0};
(ii) if v<oo and there is Ao € p(A) with ReXg < —v, then o(A) C {z€C\ {0} | -y <Rez<0};

(iii) if v < o0 and p > 0, then o(A) C {z € C\ {0} | =y < Rez <0, |Imz| < % + HImDH},
and the same inclusion holds if v < oo and § > 0.

Proof. By Proposition 2.2, we know 0 ¢ o(A). Thus, by Proposition 3.4 and Lemma 3.2, in all
claims it suffices to prove that o(A) C W(A). As W(A) is convex, the set C\ W (A) consists
of one or two components. By [22, Theorem V.3.2], if a component Q of C\ W(A) contains a
point \g € p(A), then Q C p(A). Since 0 € p(A) by Proposition 2.2 and p(.A) is open, we always
have {z € C | Rez > 0} N p(A) # 0 and thus (i) follows. The assumption in (ii) ensures that
also {z € C | Rez < =y} N p(A) # 0. By Lemma 3.2 the assumptions in (iii) guarantee that A

is bounded which implies that o(A) C W(A) and hence the claim follows. O




Remark 3.7. Corollary 3.6 provides an alternative proof for the fact that o(.A) is contained in
the closed left half-plane, see Remark 2.3.

If the operator D has some sectoriality property, then the numerical range of A is contained
in some parabolic region, as the following result shows. We point out that the numerical range
cannot lie in a sector with corner 0: recall from Proposition 3.4 (i) that 0 € W(A). Thus 0 being
a corner of W(A) would imply 0 € o(A), cf. [26], a contradiction to Proposition 2.2.

Proposition 3.8. Assume there exists k > 0 such that

|IIn<l)z,Z>H1 xH ’ < kRe(Dz,z)Hl «xH 1, ZE€ H% . (15)
37 -3 37 3
If 6 > 0, then

g(A) CcW(A) C {)\ € C| —y <ReX <0, |ImA| < k|Re\| + 2\/%\R€A| } . (16)

Proof. Proposition 3.4 (i) implies W(A) C {A € C | —y < ReX < 0}. By Remark 3.3, we have
A € W(A) if and only if there exists (f,g)" € D(A) with |||}, + Ilg]/* = 1 such that
2
RGA: _Re<Dgag>H7%><H%7 (17)
A = —2Im(f, ), — Im(Dg, 9)m_y x, (18)

If 6 >0, then [|g]|%, < %Re(Dg,g>H7%xH . Using this estimate, HfHH%S 1, (17) and (18), we find

Nl
(ST

| < 20flliy gl +110(Dg, gy

5 xH

1
=24/ 5|Re)\\ + k|Rel[,

1

_1 1
2 2

which proves the inclusion for W (A) in (16). This and the convexity of the set W (.A) ensures
that the complement C\ W (.A) has only one component, in both cases v = oo and v < co. Now

the inclusion o(A) C W(A) in (16) follows from [22, Theorem V.3.2] in the same way as the
inclusion in Corollary 3.6 since we know 0 € p(A). O

4 The quadratic numerical range (QNR) of A

In this section we establish new spectral enclosures for the operator A in (6) by means of the
so-called quadratic numerical range. The latter is defined for operators in a product Hilbert
space Hi X Ho that admit a matrix representation with respect to some decomposition of the
space, i.e. that have a domain of the form D; x Do with dense subspaces D; of H;, i =1, 2.

In general, such a decomposition of the domain of the operator A in (6) requires stronger
assumptions on D; e.g. if D maps H1 even into H, then D(A) = H; X H% Under the weaker

2

assumptions (A2), (A3), HixH; C D(A) is a core of A by Proposition 2.2 and so the quadratic
numerical range of the restriction A|g, x, is defined as follows, see [32, Definition 2.5.1].



Definition 4.1. For (f,g)" € Hy x H; C D(A), f,g # 0, let

<ga f>H1
S VPR
H.l|9
Apg = 3 € My(C).
Pl (Aofg) (Dg.g)
£ 1Lz, llg] lgl?
The set of all eigenvalues of all these 2x2 matrices Ay g,
W2(~A‘H1xH1) = U op(Afg) = U op(Afg),
(f.9)7 € HixHu, (f.9)T € Hix Hu,
f,9#0 ||f||H%=H9H=1

is called the quadratic numerical range of the operator matrix A|g, xm, in H1 x H.
2

Remark 4.2. The following equivalent description of W?2(A|y, x g, ) is useful, see [32, Proposi-
tion 1.1.3]. For (f,g)" € Hy x Hy with f,g # 0, set

(Dg,g) 190yl

A(f,g:A) = 5, lgl? det(Apg=A) = [fll7r, lgll® | X° + A sz |- (19)
} } gl 111, llgll
2
Then
WQ(A|H1><H1):{)‘€C|El(fvg)TEHlx-Hb f’g#OA(f’gaA)ZO} (20)

The quadratic numerical range is either connected or consists of two components; thus it is
in general not convex, and even its components need not be so (see e.g. [25], [32, p. 4/5]).

An important property of the quadratic numerical range is that it is always contained in the
numerical range. Together with Proposition 3.4, we obtain:

Proposition 4.3.
WQ(.A|H1><H1) C W(A|gyxm,) CW(A) C{z€C|—y <Rez<0}.

Proof. The first inclusion was proved in [32, Theorem 2.5.3], the second one is obvious, and the
third one was shown in Proposition 3.4 (ii). O

In general, the quadratic numerical range may be considerably smaller than the numerical
range. The next proposition shows that the extreme points of their real parts are the same.

Proposition 4.4. If dim H > 1, then
W(=D) U {0} € W2 (Al xr1,) N W (A) (21)

and hence

inf (Re WQ(A|H1X1{1)) = —, max(Re WQ(A\Hlel)) = 0. (22)

Proof. Since dim Hi,dim H > 1, the numerical ranges of the diagonal elements of A|, x 1, , i-€.
2
of the zero operator 0 in H1 and of D : H — H with D(D) = Hj, are contained in W2(A|g, 1, )

2
by [32, Theorem 2.5.4]. This together with Proposition 3.4 (i) proves (21).
The claims in (22) follow from (21), Proposition 4.3 and Proposition 3.4 (ii). O
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5 The spectral inclusion property of the QNR

In this section we establish the spectral inclusion property of W?2(A|g, x#,) under our standard
assumptions (A1)—(A3). To obtain inclusions for the spectrum of A, we use that A = A|m,
by Proposition 2.2 and hence, see e.g. [32, Lemma 2.5.16],

0p(A) Coup(Alayxm,),  Tap(A) = Tap( Al xH,)- (23)
Theorem 5.1. We have
UP(A’H1><H1) C WQ(-A’H1><H1)7 UGP(A’H1><H1) C W2(A‘H1><H1)7 (24)
and hence
op(A) C WAy xm), Oap(A) C W2( Al <y )- (25)

Proof. 1t suffices to prove the inclusions (24); the inclusions (25) follow from (24) by means
of (23).

The inclusion of the point spectrum in (24) was proved in [32, Theorem 2.5.9]. To prove
the inclusion of the approximate point spectrum, let A\ € o4, (A|m, xm,) = 0ap(A). Then, by
Proposition 2.2, A # 0, ReA < 0, and there exists a sequence ((fn,gn) Jnen in Hy x Hy with

{1 IR Rl | D
9n Hy xH n—o0 Jn HyxH
2 3
Then we have
”fn”%{l + ”gnH2 =1 (26)
and 2
|Aofn + Dgn + Agn|| = 0, n — oo. (28)

Without loss of generality, we may assume that
I E 2
a:= lim | fullz,
exists. Then b := lim, o0 ||gn|> = 1 —a, by (26). If a = 0, then (27) and (10) imply that b = 0,

a contradiction to b = 1 — a. Hence we have a > 0.
Now we consider the sequence of polynomials

_Z<fn7fn>H1 <gn’fn>H

A(fnagm Z) = det 2 2
_<A0fnagn> _<Dgnagn> - Z(Qn,Qn)

, z€C, neN (29)
By (27) we obtain

<gnafn>H :nlggo<)‘fn7fn>H = Aa. (30)

am } )
It follows that limy, o0 (Ao fn, gn) = Aa. Note that (gn)nen is bounded in H by (26). Thus, using
(28) and the definitions of a, b, we deduce that
lim (Dgy, gn) = — lim (Agfn + Agn, gn) = —Aa — Ab. (31)
n—oo n—oo

Then, by (29), (30) and (31), it follows that

—za Aa

A(fn, gn; - = = A
(Frogmi2) > det| < <Ly

11



uniformly for z in compact subsets of C. It is easy to see that A(\) =0 and A # 0 since Aa # 0.
Hence, by Hurwitz’ theorem (see e.g. [10, Theorem VII.2.5]), for every € > 0 there exists N € N
with the property that, for n > N, the quadratic polynomial A(fy,gn;2) has a zero z,; € C
with 2,1 — A| < e. Since 2,1 € W2(A|m,xm,), it follows that A € W2(A| g, xm, )- O

Proposition 5.2. If, in addition to the assumptions (A2), (A3), the operator D maps the space
Hi into H, then )
’ op(A) = op(Almxi,) C W (AlbxH,)- (32)
Proof. By Theorem 5.1, we only have to prove the first identity. If D maps H: into H, we
2
have D(A) = Hy x H1. Since an eigenvector (f,g)" € D(A) = Hy x H1 of A at an eigenvalue
2 2
X € 0,(A) satisfies
_>\f + g = Oa
we see that also g € Hy, and op(A) = 0p(A|H, x 1, ) follows. O

Remark 5.3. The stronger assumption in Proposition 5.2 is satisfied if e.g. D = Ag for some
0 € (—o0, 1]

The following inclusion of the spectrum is immediate from Theorem 5.1.

Theorem 5.4. If a component Q of C\ W2(A|p, «xm,) contains a point g € p(A), then Q C
p(A); in particular, if every component of C\ W2(A|g, xm,) contains a point Ao € p(A), then

U(A) C WQ(A|H1 ><H1)'

Proof. The claim follows from Theorem 5.1 and the fact that the boundary of the spectrum
o(A) belongs to oqp(A), see e.g. [12, IV §1.10]. Alternatively, it follows from Theorem 5.1 and
the fact that the mapping A — dim R(A — A\)* is locally constant, see [22, Theorem V.3.2]. [

6 Uniformly accretive and sectorial damping:
estimates for QNR and spectrum

In this section and the next we show how special properties of the damping operator D such as
uniform accretivity and sectoriality are reflected in the quadratic numerical range W2(A| g, x a1, )-
As a result we obtain new bounds on the spectrum of A which improve the bounds by the
numerical range, see Proposition 3.8, considerably.

In particular, we show that the spectrum may have a gap around Rel = —g if § > 0; in
this case, D is uniformly accretive with inf (Re W (D)) = B > a3é > 0, see (9) and (11). Note
that the spectral free strip has to lie between —3 and 0 since W (—D) C W2(A|g,xm,) by (21).
We also show that, unlike the numerical range, W?2(A| g, xmr,) may lie in a sector with corner 0
even though 0 ¢ o(A) since the zero operator on the diagonal of A has 0 in its spectrum, cf.
[26, Theorem 3.1].

Theorem 6.1. Suppose that § > 0 and hence 8 > 0, so that D is uniformly accretive. Then,
o(A) C { e C|ReA <0, [ReA| ¢ I, [ImA| < ho(|Re|)}

where Iy is a (possibly empty) interval centred at g, given by

0 if Bd <4,
fo= <§(1— 1-4 ). 3 (1+ 1—5@)) if 86> 4, (33)



and

B8t )
FE— <
ho(t) - 55 2, 0<t<p, t¢ly,

00, p<t<oo;

in particular, if 86 > 4, then A has a spectral free strip around Re\ = —g,

c(A)N{XeC|ReA €I} =0.
If v < 0o and there is a Ao € p(A) with Re\g < —v, then o(A)N{\ € C|ReA < —v} = 0.

Proof. If we show that W?2(A|w,«xm,) \ {0} satisfies the asserted inclusion, then so does o (A)
due to Theorem 5.4, the fact that 0 € p(A) by Proposition 2.2 and that hg is bounded on the
subinterval in [0, g] where it is defined with ho(0) = 0.

Since Re W2(A|p, xx,) < 0 it suffices to consider A € W2(A|py, xn,) with —3 < ReX < 0.
By Definition 4.1, there exists (f,g)" € Hy x Hy, ||f||H% = |lg|| = 1, with

0=det(Azg =) = A+ (Dg,9)) +[{f, 9)u, |* (34)
D
Together with [(f, g}, |* < [lgl|F;, < Re(dg,g>’ this implies that
2 2
1 Re(Dg,g) 1
S 2Re= — S (L U
Re(Dg, ) = ~|(f,g)um, | Res, = Red < (Z2 525 55 4 1) [Re|

and hence 1 1 1

< .
ReAl = 3]AR " Re(Dg,)
Using this estimate and Re(Dg, g) > 8 > |ReA| > 0, we obtain

1 1 1 -1 1 1 IN-1 1 B|Re)|
2 i mA2 = N2 < = — <s\mo 3 T s oman
[ReA[? + [ImA* = [A[* < 5(|RGA| Re<Dg,g>> = 6(|Re)\! 6) 08— [ReAl’

which proves the claimed spectral inclusion. Note that, if 50 > 4, then estimating the left hand
side above further by |ReA|?> < |[Re)|? + [Im\|? yields that |Re)| must satisfy the inequality

|[ReA|(B — |ReA|) < % or, equivalently, ||Re\| — g ’> (g)z(l - %) > 0.

The last assertion follows from Proposition 4.3. O

Theorem 6.2. Assume there exists k > 0 such that

Im(Dz, z)| < kRe(Dz,z), z¢€ Hj. (35)
(i) If B> 0, then
o(A) C {A € C|Rex <0, |ImA| < hi(|Re)|)} (36)
where h; : [0,00) — [0,00] is given by
fzm,ogt<§,
hi(t) :==<{ 75 5 2 (37)
00, 3 <t < oo

if v < 0o and there is a Ao € p(A) with Rehg < —7, then
o(A) c {AeC|—y<ReX <0, |Im)A| < hi(|ReA|)}.
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(ii) If p >0, then

o(A) c {r e C| —y <ReX <0, [ImA| < hi(|ReA))} (38)
where hi : [0,00) — [0,00) is given by
hii(t) = kut, k2= 52 + k22_1 + \/(52 + k22_1>2+ k2, (39)
with k,, € [0,00) satisfying k < k, < \/@.
(iii) If 0 > 0, then
o(A) C { e C| —y <ReX <0, [ImA| < hsi(|Re)|)} (40)

where hg; : [0,00) — [0,00) is defined by hyi(t) being the largest non-negative solution y of

(4 + )y~ k) = Sty (41)

which satisfies the estimates

1 kt kt\2 2t 1 /2t
< Rz < mi - — — — < 1 — — .
kt < hy;i(t) mln{kt—l— ) + (2) + 5 }kt+m1n{5, 5 }, te[0,00). (42)

Remark 6.3. (a) If k& > 0, then the function p — k, is strictly decreasing on (0,00) from a
pole at = 0 to lim, o0 ky = k; for k = 0, it is strictly decreasing on (0,2) and equal to 0 for
w2,
2 1 12 1 H-1, 0<p<2,
kﬁzﬁf,+72f,‘: w2 K if k = 0. (43)
pe 2 ps 2 0, p>2,
Note that, in general, k, = k if and only if k = 0 and p > 2.
(b) The spectral enclosure (40) by the quadratic numerical range in Theorem 6.2 (iii) is
better than the one by the numerical range in Proposition 3.8; indeed, the term +/ % in the last

upper bound for hy; in (42) is better than the corresponding term there by a factor of V2.

Proof of Theorem 6.2. If we show that W2(A|y, «xx,) \ {0} satisfies the asserted inclusions, then
so does 0(A) due to Theorem 5.4, the fact that 0 € p(A) by Proposition 2.2, and hy(0) = 0 for
ke {i,i, iii}.

Let A € W2(A| g, xm,) \ {0}. Proposition 4.3 implies that —y < Re < 0, so we only have to
show the estimates for ImA. Further, we can assume that ImA # 0 since all enclosing sets contain
{t e R| —y <t < 0}. By Definition 4.1, there exists (f,g)' € Hy x Hy with 1 flle,,, = llgll =1
such that (34) holds. Dividing by A and taking real and imaginary parts, we obtain

2

Re(Dg,g) — (W‘g;f/' + 1) Real m
2

Im(Dg, g) = (W - 1) TmA. (45)
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Since in all cases § > 0 and hence Re(Dg, g) # 0, (44) implies Re\ # 0 and hence we conclude

Im(Dg,g) _ Re(Dg,g) , _ Re(Dg,g) — 2|Re) (46)
ImA |Re| |Re| ’

Re(Dg,g) Im(Dg,g) _ </, >H1/2| (47)
|Re)| ImA\ |\

(i) Assume that |Re)| < g By (44) and the definition of 5 in (9), we have

Wl | RelDog) | s
| A2 [ReA| 7~ |Re)|

Then, from (44), (45), (35) and the above estimate it follows that

(>2).

[(f9)m, )y |2
[m)[ _ [Im(Dg,g)| — e 1 1 PYNE
Re\|  |Re(Dg,9)| ‘<f7g|>)\H21/2|2 - 1‘ T 2<|<f,g|>/\;121/2|2 N 1)—1 -1 %]Re)\‘ .

(ii) By (44) and (45) we obtain

<R<Dgg>) . (Im<Dw>> o9,
ReA ImA\ o A2 :

AP

(Re(Dg, g))2’
2
AP AP (Im(Dg.g)\* _ (1 9)m
[ReAl?  [ImA]2 \Re(Dyg, g) Re(Dg,q) | -
Using HfHHl/2 = ||lg]| = 1 and the definition of x in (9), we estimate ’<f79>H1/2‘ < ”g”Hl/2 <
%R€<Dg, g). Thus from the sectoriality of D, i.e. from (35), it follows that

Multiplying this identity by we infer that

e AP RN, NP PP, 4

[ReA|2  |ImA|? [ReA|2  |[ImA]2° — p?’
Henee ImA2 / [TmAf2 4

m m

+1-k* - k2 <0.
[ReA|? <Re/\\2 It )

The latter is a quadratic inequality for Ig;i{z If we note that 1 — k2 — #— —2( >+ kz_l) we
see that this inequality is satisfied if and only if H;ni"z < /-c2 due to the deﬁmtlon of k2

The inequalities for k, are not difficult to check: for the lower bound we note that k2
is strictly decreasing in p and lim, k? = k?; for the upper bound we use the 1nequahty

(Z+57)"+ k2 < (& + 5%

"

I 2
(iii) Multiplying (47) by w, we conclude that
9,9
Im(Dg, g) [(f, 9>H1/2|2
A (ImA + =——=270Re)| ) = 2———2_|Re\| Im .
AP (12 + 5Dy, RN) = 2 ey gy 1R
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From the sectoriality of D, i.e. from (35), the inequality |(f, 9)u, ,, |2 < HgH2 ,» and the definition
of § in (9), it follows that

2
AP (|ImA| — k[ReA|) < Z[ReA||ImA|,

which is satisfied if and only if [ImA| < hsii(|ReA|) by definition of hjj;.

The three upper bounds for hy; in (42) are not difficult to check: for the first bound in the
first inequality we use the estimate 2ty < t> 4+ y? on the right hand side of (41), while for the
second bound in the first inequality we use y? < (2 +t2) on the left hand side of (41); the very
last bound is obvious. O

Remark 6.4. By means of a different method, the spectral inclusion of Theorem 6.2 (i) was
also shown in [20, Theorem 4.2], while Theorem 6.2 (iii) improves the corresponding statement
of [20, Theorem 4.2].

Note that due to (11), © > 0 implies 8 > 0, and 6 > 0 implies g > 0 and thus 5 > 0.
Therefore if, in Theorem 6.2, (ii) applies then so does (i) and if (iii) applies, then so do (i)
and (ii).

In the following Proposition 6.5 we work out the precise form of the corresponding intersec-
tions of the bounding sets in Theorem 6.1 and Theorem 6.2 (i), (ii), and (iii).

Figures 1-4 below illustrate how the spectral enclosures by means of the quadratic numer-
ical range (red for colour online/pdf version, dark grey for black and white print) compare to
those obtained by means of the numerical range (in light grey) and how the enclosures improve
successively for the cases 5 >0, u >0, 6 > 0, and 50 > 4.

Proposition 6.5. Suppose that condition (35) holds and define

B k B ‘ S
Aiji 1= 5 (1 - k#) € [O, 2}, if >0 (which implies §>0),
2
p 8w
1 k, >k,
A jii 1= 25( + ku) {2 ) ) K if >0 (which implies p>0 and §>0).

0, k,=k=0,
Then the spectrum of A satisfies the following inclusions:

(a) if u >0 (and hence > 0), then

1
27kz|Re)\\, 0<|Re)\|§)\i7ﬁ
o(A) C{AEC|—y <ReA <0, [ImA| <{ 1—5[Re)| :

ku|Re|, Aii <|ReA[ <y

1
27]{’1:{6)\‘, |Re)\|€[0,/\iﬁ]
1= 2[ReA :
o(A) AT | —y<ReA<0, |[ReX| ¢ 1o, ImA[<{  FulReAl [ReAI€ (Aii, Aiiii) \ Lo,
ho(‘Re)\D, |R6)\|€IO7M\IQ,
hizi(JReA|), IReA| € [Aii,iii, )
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Figure 1: Figure 2:
Theorem 6.2 (i) with k=0.2, =4, u=0, Theorem 6.2 (i), (ii) with &k = 0.2, 8 = 4,
6=0. =21, 0=0; here \;;; = 1.04.
T1 -1
=2
Figure 3: Figure 4:
Theorem 6.2 (i), (ii), (iii) without Theorem 6.1 Theorem 6.2 (i), (ii), (iii) and Theorem 6.1
with £ =0.2, =4, p=2.1, § = 1.05; here with £k =0.2, 8 =4, p=2.1, 6 = 1.05; here
Aiii & 1.04, A jii &~ 3.10, see Remark 6.6. BE >4, k> % — 1, i & 1.04, A =~ 3.10,
Iy, ~ (1.12,2.87), Iy =~ (1.56,2.44), see Re-
mark 6.6.

Figures 1-4: Spectral enclosures obtained from W (A) (light grey) and
from W?2(A) (red for colour online/pdf version, dark grey for black and white print).
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where Iy, ho are as defined in Theorem 6.1, k,, hiyii are as defined in Theorem 6.2, and

0 if ki< g5-1,
lo, = ] 4 1 B 4 1 12 4
(2(1— 1‘%%)7?0* 1—%%> if K> A -1,

Remark 6.6. If the interval Iy, is non-empty, then Theorem 6.1 gives an improvement of
Theorem 6.2. This improvement is most substantial if even I is non-empty.

In fact, Iy # () if and only if 3§ > 4, see (33); in this case Theorem 6.1 yields a spectral
free strip for |Re\| € Ip which is not provided by Theorem 6.2 (ii). Further, Iy, # 0 if and
only if kﬁ > % — 1; in this case Theorem 6.1 yields a better estimate than Theorem 6.2 (ii) for

Independently of p, there is always an improvement if 3§ > 4 since then Iy # (). Similarly,
if 36 < 4 and k? > % — 1, then Iy, # 0 since k, > k due to Remark 6.3 (a); the same applies
if 860 =4 and k > 0. This is illustrated in Figure 4.

Depending on p, for 3, 0 fixed, the interval Iy, is decreasing for increasing p since k,
decreases, see Remark 6.3 (a). More precisely, since u? > £ by (11), starting from Iy 5 =

Iy o obtained from Iy, by replacing k, by its limit lim, , k, = k. For k£ > 0, we have
IO,,u 2 IO,oo 2 IO if k‘2 > % — 1,

where pg € (0,00) is the threshold where k‘io = % — 1. For k = 0, we always have Iy, = Iy,
and this interval is non-empty if and only if 3§ > 4; see also Theorem 7.2 (iii) and Figures 7, 8.

Proof of Proposition 6.5. A straightforward computation shows that, for ¢ € (0, g), we have
hi(t) < hi(t) if and only if t < 2(1 — ) = A

To compare the functions hj; and hj; we consider the equation (41) defining hyi(t) with y
replaced by hii(t) = k,t, which leads to the equation

2
(k% + 1)(ky — k)t = Shu- (48)
By definition (39), &, satisfies
4 4 4
0= ki(kiﬂ—k? - ?> R R ﬁki—kQ — (2 1)k —F?) - Ekﬁ. (49)

Therefore, if £, > k, we obtain a unique solution of (48),

i i = SR+ )k —k) o k226 k20

2 k,, _2k:#(k‘u+k)_u2k‘u+k_pﬂ(1+k)<,u
= 5,

and thus, in this case, hii(t) = 0 for all ¢ € [0, 00) and ;i 3 = oo.
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h(t) < hii( ) < hm( ) t e [0, Ai,ii],
h; 1(t) < mln{h ) m(t)}, te [/\i,iia Aﬁ,iﬁ],
hiii(t) < hii(t) < hi(t), t € [Nii,iii, 00)

Finally, if § > 0, we compare the enclosures of Theorem 6.2 with Theorem 6.1. It is not
difficult to see that, for t € [0, ),

ho(t) < hi(t) = kyt <= t€ Iy,

Since ﬁ < 1, it is obvious that Iy C Iy, and Iy, = Io if and only if k, = 0. By (49)

one obtains k% =,/1— %ﬁ; since p? > 9, it follows that Iy, = ()\1 iy Aii iii) if and only

if 42> = 5. Now the inclusion Iy, C ()\1 iy A iii) for pu? > Bd follows if we recall that I i
decreasing for increasing u, see Remark 6.6. O

7 Self-adjoint damping: estimates for QNR and spectrum

In this section we assume that the damping operator is not only sectorial but even self-adjoint,

1 1
ie. Ay ?DA,? is self-adjoint. In this case, it is known, see [33, Proof of Lemma 4.5], that the
operator A is J-self-adjoint, i.e. A* = JAJ with

1 0
0 —Iy 2

Hence the spectrum o(.A) of A is symmetric with respect to the real line, see [24, Satz 1.2]. This
property is reflected by both the numerical range and the quadratic numerical range.

R |
Lemma 7.1. Assume A,?DAy? is a bounded self-adjoint operator in H. Then W (A|m, xm,)
and W2(Alpg,xn,) are symmetric with respect to the real line, and hence so are W(A) =
W (A|g,xm,) and W2(A|g, xm,). Moreover, o(A) C W2(A|g,xH,)-

Proof. We have A € W (Alp,x ) if and only if there is (f,g)" € Hy x Hy with || f||F, +lg]* =
so that (12) holds. Clearly, (f, —g)" € Hy x H; and (12) shows that X is in W(.A];l X Hy)-

The symmetry of W2(A|g, <z, ) follows from the fact that, for self-adjoint D and (f,g)"
H, x Hy with ||f”H1 gl = 1, the polynomial det(As, — A) = A2+ X(Dg, g) + |(f, ) rr, |* has
real coeflicients and so its zeros are symmetric with respect to the real line. ’

For the next claim it remains to be noted that Hy x H; is a core (cf. Proposition 2.2) and
thus W(A) = W(A|m,xH,) by [22, Problem V.3.7].

Finally, let A € 0(A). Then either A € 0,,(A) and hence A € W2(A|g, xm,) by Theorem 5.1,
or A € 0,(A). In the latter case we obtain A € o,(A) C W2(A|g,xm,) by [5, Theorem VIL.6.1]
since A is J-selfadjoint. Hence A € W2(A| g, <, ) by the symmetry shown before. O

_1 1
Theorem 7.2. Assume Ay>DA,* is a bounded self-adjoint operator in H.
(i) If B> 0, then

=

o(A) C {AEC\Re)\g——}U [—g,o). (50)

[\)
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i) If 0 < p <2, then 8> pag >0 and
(ii) 1 [

B V4 — p? B .
o(A) C {)\ €C|ReA <~ Jim| < ¥ |Re)\|} U [—5,0), (51)
if uw>2, then
o(A) C (—00,0).

(iii) If § > 0, then B8 > dad > 0, o(A) \ R is bounded and confined to a part of a disk, and

o(A) C (—oo,—g} U{)\GC | —% <Rerx< D )\+%’ < %}u [—g,o); (52)

o 2’

if B0 > 4, then
o(A) C (—oo,—g(l—i- 1—;‘5” U [—?(1— 1—;“5),0)

If, in any of the above cases, in addition v < oo, then also

o(A) C [—7,%] U{AeC[—%ﬁRe/\<0}. (53)

1 1

Proof. The self-adjointness of A, 2D A, ? implies that Im(Dg, g) = 0 for g € Hy and hence (35)
holds with k£ = 0.

(i) The inclusion (50) follows from Theorem 6.2 (i) since k¥ = 0 implies hi(t) = 0 for all
telo,f).

(ii) If we use 8 > pag, see (11), and formula (43) which describes k, in the case k = 0, both
inclusions follow from part (i) and Theorem 6.2 (ii).

(iii) By (11) we have 8 > da2. Further, for k = 0, the equation (41) defining hy; reads

(y* + t%)y = 2ty. Thus, hi(t) = /3t —12 for t € [0, 2] and hy(t) = 0 for t > 2. Now both
assertions in (iii) follow from part (i), Theorem 6.2 (iii) and Theorem 6.1.

By Lemma 7.1 it suffices to prove the inclusion in (53) for W2(A|g, xm,) \ {0} in place of
o(A). Let A € W2(A|g,xm,) \ R. Then there exists (f,g)" € Hy x Hy with || f|lg, = |lgl| =1

such that (34) and hence (44), (45) hold. Using ImA # 0 and Im(Dg, g) = 0 in (46)§ we find

1 Y
ReA| = = (D <=
[ReA| = 5(Dyg,9) < 5
Then, by Proposition 4.3, we conclude that

W2(Alp, xr,) © [—7,—%] U{AeC[—%SRe)\<O}. O
Remark 7.3. We mention that, by means of a different method, the inclusions in (i), the second
inclusion in (ii), and the first inclusion in (iii) were shown in [19, Theorem 3.3], while (53) is an

improvement of a corresponding inclusion therein.

As in the previous section, due to (11), u > 0 implies § > 0, and § > 0 implies p > 0 and
thus 8 > 0. Therefore if, in Theorem 7.2, (ii) applies then so does (i) and if (iii) applies, then
so do (i) and (ii). The precise form of the combination of all inclusions is given in the next
proposition.

Figures 5-8 illustrate how the spectral enclosures by means of the quadratic numerical range
(red for colour online/pdf version, dark grey for black and white print) compare to those obtained
by means of the numerical range (light grey) and how the enclosures improve successively for
the cases 5> 0,0< pu <2, >0and 56 > 4.
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Figure 5:
Theorem 7.2 (i) with =4, p=0, 6 =0.

¢

Figure 7:

Theorem 7.2 (i), (i), (iii) with 8 = 4,
p=1568=04 here kj = § <5 =55 —1,
Iy = I, =0, so no improvement by Theo-
rem 6.1, see Remark 6.6.

Figure 6:
Theorem 7.2 (i), (ii) with § =4, p = 1.5,
0=0.

/

Figure 8:

Theorem 7.2 (iii) with 8 =4, § = 3; here
spectral gap in —Iy = —1Ip, = (—3,—1) by
Theorem 6.1, see Remark 6.6.

Figures 5-8: Spectral enclosures obtained from W (A) (light grey) and
from W?2(A) (red for colour online/pdf version, dark grey for black and white print).



11
Proposition 7.4. Let Ay DA, * be a bounded self-adjoint operator in H.

(a) If p>2, then
—00.0) if~N=
(A) (—00,0) #7 00,
[=7,0) if y<oo;
if, in addition, 6 > 0 (and hence > 0) with 86 > 4, then

(o300 50 i) ) e
S (N M (= B

(b) If 0 < pu < 2 (and hence 8 > 0), then

» {AEC’ﬂESRMS—g,mnMSVﬁZMH%M}UPgia if =00,
o C )
[—'y,—%} U{)\E(C | —%SRe)\S—g, |Im)\|§4M_'u2|Re)\|}U [_§’0> if v <oo;
if, in addition to 0 < p < 2, also § > 0, then
(o EJufpcer e ot
U{AGC—gzgmﬂg—g,mmwgVi?ﬂﬁmM}ngxg if =00,
N [ SEES ARSI AN
U {)\EC—/;;SRe)\S—g, ]Im)\\§4_'u2|Re)\]}U [—g, ) if v < oo, p? <6,
o |
U {)\E(C\—%gRe)\S—g, |Im)\|§4u_'u|Re)\|}U [—g,()) if 7 <00, u?>~d.

Proof. (a) The first claim for p > 2 is immediate from Theorem 7.2 (ii) and (53); the second
claim follows if we additionally use Theorem 6.1 and observe that v > 8 by (11) and hence
4
y>§@+,u—%>
(b) The first claim for 0 < p < 2 follows from Theorem 7.2 (i), (ii) and (53). It remains to

consider the case 0 < p < 2 and § > 0. First we determine if, for Re\ € (—%, —g], the boundary
of the sector in (51) intersects the circle (ReA + ) + (ImA)? = & in (52). The imaginary part

of boundary points of the sector equals ii"i_“ﬂRe)\] and so points A of the intersection satisfy
1\2 4 —p? 1
ReA+ ) ReA)? = — .
( eA+ 5 + 2 (ReA) 5

A simple calculation yields ReA = —’2‘—;. Observe that —% < —g—; < —g since p1 < 2 and p? > f36,
see (11). Now Theorem 7.2 (i), (ii), and (iii) implies all the claims for v = co. For v < oo, we
additionally use (53) and recall that v > 3 by (9); then —3 < —g, and it remains to note that

—min{%,1} < —g—; if and only if ;% < ~4. O
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8 Application: Small transverse oscillations

of an ideal incompressible fluid in a pipe
The small transverse oscillations of a horizontal pipe of length normalized to 1 carrying a steady-
state flow of an ideal incompressible fluid are described by

9%u 0? 0%u 3u 0%u
— +— |F K =
o " 92 { +C } 8 Bor

— 0, re (0,1), t>0, 54
or? or2ot (0.1) (54)
see e.g. [30]. Here u(r,t) denotes the transverse displacement at time ¢ and position r, and E,
C, K are positive physical constants. The last term on the left hand side of (54) is called the
gyroscopic term. If the pipe is pinned at both endpoints, the boundary conditions

0u 0%u

5z =0 u=0 F5 =0 (55)

r=0 r=1

u‘r:(] =0,

have to be imposed at any time ¢ > 0.
The partial differential equation (54) with boundary conditions (55) is a second order problem
(1) in the Hilbert space H=L?(0,1). Here the operator A in H is given by

d4
drt’

where H*(0,1) is the fourth order Sobolev space associated with L2(0,1). Clearly, A satisfies
assumption (A1), Ay 1 is a compact operator, and

Ag=ES1. D(Ay) = {z € HY0,1) | 2(0) = 2(1) = (0) = 2"(1) = 0},

A

[=INIE

2 1
_ 7\@%, Hy = D(4F) = {= € B*(0.1) | 2(0) = 2(1) = 0},

with inner product and norm on H: given by
2

(z,0)m, = B, l2lf, > BExtll2l®, 20 € Hy, (56)
2 2

i.e. ag = VEn?. The damping operator D defined as

d4 d C d

is bounded and maps D(Ap) into H. Moreover, for z € H 1

N

C C
Re(Dz,2)n_y <y = C(",2") = EHZH?{% > ﬁWQHZlIH%HZII > |||, (57)
Thus assumptions (A2) and (A3) hold as well. However, D is not self-adjoint due to the first
order derivative coming from the gyroscopic term in (54).
From (57) we obtain the following information on the constants in the spectral enclosures in
Theorem 6.2 which were defined at the beginning of Section 3.

Proposition 8.1. For the operator D, we have

C C
/BZCTr47 Y = o0, 5257 H:ﬁﬂja
and one can choose
b K
- Cn3



\FTF
holds everywhere if we choose z = zy where zo(t) = sm(wt), t € [0, 1], is the eigenfunction of A?

corresponding to its smallest eigenvalue 72v/E, the equalities 3 = Cr?, u = %772 follow.

Proof. From (57) we obtain 8 > Cr*, v = 00, § = & and > 2. Since in (57) equality
1

To prove the last claim, we let z € H 1 and estimate
121 = (2, ') = —(", 2) < 2" l[|=])-

Using this estimate, ||z|| < Z;||2”|| and (57), we conclude that

K
‘Im (Dz,z)m L xH) ‘ fK} 2 z) ‘ <K|]z”||1/2H H3/2 3HZ”H2 = ——Re(Dz,2)g ,xm,.- O

Cm3

Nl

_1
2

Theorem 8.2. The spectrum of the operator A given by (6) associated with the boundary value

problem (54), (55) satisfies the inclusion
> (5) (1- %) TmA| < h(|Re)\])}

U(A)C{)\E(CRe)\<O,

where

( kt
57 0<t< A,
1-— Bt
ht)=q [B t
5Bt 2, A <t < i
hiii(t), Aiiiii < ¢ < 00,
with k,,, hii as defined in Theorem 6.2, Ai;; = g(l — %), Aii il = 5(1 + %), and the constants

B, 0, u, k as defined in Proposition 8.1; in particular, there is a spectral free strip if 50 > 4,

Rea(Am(—W‘(H - ) Cn’ <1_ 2 )) 0 2/E

2 C2rt 2 C2rt
Proof. All claims follow from Proposition 6.5 and Remark 6.6 if we note that here 36 = u?

|ReA| ¢ Io is obtained by inserting the constants from Proposition 8.1 into (33). O

Example 8.3. For the physical constants

E=25 C=1, K=14
one can compute that
>‘i,ii ~ 19.859, )\ii Jii ~ 7. 550

the corresponding spectral inclusion in Theorem 8.2 is displayed in Figure 9. Note that here
Theorem 8.2 does not yield a spectral gap since C' = 1 < 10/7% = 2/E/x2. If we increase C' to

the critical value 2vE / 772, i.e. if we choose

1
E =25, C:—g, K = 14,
T

then
Aiii & 19.852, i iii A2 78.844;

Figure 10 shows the corresponding spectral inclusion in Theorem 8.2 right before the opening
of the spectral free strip.

Acknowledgements. The second author gratefully acknowledges the support of the Swiss
National Science Foundation, SNF, grants no. 200020.146477 and 169104.
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Figure 9: Figure 10:
Example 8.3 for physical parameters E =25, Example 8.3 for physical parameters E =25,
C=1,K=14. C=3% K=14.

Figures 9, 10: Spectral enclosures obtained from W (A) (light grey) and
from W?2(A) (red for colour online/pdf version, dark grey for black and white print).
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