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1 Introduction and Main Results

The aim of this paper is to investigate spectral properties of second order el-
liptic operators with measurable coefficients. Namely, we study the problems
of LP-independence of the spectrum and stability of the essential spectrum.

The problem of LP-independence of the spectrum for elliptic operators
has a long history going back to B. Simon [30] where the question was posed
for Schrodinger operators. The main breakthrough was made by R. Hempel
and J. Voigt [14] who answered the question in the affirmative for the case
that the negative part of the potential is from the Kato class. This result
was a starting point for many extensions in different directions [2, 9, 10, 15,
17, 25, 26, 27| (the list is by no means complete).

Most of the results deal with cases when the operators are selfadjoint in L2
and can be defined in all LP, 1 < p < co. Under these conditions an abstract
approach based on a functional calculus was developed by E.B. Davies [9].
In [26] LP-independence was established for the Schrédinger operator with
form bounded negative part of the potential. In this case the operator exists
only in LP for p from a certain interval around p = 2. The ideas from [26]
were put in a more general context in [25]. Further progress was made by
Yu. Semenov [27] who treated selfadjoint elliptic operators with unbounded
coefficients, adapting the method from [26]. In the non-symmetric case the



best result known so far is proved in [17] under assumption of a Gaussian
estimate using ideas from [2].

In the present paper we treat second order non-symmetric divergence
form elliptic operators with unbounded coefficients in the main part as well
as unbounded lower order terms. Such operators generate C-semigroups on
LP for p from an interval. The semigroup does not map L' into L* and,
as a result, does not enjoy any pointwise Gaussian estimate. All known
approaches break down for this case. In order to treat it we develop a new
approach (as discussed below and in Section 5) which inherits ideas from
[26], [25], [27].

The paper is organized as follows. In this section we describe the frame-
work and state the main results. Their proofs are delegated to the three
subsequent sections. In Section 5 we discuss further applications and ex-
tensions of the results. Some auxiliary propositions and technicalities are
collected in Appendices A, B and C.

In the course of the paper we use the following notation. €2 denotes an

open subset of R (d > 1), || - ||, the norm in L := LP(Q), L the set
of bounded measurable functions with compact support. (-,-) is the inner
product in L2 = [, f(@)dz, || - |[—q is the norm of a linear operator

acting from LP to Lq D(A) denotes the domain of an operator A, Q(A) the
domain of the associated quadratic form (in L?), | is the sign of restriction.
Our main abstract result on LP-independence of the spectrum is con-
tained in Theorem 1. To formulate it we need the following notion (due to
Yu. Semenov [27]). We say that a function ¢ : Z¢ — R% is L'-regular, if

sup Z e~ 1P(R) =¥ —. My < oo.
keZdjezd

A function ¢ : R — R? is called L'-regular, if it is Lipschitz continuous
(i.e. uniformly Lipschitz continuous) and 1 |z« is L'-regular. Equivalent
descriptions are given in Appendix A.

Theorem 1. Given 1 < p < ¢ < oo let T, and T, be closed operators in
LP(Q2) and L1(2), respectwely. If there existe > 0, C' < 00, A\g € p(T,)Np(1,)
and a L'-reqular function ¢ : R — R? such that

(i) (Mo —T,)7 %, (Ao —T,)"" are consistent,
e. (Mo — Tp) M eare= (Mo — Ty) " I iwrre,

(i1) ||ew Mo —T1,)” le=¢¥ Loo||pqq C for all £ € R?, €] <

then o(T,) = o(T,), and (A —T,)"", (A= T,)~" are consistent for all \ €
p(Ty) = p(Ty).



Remarks. 1. Although the theorem is stated for arbitrary closed operators
T, and Ty, in the following we only consider the case when they are generators
of consistent Cy-semigroups. Note that condition (1) is trivially fulfilled in
this case for large Ag.

2. We call condition (ii) the “weighted” resolvent estimate. It is ful-
filled, for instance, in case of the validity of a Gaussian estimate for the
corresponding semigroup, with ¥(x) = x (see details in Section 5).

3. It is an obvious but important observation that condition (ii) carries
over to generators of semigroups which are dominated by e~'T».

Now we pass to our main application of Theorem 1, namely to second
order elliptic operators. First we introduce the framework.

Let a : Q — R?®@ R? be a matrix-valued measurable function, b : Q —
R? be a vector-valued measurable function, V :  — R be a measurable
function.

Consider the second order formal differential expression

d d
T=-VaV+b-V+Vi==Y Ojaupde+y bd;+V.
j=1

Jik=1
We assume that the following conditions on the coefficients are satisfied:

Assumptions on a.

Al. aj; € L,.(Q) and aj = ay; for 1 < j, k < d.

loc

A2. a is strictly elliptic, i.e. a(x) > ol in matrix sense, for some ¢ > 0 and
almost all z € Q.

Let a be the following sesquilinear form in L?:

au,v] := (Vu,a- Vo) := /Q Z ajk(ﬁ)ag;? aga(;j)dx, D(a) := C(2).

J,k=1

It is well-known that the form a is closable in L? and, without additional
assumptions on €2 and a,, may have infinitely many closed extensions. We
confine ourselves to the ones which are Dirichlet forms. In particular, we
define the following extensions of the form a:

Tp :=a, the closure of a,

n[u,v] == (Vu,a- Vo), D(ty) :={u € WH(Q); (Vu-a - Vu) < oo},
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Ti == TN [D(r)> D(7i) == D(my) N Wm(Q)?

which represent Dirichlet, Neumann and intermediate boundary conditions.
These forms are Dirichlet forms (cf. [12]), so the associated selfadjoint

operators Ap, Ay and A;, respectively, generate Markov semigroups. Below

we denote by 7 one of the above forms and by A the associated operator.

Assumptions on b and V.

In order to formulate our assumptions on the first order term we need to

introduce the function b-a=! - b := Zj 4y bjbra?® where a/* are the entries

of the inverse matrix a~!.

B. b-at-be L} (Q) and there exist 3, ¢(8) = 0 such that
b-a ' b< BA+ c(f) in the form sense.

V.V =Vt —V~—, V¥ > 0, VT admissible with respect to e (i.e.
D(T)NQ(VT) is dense in L?; cf. [31]),

V= < ~vA+ ¢(y) in the form sense for some 7, ¢(y) = 0.
FS. VB+v <1

The last condition ensures form smallness of the lower order terms with
respect to the main part of the operator. This in turn guarantees that the
form

tu,v] := T[u,v] + (b- Vu,v) + Vu,v), D(t)=D(r)NnQ(V™")

is a densely defined closed sectorial form in L2. By the representation theorem
(cf. [16], Ch. VI, Thm. 2.1) t is associated with an m-sectorial operator T
which generates a holomorphic semigroup e on L?. Let n:= 2 — /3. It
was shown in [18] (see also [28], Appendix) that

e T [L extends to a Cp-semigroup e e on LP
for p € [p_, = 4 , 4 and p € [s—2~,00) in the case
e I Yt Wg_h] (and p € [3=7,00)

v =0, 1ie. V™ bounded). It is positivity preserving, and also L*°-contractive

it V= =0.

Theorem 2. Let A be one of the operators Ap, A;, Ax defined above. In the
case A = Ay assume that Q satisfies the cone property. Let ¢ : R — RY be
L'-reqular. Assume that there exist constants co, ¢, such that the inequality

V(&) - a-V(E)) < a(A+VT) + e (1)

is fulfilled in the form sense for all £ € R?, |£] < 1, where the left-hand side
of (1) is to be read as a multiplication operator. Then o(T,) = o(T) for all
p € [p—,p+] (and forp € [ﬁ,oo) in the case v =0).
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A+V T appearing in condition (1) is the operator associated with the form
Tv[u,v] = 7[u,v] + (V*tu,v), D(rv) := D(1) N Q(V™T).

Remarks. 1. For the uniformly elliptic case (a;, bounded), condition (1) is
obviously satisfied with (x) = x. The aj are also allowed to grow to infinity
as VT does. Since 1 can be constant on compact sets, the aj, may have local
L'-singularities on these sets.

2. The result of Theorem 2 carries over to the case of divergence form
elliptic operators containing singular magnetic vector potentials and an ad-
ditional imaginary scalar potential. This follows from Remark 3 after Theo-
rem 1 (see e.g. [19] for the corresponding constructions).

3. The cone property for Q in the formulation of the theorem is needed
only to ensure the validity of Sobolev’s embedding theorem [1].

The next problem we are going to discuss is the stability of the essen-
tial spectrum, namely we will show that under quite general conditions on
the coefficients of an elliptic operator, its essential spectrum is [0, 00]. This
problem was addressed by M.S. Birman [7], M. Reed and B. Simon [23],
M. Schechter [24], D.E. Edmunds and W.D. Evans [11], R. Hempel [13],
E.M. Ouhabaz [21], and in [22] in a more general setting.

By the essential spectrum we mean here

Oess(A) :={A € C; A\ — A is not a Fredholm operator}.

With this notation, if (A — A)™' — (A — B)™! is a compact operator then
Oess(A) = 0oss(B) (see [16], Ch. 1V, §5.6).

In order to formulate our result we need to introduce the spaces IP(L?)
and co(L?) [8, 29]. We subdivide R? into the cubes

. I
Qi={reR%|r—jle <3} jeZ,

so that R? = |J i Qj, 1Qj| = 1. Let xx denote the characteristic function
of Qp. Define a mapping J, : Lj,, iy — (©(Z%) by Jof := ((Jof)(4)) ez,
where

(L)) = I [l

Then we say that f € (P(L9) if J,f € IP(Z%), with |||l = [|Tof]w-
Similarly, ¢o(L?) is defined as a subspace of I°°(L?) by: f € co(L9) if J,f €
Co(Zd>.

Note the following simple inclusions:

L? = P(L?) C ¢o(L?) C eo(LY),
CO(Ll) NL>® C Co(Lg)-

b}



Now we consider a more general operator, however acting on the whole
space RY. Namely, let a;x, bj,c;, V € 1°(L'), 1 < j,k < d.
Let tg be the form

(Vu,aVv) + (Vu, bv) — (cu, Vv) + (Vu,v) (2)

with D(tg) := C2°. We assume that tq is sectorial and closable.
Let t be a closed extension of to such that on D(t) W2 it is represented

by (2).

Theorem 3. Let T be the m-sectorial operator associated with t. Assume
that the following conditions are satisfied:

(Z) ba ¢, Ve CO(L2>7

(it) (a) D(T),D(T*) C W2,

(b) there exists a positive definite matriz a® € C? @ C? such that
a—a® € co(L?),

or

(ii') (a) a is symmetric and strictly elliptic,

(b) the form corresponding to the lower order terms b, c, V' is relatively
bounded with respect to the main part of to, with bound less than
one,

(c) there exists a positive definite matriz a® € C? @ C? such that
a—a® € co(Lh).

Then 0ess(T) = [0, 00).

Remark. If a is strictly elliptic (in the sense that Re) a;k&i&r = €|€)? for
some ¢ > 0) and the form corresponding to the lower order perturbations is
relatively bounded with respect to the main part of to, with bound less than
one, then tq is closable and sectorial, and condition (ii(a)) of Theorem 3 is

fulfilled.

Theorem 3 is a direct generalization of the main result in [21] and of Ex-
ample 1 from [13]. In the latter paper only selfadjoint operators are studied
while in the former one there is a requirement of ultracontractivity and the
conditions on the coefficients of the operator are much more restrictive. In
[22] E. M. Ouhabaz and P. Stollmann consider more general operators (with
0ess NOt necessarily [0, 00]). Applying their results to our operator leads to ad-
ditional restrictions. In both [21] and [22] unbounded coefficients are treated
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by an approximation method which requires strict ellipticity of the matrix
while the approach described here avoides this. In the case of Schrodinger
operators our result is not optimal, but we did not pursue generalizations in
order to preserve simplicity.

2 A general criterion of LP-independence
of the spectrum

In this section we prove our abstract criterion of LP-independence of the
spectrum, Theorem 1. In order to prove the inclusion p(7,) C p(7},) one
has to show that for A € p(T,) the operator (A — T,)~' can be extended to
a bounded operator on L. This is expressed in the following proposition
which is stated in a more general context.

Let E, F be Banach spaces. We assume that there exists a vector space
G, such that £ C G, FF C G and F N F is dense in both E and F. Let Tg
and T be closed operators in £ and F', respectively.

Proposition 4. Assume that there exists a Ao € p(Tr) N p(TF) such that
(Mo — Tg)™" and (Ao — Tr)™ ! are consistent, i.e. (Ao — Tg)™! lgnr= (Ao —
Tr) ' 1enr. Let X € p(Tg).

If (A —=Tg) ' [gnr extends to a bounded linear operator R € L(F), then
A€ p(Tr) and (A —Tr)™' = R.

Proof. For simplicity let \g = 0. By the assumption Bg := (A — Tg)Ty" =
MN'z'—1and Bp := (A\=Tr)Tz" = AT;"—1 are consistent bounded operators
and Bp is an isomorphism on E, B! = A(A —Tg) ™' — 1 extends from ENF
to a bounded operator on F. From this it follows that Br := (A —Tr)T5" =
MT-' — 1 is an isomorphism on F and that B;' and B,' are consistent,
which implies the desired conclusion.

Remark. In [2] Proposition 4 is proved for generators of Cy-semigroups.

The main tool needed for the proof of Theorem 1 is the following result

Proposition 5. Let 1 <p<r<s<qg<o0,e>0andy: RT — R be
L'-reqular. For a linear operator A : L2(Q) — L}, (Q) define

loc
[Allp—qe = sup{[|e*¥ Ae™ ]|, € € RE €] <} (€ [0, 00]).
(i) There exists C' = C(g,1) < 0o such that

[A]lr—s < C - [|Allp—ge-



(ii) Foreq < e we have ||All;—se < Cle —e0,9) - | Allp—qe-
(i1i) There exists c(§) = c(&;¢,) with ¢(§) — 0 (£ — 0) such that

e Ae™ — All, s < c(€) - [|Allp—qe  for all |¢] <e.

Remark. For ¢(x) = x assertions (i) and (ii) are due to G. Schreieck and
J. Voigt [26], (iii) is proved in [25]. For the case of L'-reqular 1 assertion (i)
can be found in [27]. Although the proof of the proposition for general 1) does
not differ substantially from the case () = x, for the reader’s convenience
we give the detailed proof below.

Note that for bounded €2 the assertion of Proposition 5 is trivial since
then L" is continuously embedded in LP, as well as L? in L°. In order to
prove the proposition for general €2 we subdivide €2 into the bounded subsets

1
Qii={reUlr—jle< 3} je,

so that Q = J; @, |@Q;] < 1. Let x; denote the characteristic function of Q.
For the proof of Proposition 5 we need the following simple lemma which is
a modification of Schur’s Lemma (cf. [34], Thm. 6.23).

Lemma 6. Let 1 <p<g< oo, A: LP(Q) — L},.(Q) be a linear operator.

Let K : Z¢ x Z* — [0, 00) be symmetric and such that

sup Z K(j, k) = Ckx < .
keZdjezd

Suppose that
IXkAX [p—g < K(ji k) for j,k € A

Then || All—q < Cic.

Proof. Recall from Section 1 the norm preserving mapping J,. : L"(2) —
I"(Z%) defined for r € [1,00] by (J,.f)(k) = ||xs.f]|,. For f € L we get

Jo(Af)(k Z||XkAX] Xif)llg < ZK% Nxifllp = Ik (Jp ) (k).

Here I denotes the operator on 19(Z%) defined by

(Ikg)(k Z K(j,k



This implies the estimate

[Af g = 1 9a(AN) e < N (Tpf)llia < [k lratal[ Ty f o

Since | T fllg < 1 Jpfllp = I f]lp it remains to show || Ix|[is—e < Ck. Forg=1
and ¢ = oo this is readily seen, so the assertion follows from the Riesz-Thorin
interpolation theorem.

Proof of Proposition 5. For x € Q; one has [¢(z) — ¢(j)| < Llz — j| < £Vd
(with L the Lipschitz constant of 1), hence ef¥@e=¢¥() L eléllv@)—v( il <
elelz v —; Cl¢|- (Notice that Clg — 1 as |{| — 0.) Therefore
sup €% < Cleet9), (3)
T€EQ;

Below we use the shorthand Ag for e¥Ae ¢ and denote | fllo,» == I|x;f]»-
Let j,k € Z¢ and f € L with supp f C Q;. Then we have

[Af s < ||6_§Ms€wf||@kq Cige " Age* £
< le\e stk ”AEHP qu f||p < C\5|€_w ke ||A€||pﬂq||f||Qj7p
< CZem W= ‘HAHqu,stHQj,m (4)
P(k) ¢

where we have chosen & = ¢ . Lemma 6 now implies

lb(k)— (

1All—s < C21Allp—q.c Sgpze‘e'”’(“‘w( M= O, ) Allp—ges
J

which completes the proof of (i), taking into account Proposition Al from
Appendix A.
Let & € R? and |&| < ep. If [€] < & — gp then |€ + &| < &, and (i) yields

HA&)HTHS <Cle— 50)HA£oHpﬂq,sfso <COe— 50)HAHqu,€a

which proves assertion (ii).

To show (iii) let again j, k € Z% f € L%, Suppf C @;. Recall that
SUp,cq, XV L g, hence sup,cq, [V — 1] < Cjg — 1. Set-
ting fe; := eV f we consequently have

1feq = Fllasr < (Clg = Dl fllq;r- ()
Denote M := Clgel!#R=vWI Tt follows from (3) that

sup V@0 < M and  sup |5V E0) _ 1] < M — 1,
TEQK z€Qy
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SO we can estimate

H&f—Ammﬁzww*WméW%wf—AM@s
< 1€ YDA fe s — Pllge,s + 1(e579 — 1) Af|g,.s
S M|A(fe; — Pllgp.s + (M = 1D)[|Afllq,.s-

Hence by (4) and (5) we obtain

[Aef — AfllQus < Ke(d, B)IAllp—qcll fllg; s

where
Ke(j, k) = C2e—e0=4G) (2 elelv®—vill _ 1)
By Lemma 6 we conclude
[Ae = Allr—s <sup p Ke(4, k)| Allp—q.e = c(E)[Allp—q.e,
k
J

where ¢(§) := sup, ), Ce —Elp k)Gl (02 el =v@I — 1), It remains to
prove that ¢(§) — 0 as & — 0. (Notice that K¢ satisfies the conditions of
Lemma 6 since K¢(j, k) < Cle kD —=vGl)

Let B, (k) := {j;|v(k) — ¥(j)] € [n,n+1)}. Then #B,(k) < cn? by
Proposition Al. Using the bound

Kelj ) < C2e7" (Cyel*) 1) for j € Bu(h)

we obtain
ZK5(37 Z Z K€ j7
j n=0 j€ By (k)
< Zchnde’E”(C%e‘g'("H) —1)—0 as|¢{ —0.
n=0

Next we prove the following technical lemma which will be used later on.

Lemma 7. Let X be a Banach space, B an isomorphism of X and A a
closed densely defined operator in X. Suppose that

(i) A is injective, p(A) # @,
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(1) there exists a core D for A with BA: D — R(A),

(iii) A~'BA [p is a bounded operator in X, and its extension Ba € L(X)
satisfies the inequality

l(Ba = B)(p = A) 7 < 1B~
for some € p(A).

Then A™'BA is an isomorphism of D(A), in particular B~ is a bijection
from R(A) to R(A), and By'x = A7'B~' Az for x € D(A).

Proof. Since A is closed, it is easy to conclude from (ii) that
BAx € R(A), A7'BAz = Byx for all z € D(A).
According to (iii) the operator
(n = A)A'BA(p— A)' = [pAT'BA — B + B(p — A)|(n — A)™*
=u(Ba—B)(p—A)"' +B=B

is an isomorphism of X. Hence A~'BA can be represented as the composition
of the isomorphisms g — A : D(A) — X, B: X — X and (u — A)™*
X — D(A).

Proof of Theorem 1. We only show that p(7,,) C p(1,). The proof of the other
inclusion is almost the same. Let A € p(T,), set B := (A —T,) (Ao —T,) ' =
1+ (A= Xo)(Ao —T;,)~". According to Proposition 5(ii) there exists C; < oo
such that

€5 (N0 — T) '™,y < C1 for €] < e/2.

This yields [[e¥Be™*¥||,—, < 1+ |A — \o|C for |£] < £/2. Applying Propo-
sition 5(iii) we obtain

le¥* Be™¥ — Bllp—p — 0 as [¢] — 0.

Let B¢ be the continuous extension of e5¥ Be™*¥ to the whole of L?. There
exists g9 € (0,e/2) such that | B¢ — Bl|,—p < 3||B7*| 7" for all [£] < &. Since
B is an isomorphism of L”, it follows that B is also an isomorphism, and

1B Hlp—p < 2B lp—p  for €] < (6)
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Next we apply Lemma 7 to show Bgl [ D(e-evy= € B~1e*¥: In the no-
tation of Lemma 7 we set A = e¢%¥, D = L%, u = —1 and note that
l(~1— &)1 < 1

Let f € L, €| < g. Using (6) we obtain

||ew()\ - Tp)_le_wfnq = ||€£w(/\0 - Tp)_le_wew()‘o —T)(A— Tp)_le_swfuq
<€ (o = ) 7 e lpgll B - | Fllp < 2C1 B~ lpsp 1 £l
Applying Proposition 5(i) we finally obtain [[(A — T,) ™! [ e |lgmq < 00. Ac-

cording to Proposition 4 this implies A € p(T},) and the consistency of the
resolvents, since LY is dense in LP N LY in the sum norm.

3 LP-independence of the spectrum.
Proof of Theorem 2

We apply Theorem 1 in order to prove Theorem 2. Since the condition (i) of
Theorem 1 is evidently satisfied for generators of consistent Cy-semigroups,
for sufficiently large \g, all we have to prove is the appropriate “weighted”
resolvent estimate. The next theorem serves this purpose.

Theorem 8. Let A be one of the operators Ap, A;, An defined above. In the
case A = Ayn assume that S satisfies the cone property. Let p,q € [p_, p4]

(p,q € [ﬁ,oo) in the case v = 0) be such that 0 < %—é < %. Let

p:Q — (0,00) be such that p An and p~* An are Lipschitz for all n € N.
Then there exist 6 > 0 and C' < oo such that if an inequality of the type
p*Vp-a-Vp<S(A+VT) +cs (7)
holds in the form sense then there exists a Ao € R satisfying
oA +T) p 7 pey S C for all X = .

For the proof of Theorem 8 we need the following proposition. Recall
that A is associated with the form 7, A4+V* with 7, =7 + V™.

Proposition 9. Let p € W, i.e. p is bounded and Lipschitz. Assume that
there exist constants cg,c; € R such that

Vp-a-Vp<eo(A+VT) +a (8)

in the form sense. Then p is a bounded multiplication operator on (1, D(1v)).
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Proof. First, observe that p is a bounded multiplicator on Q(V™"). For 7 = 7y
or 7 = 7; the assertion follows from the inequality

20lpll3Tlul +2(Vp - a- Vp, [ul?)

Tlou] <
< 2(/lpll% + co)rvlu] + 2e1ull3.

To finish the proof for 7 = 7p, we apply Lemma B4 from Appendix B.

Proof of Theorem 8. In order to prove the theorem it suffices to prove the
estimate

lpA+T) "  fllg < Cllfll, for 0< f € L2 A= N (9)

for some C' < 00, A\g € R.
In the following let A > c\(/%) + ¢(y). Then X € p(—T,) for p € [p_,p.]
(pe [ﬁ, 00) in the case v = 0) by [18], Thm. 5.

First, notice that we can reduce the proof to the case p,p~! € Wh>,

Indeed, let (9) hold for p,, := (pAn)V . Then p, = p onsupp f for sufficiently
large n. p, satisfies (7) with the same constants since Vp, = (Vp)X[1/n<p<n]-
Clearly, u, := p, A\+T) o f — u:= p(A+T) ' p~! f pointwise. Therefore
by Fatou’s lemma |ju|, < liminf, [|u,|, < CJf]l,- So from now on we
assume without loss of generality pt' € Wh,

Let T,, be the operator associated with the form t,[u,v] := 7[u,v] +
(Vu,bvy + (Vyu,v) (n € Ny), with V,, := V V (=n), D(t,) := D(7v). Let
f € L®. Then u, == pA\+T,) ptf — u:=pA\+T)1p7Lf in L? (see
e.g. [18], [31]), so passing to a subsequence we can assume that u, — u a.e.
Therefore by Fatou’s lemma

lpA+T) " p™" fllg < lim inf [p(A + T0) ™9™ fllg, (10)

and the desired estimate reduces to the case V'~ € L™.

In the rest of the proof we distinguish two cases.

Case 1. %+$<1.

Let f € L®, pe Whe X\ > C\(/%) +c(y), V- € L™ and set u := p(\ +
T)1p~'f. Then p~'u € D(ry). We also claim that p~'u € L*°. Indeed,
(A + T)~! maps L to L*: Take g € L%°, then by the second resolvent

identity we can write the representation

A+ lg=A+T) g+ AN+ T) ' V- (A +T)g. (11)
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The semigroup e~ 70 is L>®-contractive and (X + Tp,,)~! maps L? into L? for
0<1/p—1/q¢<2/d (cf. [18], Thms. 1 and 4, [28], Appendix). This implies
(A +Ty)'g € L. Moreover, if (A +T) g € LP, then from (11) it follows
that (A+T)"'g € L for 1/p — 1/q < 2/d. Repeating this argument [¢] + 1
times we conclude that (A +T)"'g € L*>.

By Proposition 9 we now have 0 < u € L* N D(rv). Let v :=1+ 1,
hence (v — 1)p' = ¢ and v > 2. Then u*/?, u*~' € D(7y) since they are mul-
tiples of normal contractions of u, and also pu”~! € D(7y) by Proposition 9.
Multiplying the equality p(A +T)p~'u = f scalarly in L? by u”~! we obtain

Mlull? 4+ t[p~ u, pu”='] = (f,u""1). (12)
Claim 1. There exist € > 0 and ¢ such that
tlp~ u, pu "] = erfu?] — cf|ull’. (13)

Under the stated conditions inequality (13) is a standard quadratic esti-
mate. The details of its proof are delegated to Appendix C.
Using (13) we estimate the LHS of (12) as follows

Mally + tlo™ ", pu™"] > er[u?] + (A = ) |Jull}
> e | Va5 + eallully + (A — ¢ — eo) |[ull}

v/2 v/2

= EUHU H12/1/1,2 = €O’CdHu

”gq/u7

provided A\ > c+¢e0 =: \g. In the last step we used Sobolev’s inequality with
the constant Oy, taking into account X —% < %. Applying Holder’s inequality

p
to the RHS of (12) we get
eoCallully < If ol = I lpllully™

This completes the proof of (9) with C := (eaCy)~".

Case 2. %+%>1.

We have to treat this case separately since in the above proof v becomes
less than 2, and one cannot conclude that u*~! belongs to the form domain.
Instead of (9) we will prove the equivalent estimate

™ A+ T pflly < ClIf g (14)

As was shown above we can assume without loss of generality that

pt e Wh* and V- € L™, Let 0 < f € L, A\ > C\(/%) + c(7), set
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uw:=p ' A+T*)"'pf. Then pu = (A+T*)"'pf € D(1y), and Proposition 9

implies u € D(7y). Let (v — 1)g = p/, then v € [2,p'). By Proposition C1

(see Appendix C) and Proposition 9 we have u*/2 = p=*/2(pu)"/? € D(7v).
Note that

M+ p T pu = f.
Multiplying this equality by «*~! and integrating over 2 we obtain
Mlully + (o7 T pu,u”™h) = (f,u"™).
Claim 2. There exist €; > 0 and ¢; such that
(™' pu,u ™) = ertlu’?] — e full}. (15)

The proof is delegated to Appendix C. The final part of the proof is the
same as in Case 1.

Proof of Theorem 2. Set p := €%, then Vp = pV(&v). It follows that

d
p°Vp-a-Vp=> &&VY;-a- Vi

jk=1

d
<cléP) Vi a- Vi,

j=1

with a constant ¢ depending only on the dimension d. Therefore by the
assumption of the theorem there exists € > 0 such that for |{| < e the
inequality

p2Vp-a-Vp<§(A+VT) +1

holds in the form sense. Notice also that p An = ¥ and p~t An =
e(=¢¥)AInn are Tipschitz continuous, so that all assumptions of Theorem 8 are
fulfilled. Applying now Theorem 1 we obtain the result.

4 Comparison of essential spectra

In this section we present the proof of Theorem 3. For this we need some
auxiliary results and simple properties of [P(L?) spaces.
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First, note that the following Holder’s inequality holds:

I fgllirs zr2y < | fllwn ooyl gl o2y,

where Ti = 1% + L5 =1,2. We will use it for the case » = 7 = ry, then
q;j
["(L") = L". By Sobolev’s embedding theorem we also have

Wm,? — l2(Wm,2) C l2(Loo)
for m > ¢, where [>(W™?) is defined analogously to 1*(L9).
Lemma 10. Let h € c¢o(L?*),m € N,m > d/2. Then the multiplicator h :

Wm2 — L™ is a compact operator.

Proof. First, let supph be a compact K C R%, then h = hyx € L?. The
embedding W™? C L* is compact for bounded domains (see [1], Thm. 6.2).
Therefore xyx : W™2 — L* is compact. The operator h : L* — L? is
bounded, so h : W™? — L? is compact.

Now let hr := Xxp(o;r)h. Then hg — h in the operator norm as operators
from W™2 to L2, Indeed, let f € W™2. Then

[(hr =) fll2 < lhe = hllea [ flle ey < lIxBo:R)h

|loo(L2)C||f||Wm,2,

and ||x B(o:g)ch||i=(12) — 0 by the definition of c¢o(L?).
This shows that h : W™?2? — L* is a compact operator.

We use the notation |a(z)| for the norm of the operator a(z) : C¢ — C¢.

Lemma 11. Let t be the form introduced in Section 1, a € I°°(L), m >
d/2+ 1. Then W™?2 C D(t).

Pmof. We only have to show that (C2°, ]| - ||;n2) is continuously embedded
n (t,D(t)). Let v € CF. Then |Jullzr=) < colltfmz and [[Vul[ige) <
COHVuHm 12 < co||tf|m.2. Therefore

[(Vu,aVu)| < llal - [Vul|;

< llalliz @ IVullp ey < collallio@yllullz, -
Estimating the lower order terms similarly, we get
[t[u]| < cgllalliezry + [1llise ety + Nelliery + IV i)l 2.

which leads to the desired conclusion.
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Proof of Theorem 3. Let 7° be the form (Vu,a’Vv) defined on W2 and
A® be the associated operator. It is well-known that the spectrum of A° is
[0,00) and coincides with the essential spectrum (see [24], Ch. 3, Cor. 3.3).
Therefore it suffices to show that (A\+7)~' —(A+A°)~! is a compact operator
(see [16], Ch. IV, §5.6). According to ([22], Prop. 2.2) we only have to show
that both

[(A+T) = A+ AN+ A0)F (16)
and
A+ AN+ = (A 4+ A9 (17)

are compact for some k € N since both T" and A° are accretive and D(T) C
D(A%2). Observe that T and T* have the same form and (17) with 7* in
place of T"is the adjoint operator to (16). So we confine ourselves to showing
the compactness of (17).

Next we use the quadratic form method in order to obtain a representation
of (17) which will lead to compactness. For u,v € L? we have (with the
shorthand R = (A + A%)~"1)

(AFAYF A+ AT — AN+ T) My, v)
= (u, A+ A1) — (A +T)ru, (A + AY) )
= A+ t)[AN+T) " u, Rv] — (A + ) [(A+T) u, R
(VIN+T) " u, ((a — a®)V +b)Rv) + (A +T) ', (6V + V) Rv)
(

X

[(a — a®)VR*V(\+T) u,v) + (R]*V(A +T) u, v)
([eVR* N+ T) 'u,v) + ([VR]* (A +T) u, v),

taking into account Lemma 11. This implies
A+ A FA+T) " = (A + A"
=[(a—a")VR'VOA+T)"' + [bRI*"VA+T)*
+ VRN +T)' + [VR*(AN+T)~". (18)
By Lemma 10 the factors in the square brackets in the RHS of (18)
are compact for k > d/4. Using the assumption D(T) C W'? and the

closed graph theorem one concludes that V(A +T)~! is bounded, so the first
assertion of the theorem follows.
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Now let a be symmetric and strictly elliptic, that is a(z) > eI for some
e > 0. Then we can rewrite the first term of the RHS of (18) in the form

[a2(a — a®)VR]* a2 V(A +T)7. (19)

Note that the second factor of (19) is bounded, so for the second assertion
of the theorem it remains to show that a2 (a — a®) € co(L?).
By the next lemma, for € R? we have

la(2)"% (a(x) — a”)] < erla(e) — a”]7 + ea|a(x) — @] A]a”)).

But |a—a°|2 € ¢o(L?) and |a—a®| Ala®] € co(LY)NL® C ¢o(L?), so we arrive
at the desired conclusion.

Lemma 12. Let A, B € C¢® C? be positive symmetric matrices, A > € in
the matrixz sense. Then

|A"2(A - B)| < e1|A — B| + e5(|A — B| A |B)), (20)

_ /1Bl _ d>—d
where ¢; =/ = V1, ca = 7

Proof. Since A is symmetric and the assertion is invariant under unitary
transformations, we assume that A is diagonal. Let C' denote the matrix on
the LHS of (20), then ¢, = a;jl/Q(ajj(Sjk —bjx). The off-diagonal entries of C
are easily estimated by

—1/2 _
el = a3} b < eVA(|A - B A|B)),

since bj;, is an entry of A — B as well as of B.

The matrix norm of the diagonal part Cg,y of C is the greatest of the
absolute values of the diagonal entries, so without loss of generality |Cgiqg| =
aﬂlﬂ]all — by1|. By distinguishing the cases a; < by; and ay; > by (note

that b1; must be positive) one gets
1 1
|Ciag| < c1larn — b11|2 < ¢1]A — BJ2.

Putting these estimates together yields inequality (20).
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5 Concluding remarks

1. Let e be a Cy-semigroup on LP(Q2), Q C R4, for some py € [1,00). We
say that e™'T satisfies a generalized Gaussian estimate of order 2m (m > 0)
if there exist gy € (po, o0] and constants €9 > 0, C' < 00, w € R such that

e e eS|y < Ot G e (21)

for all |¢] < eg,t > 0 and py < p < ¢ < qo- (We adopt the notion from [25]
where the case m = 1 was studied.) Then by [33] the semigroup extends
to a Cp-semigroup on LP, for pg < p < ¢ (po < p < o0 if g9 = o0).
Now representing the resolvent via the semigroup, by (21) we show that the
condition (ii) of Theorem 1 is fulfilled for % — é < 277”, po < p < q<
go- Therefore by Theorem 1 we conclude that the spectrum of T}, is p-
independent.

Note that (21) is valid for all 1 < p < ¢ < oo if the semigroup satisfies
the Gaussian estimate pointwise, that is, it has an integral kernel K,(z,y)
satisfying

K (2, )| < Cut ™7 exp(—Colz — y|mn1t 5T + wi) (22)

with some constants C; < oo, Cy > 0 and w € R.
Estimates of this kind hold, for example, in the following cases

(a) second order uniformly elliptic operators in divergence form

— with real coefficients [3],
— with complex coefficients in dimensions 1 and 2 [5],

— with uniformly continuous complex coefficients in higher dimensions [4];
(b) superelliptic operators of order 2m in dimensions d < 2m [10].

(For more detailed discussions of examples for which (22) is valid, we refer
to [15], [17].)

Moreover, (21) holds in a certain interval around 2, for higher order su-
perelliptic operators for which the LP-theory is developed in [10], Sec. 7, in
absence of pointwise Gaussian estimates.

2. In Theorem 2 we considered the operator associated with the formal
expression —V-a-V+b-V+V, where b-a=!-b and V'~ are form bounded with
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respect to A with bounds 3 and -, respectively, and v/3+~v < 1. For V= =0
it is even possible to treat the case 1 < 3 <4ifb-a™'-b &€ L'+ L>®. The
operator cannot be constructed via the form method but by approximation
with bounded drifts, for p € [ﬁ, 00) (see [18]). In the same way as it is
done in the proof of Theorem 8 (see (10)) the estimate for the “weighted”
resolvent can be reduced to the case of bounded drifts, so the result on LP-
independence of the spectrum also holds in this case.

3. Under the conditions of Theorem 3 the second order elliptic operator
T has essential spectrum o..(7") = [0,00). Following the argument due
to E. M. Ouhabaz [21], Cor. 3, one concludes from this that o(T) \ cess(T)
consists of isolated eigenvalues of finite algebraic multiplicity (see also [16],

Ch. IV, §5).

4. Theorem 3 can be easily reformulated for domains in R?. The con-
clusion of the theorem then will read as follows: the essential spectra of the
operators with variable and with constant coefficients coincide.

Appendix A

We prove here a proposition which gives a characterization for a function v
to be Ll-regular.

Proposition A 1. For 1 : Z¢ — RY the following are equivalent:
(i) ¥ is Ly-regular,
(i) SuPyega Y segae VPO <00 for all e >0,

(iii) there exists C' < oo such that for all unit cubes Q = z + [0,1] C R? we
have #4~1(Q) < C,

(iv) there exists C < oo such that for all x € R?, n € N we have

#¢~Hx +[0,n]Y) < Cn,

Remark. In [27], L'-regularity was defined by property (i) above. It is an
easy consequence of part (iv) of the proposition that there exists K € N such
that

diam (j + [0, Kn]Y) = n  for all j € Z°, n € N.
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This means that 1) cannot be more than linearly contractive.

Proof of Proposition A1. (i) = (iii) Let Q@ C R? be a unit cube. Fix k €

Q). Then for j € »~1(Q) we have 1(j), ¥ (k) € Q, so [¢(k)—(j)| < Vd.
Therefore

VIS ()] jezd

(iv) = (ii) Let k € Z%. For n € Ny define B,, := ¥~} (¢(k) + (—n,n)?).
Then [1(k) — ¥ (j)| = n for j & B,. By (iv) we have #B, < C(2n)?, hence

[e.9]

Z e~k —vOIl ¢ i Z e " < Z C(2n +2)% ™" < co.
n=0

jeZd n=0 je€B,+1\Bn

The implications (iii) = (iv) and (ii) = (i) are trivial.

Appendix B

Here we collect some auxiliary facts on Dirichlet forms. We refer to [12], [20]
for main definitions and results of the theory of Dirichlet forms. Recall that
¢ : C — Cis called a normal contractionif $(0) = 0 and |¢(z)—¢(y)| < |[z—y|
for all z,y € C.

Below we constantly use the following simple proposition (see [16], Ch. VI,
Thm 1.16, [20], Lemma 2.12).

Proposition B 1. Let 7 be a closed symmetric form in a Hilbert space H.
Let u, € D(1) (n € N), u, — w in H. Suppose that sup,, T[u,] < co. Then
uw € D(7) and 7[u] < liminf, 7[u,).

The next two propositions will be needed to regularize approximating
sequences in the domain of a Dirichlet form.

Proposition B 2. Let (M, M, ) be a measure space. Let (1,D(T)) be a
symmetric Dirichlet form on L*(M, i), u € D(7) and ¢ a normal contraction.
If (u,) C D(71) and u, — w in (1,D(7)), then ¢(u,) — ¢(u) weakly in
(1,D(7)). If in addition liminf 7[p(u,)] < T[p(u)] then the convergence is
strong. In particular, if ¢(u) = u a.e. then ¢(u,) — w in (7, D(7)).

For the proof we refer to [6]. We use the above proposition for two cases:
a) if u > 0 then ¢(z) := |z|; b) if 0 < u < M then ¢(z) := |z| A M.
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Proposition B 3. Let (1, D(7)) be a symmetric Dirichlet form on L*(M, ).
Suppose that u,u, € D(T), u > 0 and u,, — w in (1, D(7)). Then |u,|Au — u
in (1,D(T)).

Proof. By Proposition B2 we have |u,| — w in (7, D(7)), so without loss of
generality we assume that u, > 0. Now 7[|u, — u|] — 0 since 7[|u,, — u|] <
7lu, — u]. Therefore u, A u = 3(u, +u — |u, —ul) — win (7, D(7)).

Now we study the form 7p introduced in Section 1.

Lemma B 4. (i) Let p € Wb, Ifu € D(rp) N L, then pu € D(7p).
(i1) D(7v) N LY is a core of the form 7y = 1p + V.

Proof. (i) Let 7 := 7p. Claim. W)= C D(r).

In order to prove the Claim take u € W!>. Let ~, be the standard
mollifier. Then v, := u v, € C*(Q) for sufficiently large n, and v, — u in
L?. Choose a compact set K C € such that suppv, C K for n > ng. Since
VL]0 < ||V, we have

IV, -a- Vu,| < || Vull, mzaxz lai|xx € L'
J

Therefore sup,, 7(v,) < 0o, and by Proposition B1 we obtain u € D(7).

To prove the assertion it suffices to consider 0 < u € D(7) N L°. Let
U, € C be such that @, — u in (7, D(7)) as n — oo. Then w, := |G,| A
|ulloe € WE> C D(7) and u, — w in (7,D(7)) by Proposition B2. In
particular sup,, 7[u,] < oo.

Choose ¢ € C° with 0 < ¢ < 1 and @[sppu = 1, then pu = u. For
Vp = ppu, € W we have v, — ppu = pu in L?. Using the Cauchy-
Schwarz inequality we obtain

Tlva] < 2llpel5Tlun] + 2lunl27(0)
< 2llpl3 7] + 2llullZm(pp),

which implies that sup,, 7[v,] < co (note that pp € Wl c D(r)). Hence
by Proposition B1 we conclude that pu € D(7).

(ii) Let 0 < w € D(1y) and @, € C be such that @, — w in (7, D(7))
as n — oo. Then u, := |tu,| Au € D(ry) N LX and u,, — w in (7, D(7)) by
Proposition B3. Also V*u2 < V*u? € L', therefore (V) 2u, — (VF)V/2%y
in Ly which proves the assertion.
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Appendix C

Proof of Claim 1. Denote ® := p~'Vpand ¢ := u*/2, then ) € D(T)NQ(V*).
A straightforward computation shows that

bl ] = 47 0] (V8 b0) — 21— D)V D)

— (P a- P, ) = (2, b)) + (VTh,op) — (V7o 0). (23)

Using the Cauchy-Schwarz inequality and condition B on b one obtains

<B)

[(Ve, be)| < /Br[v] + 23

13- (24)
By condition (7) on p one has

(@ a- DY,y <OT[U] + 0V, ¥) + |93,

So similarly to (24) we can estimate

(V-0 @0)] < Vrly] + 3VBIV*0.0) + Sl

(@0, b)| < /o7y +§m<v+w,w>+<<\)ﬁf C‘y) 1113

Using the above inequalities and condition V on V'~ for the terms in the
RHS of (23) we obtain
5) ol

+(1- —f)<v+w ¥y —cl[v3,

e

where we have taken into account that 5,5 < 1. The constant ¢ depends
upon 3, ¢(f),¢(7),0,¢5. Let € := (4— — ; 6} —7). Then € > 0 by the
conditions of Theorem & since v E (p, q). To complete the proof of Claim 1
one has to choose § = mln{ 32

Proposition C 1. Let T be the operator defined in Section 1. Let 0 < f €
LX)\ > f By e(), vi= (AT "L f, p € [2,p). Thenv?/2 € D()NQ(VT).
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Proof. Tt is easy to see that v € D(7)NQ(V*+)N LP. Therefore v, := v An €
D(T)NQ(V*) N L*®. Since p > 2 the functions w2 and vP~1 are multiples
of normal contractions of u, so v%/?, w2~ € D(7) N Q(VT). Multiplying the

equality (A + T*)v = f scalarly in L? by vP~! we have
Mo, v 4+t v, vP 7 = (f, 0P

or

-1 2(p—1
Mo+ 42 o) 20D gz gty 4 (v g
p p
= <V_U’ U£_1> + <f7 'Ug_1>'
Using (24), Holder’s inequality for (f, v?~1) and the fact that 0 < v, < v € LP
we obtain

= SN+ (425 = 22 ) a4 v

<V + ol
Recall that V~ € L*, so that the RHS of the last inequality is finite. Note
also that v2/> — v?/2 in L2. Therefore by Proposition B1 we conclude that
w2 e D(T)NQ(VY).
Proof of Claim 2. First notice that p~'T*pu = f — \u € L”, uv~! € L”.
Therefore

(0" T pu,u”™") = lim (p~'T"pu, upy ") = lim t*[pu, p~uy "],
where u, == uAn € D(7)NQ(VT)NL> so p~tu’~! € D(t*). As in the

proof of Claim 1 we use the notation: ® := p~1Vp, ¥ := u*/2, ¢, = u/?. A

straightforward computation gives

vV — v—1

- 17[%] +9 (Vipy - a- DY) — (Vu-a- ‘I’,U271>

v—1

t*[pu, p My =4 ~

—(®-a-Pu,ult) +2 (Vb biby) + (Pu, bul 1)

v
+(Vtu, uq’;_1> —(V7u, ul,’L_1>.

JFrom this point proceeding along the same lines as in the proof of Claim 1
we obtain the inequality

t*[pu, p~tul "t > (4VV_2 L oY ; 1 \/B — 2\/5> T[Un] + (VT n)
— (3V6 + 7] = 3VE(V P, 0) — c|[¢l3,
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where the constant ¢ depends upon 3, ¢(3), c(7),d, ¢s. Taking into account
that 7[¢y,] — 7[¢] and (VT,,¢,) — (VT 1b) as n — oo, one can pass to
the limit and complete the proof in the same manner as in Claim 1.
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