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Abstract

We study positive Cp-semigroups on L, associated with second or-
der uniformly elliptic divergence type operators with singular lower order
terms, subject to a wide class of boundary conditions. We obtain an in-
terval (Pmin, Pmax) in the L,-scale where these semigroups can be defined,
including the case 2 & (Pmin, Pmax). We present an example showing that
the result is optimal. We also show that the semigroups are analytic with
angles of analyticity and spectra of the generators independent of p, for
the whole range of p where the semigroups are defined.

1 Introduction and main results

In this paper we continue to study the L,-theory of second order elliptic differ-
ential operators on an open set  C RN, N > 3, corresponding to the formal
differential expression

L=-V-(aV)+b -V+V -bo+V

with singular measurable coefficients a: Q@ — RN @ RN, by, by: Q = RY, V: Q —
R. In [24] a quasi-contractive Cy-semigroup on L, := L,(€2) is constructed, whose
generator is associated with £. In this paper we study the case of uniformly



elliptic operators and show that, under some additional restrictions, the range of
L,-spaces in which one can associate a Cy-semigroup with £, can be extended
beyond the interval of quasi-contractivity. We also prove that the consistent
semigroups associated with £ on L, are analytic with angles of analyticity and
spectra of the generators independent of p.

The form associated with the above differential expression is

7(u,v) == (aVu, Vv) + (Vu, byv) — (bou, Vo) + (Vu,v) (1.1)

on a suitable domain D(7) responding to the boundary conditions. (Here and in
the sequel, (f, g) is defined as [, f(x)-g(x) dz whenever f-g € Ly, for f,g: Q — C
or f,g: Q — CV measurable.)

Our main interest lies in the case when the semigroup associated with £ can be
defined on L, for p from a proper subinterval of [1, c0). This case of the L,-theory
of second order elliptic operators has been extensively studied [2, 5, 12, 15, 18,
19, 20, 21]. However, most of the results are related to sectorial forms (especially
to symmetric forms bounded below) and quasi-contractive semigroups. In [24]
a general method of constructing positive Cy-semigroups on L, corresponding
to sesquilinear (not necessarily sectorial) forms in Ly has been developed, and a
precise condition for quasi-contractivity has been established.

It was first observed in [11] that the Schrodinger semigroup with L /2 weak-
potential can be defined on L, for certain p outside of the interval of quasi-
contractivity. In [21] this result was extended to uniformly elliptic second order
divergence type operators in RY perturbed by a form bounded potential. Here we
study a general second order differential expression £ for a wide class of boundary
conditions.

E.-M. Ouhabaz [17] was the first to establish analyticity of angle Z in L,(R"Y),
1 < p < oo, for symmetric semigroups satisfying Gaussian upper bounds.
E.B. Davies [5] extended this result to a more general setting of metric spaces
with polynomial volume growth. In [18] analyticity of angle 7 was first shown for
symmetric semigroups that are defined only for p from an interval in [1, 00), un-
der the assumption of certain weighted estimates. In the present paper we prove
analogous results for general uniformly elliptic second order operators. The result
on p-independence of the spectrum we present here, which is an application of a
criterion from [16], generalizes respective results from [8, 19, 20, 21].

The main tool of the present paper is a technique of weighted estimates anal-
ogous to that used in [19, 5, 18]. For further development of this technique with
applications to L,-theory we refer the reader to [14, 26].

We recall from [24] the following qualitative assumptions on the form 7.
(a) a € Ly o, ais a.e. invertible with a™! € Ly ., and

|Im ¢*a¢| < aReC*al a.e. (C € CY)
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for some o > 0, i.e., a is uniformly sectorial ({* is the transpose of (). Let

Qs 1= % Then
v (u,v) := (aVu, Vv), D(ry) = {u € W}, N Ly; (Vu)*a,Vu € L1}

defines a closed sectorial (non-symmetric) Dirichlet form in Ly. Let 7, C 7n
be a Dirichlet form.

(bV) The potentials W := b/ a;'b; (j = 1,2) and |V| are 7,-regular, i.e., Q(W;)N
D(7,) and Q(|V|) N D(7,) are dense in D(7,).

(Q(V) denotes the form domain of the multiplication operator V in L,.)
We define the form 7 on D(7) := D(7,) N QW1 + Wy + |V]) by (1.1).

As shown in [24], D(7) is dense in D(7,), and the form 7+ Uy — Uy A m is
sectorial and closed for all Uy > W; + Wy + 2V~ and m € N.

In order to formulate the main result from [24] we need to introduce the
following quadratic forms:
7p(u) : = 55{aVu, V) + 2(V]ul, biful) = Z(balul, Vul) + (V]uf?), 1 <p < oo,

71(u) = 200 V]ul, [ul) + (V|uf?).

on D(7,) :==D(7) (1 < p < 00).

The construction of the quasi-contractive Cy-semigroup on L,, corresponding
to the form 7, is given in the following theorem which is the main result in [24]
(see [24, Thm. 1.1 and Cor. 4.4]).

Theorem 1.1. Let assumptions (a) and (bV) be fulfilled. Let Uy = Wy + Wy +
2V~ be such that Q(Uy) N D(7,) is dense in D(7,), and Ty = Too the Cy-semi-
group associated with the form T+ Uy on Ly. Let I be the set of all p € [1,00)
such that 7, > —w, for some w, € R.

(i) Then I is an interval in [1,00), and Ty extrapolates to a positive Cy-semi-
group Ty ,(t) = e~ Ao#t on L, for all p € I.

(i) For all p € I, the sequence of Cy-semigroups Ty, ,(t) = e~ (Aoo=lorm)t
strongly converges in L, to a positive Cy-semigroup T,(t) = e~ 4t satis-
fying |T,(t)| < e“r'. Forp,q € I, the semigroups T, and T, are consistent.

(i1i) For all p € I\ {1} the form 7, is closable, and for w € D(A,) we have
lu[P/?2sgnu € D(%,) and

Re(A,u, u|u]p_2) > T_p(\u|p/2 sgnu). (1.2)



(iv) If, in addition, we assume that
[Im((by + ba)u, Vu)| < e17p(u) + e2oul3 (v € D(7)) (1.3)

for some p € f, c1 20, co € R, then T}, extends to an analytic semigroup
on L, for all p € I (the interior of I).

As shown in [24], the semigroup 7}, does not depend on the choice of Uy. We
say that the semigroup 7, is associated with the form 7.

In the rest of the paper we assume that a € L.,,. Moreover, we make the
following assumption:

(BC) Forall p € WL, if ue D(1,) then pu € D(1,).

The above assumption is a restriction on the type of boundary conditions.
It holds in the case of Neumann boundary conditions, i.e. 7, = 7n, and one
can easily see that it is also satisfied if D(7,) is an ideal of D(7y) (u € D(7,),
v € D(ry) and |v| < |u| imply that v € D(7,)). In particular, it is satisfied in
case of Dirichlet boundary conditions. However, (BC) does not hold for periodic
type boundary conditions.

Now we are ready to formulate the main result of this paper.

Theorem 1.2. Let (a), (bV) and (BC) hold, and let the interior [= (p—,p+)
of the interval I defined in Theorem 1.1 be non-empty. Assume that

(i) the matrixz a is uniformly elliptic, i.e., there exists o > 1 such that

o lid < ag < o id;
(i1) for some p € I (1.3) holds and, for some C' > 0,
(b +b)leP)| < O/ + Ol (we D(Y);  (14)

(iii) D(7,) C L2

N-—-2
For q € I, let T, be the semigroup constructed in Theorem 1.1. Let pmax =
N . (_N !
Mozl Pmin = (5Pl -
Then T,(t) [Lo. €rtends to an analytic Co-semigroup on L, for all p €
(Pmin, Pmax)- The sector of analyticity and the spectrum of the generators are

p-independent. For ppin < p < q < DPmaz, there exist constants ci,co > 0 such
that
N

Ty (O)lpg < crt™ > G0, (1.5)

In case 1 € I the assertions hold for all p € [1, Pmax)-
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Remarks. 1. By [24, Prop. 4.1(b)], condition (1.4) holds in particular if, for
some C' > 0,

(b1 + b2)[u*)| < Clulmlul>  (uwe HY).

Note that it is much less restrictive to pose a condition on [{(by + b2)|ul?)| than
on (|by + bo| |ul?) .

2. Assumption (iii) of the theorem is in fact the Sobolev imbedding theorem
which holds, for example, for Dirichlet boundary conditions or if the domain €2
satisfies the cone property or the extension property [1].

3. In Section 4 we present an example of a semigroup that cannot be extended
to a wider interval in the L,-scale than that obtained in Theorem 1.2. In this
sense the result of Theorem 1.2 is sharp. For b; = by = 0 the interval (pumin, Pmax)
was computed in [21].

As a direct consequence of Theorem 1.2 we obtain a variant of that theorem
in which the interval (pmin, Pmax) is more explicit.

Corollary 1.3. Let assumptions (a), (bV) and (BC) be fulfilled. Let V., V_ >
0 be 14-reqular with V. —V_ =V, and 7, := Re7, + V,. Assume that the matriz
a is uniformly elliptic, D(1,) C L 2~ , and

N-—-2

(=1)7{bju, Vu) < e (u) + Biluly,  (Vou?) < y7e () + Glul,
(Ib1 + b2|*u?) < K (74 () + Jul2) (1.6)

(0<ue Dr)NQ(Vy), 7 =1,2) for some constants By, 32,7 = 0, By, B2, G, K €
R. Let I be the interval defined in Theorem 1.1.

Suppose that (p_,py) == {p € [1,00); z% — %ﬁl — ;%ﬁg -y > 0} # (. Then
(p_,ps) C I, and all the assertions of Theorem 1.2 hold with pmax := %m,

Pmin = (%pL)/

Proof. The inclusion holds by [24, Cor. 4.5]. Condition (1.6) implies that as-
sumption (ii) of Theorem 1.2 is fulfilled. Then, by Theorem 1.2, the assertion
follows. O

The rest of the paper is organized as follows. In Section 2 we present an
abstract result on weighted estimates which is a main tool in the proof the main
theorem which is given in Section 3. Sharpness of the main result is shown in
Section 4. In Section 5 we discuss L,-theory for non-divergence type elliptic
operators.



2 Technique of weighted estimates

In this section we are going to show the following theorem which contains an
abstract statement needed for the proof of our main result and is useful in some
other applications.

Theorem 2.1. Let 1 < p < rg < ¢ < 00, T an analytic semigroup of angle
0 € (0,3] on L, satisfying

N1 1

|55 () e 6% | pg < Mt~ m et (1 5 0 ¢ e RY) (2.1)

for some M, > 0, m > 1 and w € R. Then T extrapolates to an analytic
semigroup of angle 0 on L, for all v € [p,q] \ {oo}, and the spectrum of the
generators —A, is independent of r.

This theorem is a generalization of Theorem 2.3 in [9]. There the case p =
1, ¢ = oo is treated by showing estimates on the integral kernels of powers of
the resolvents (A + A)~! for A from some sector. In this case one can use Davies’
trick to show that estimate (2.1) is equivalent to a Gaussian estimate of order m
of the integral kernel of the semigroup (cf. [6]).

The main tools needed in the proof of the theorem are Stein interpolation
and the following lemma on weighted estimates which is a refinement of Propo-
sition 3.2 from [19].

Lemma 2.2. Let 1 < p < q < oo, v> 0. Let B: Lo — Lijoc be a linear
operator satisfying

e Be ],y <1 for all¢ € RY with [¢] = .

Then |B|r—r < cN’y_N(%_%) for allr € [p,q|, where the constant ¢y depends only
on the dimension N.

Proof. For v = 1 the lemma is proved in [19], with ey = eYN|(e" ") |y. (In fact,
there the estimate |et* Be™%%|,_, < 1 is assumed for all |¢] < 1, but only [£] =1
is used in the proof.) Using a rescaling argument, we now deduce the assertion

for general ~.
Define the operator D, by D, f(z) := f(yz) for all f: & — C and all x € (2.

Then | D, f|, = 7| f|, forall 7 € [1,00], f € Ly. Moreover, D oet” = oD,
for all € € RY. From the assumption we thus obtain, with B := D> 'BD,,

e Be™ |,y = | D' Be D, [, g < 77N forall [¢] = 1.

An application of the lemma in the known case v = 1 completes the proof. [



It should be pointed out that Lemma 2.2 is of particular interest for large
7. Similar results have first been used in [6] and [18], the difference being that
there a weighted norm estimate for all £ € R is assumed, not only for [£] = .
Lemma 2.2 will be applied in form of the next corollary.

Corollary 2.3. Let B: Lo — L1 o be a linear operator. Assume that
|52 Be 6|, _, < Mt mGwelel™ (¢ e RN)
for some 1 <p<qg<oo, Myt >0. Then
(a) |Blr—r < M; := MecNum "4 for allr € [p,q].
(b) For allp <r < s < q we have
65" Be™ "],y < Myt~ (= Demle™ (¢ e RY),
with py = 2mp.

Proof. (a) By Lemma 2.2 we have, choosing v = (ut)~"/™:

”B"r—»r CN(/[L‘)%(% %) i Mt—%(%_%)el
N(l_1y
R CN//Lm p q Me

(b) Let £ € RY. For B := ¢**Be %" and & € RY we have by assumption that
Heﬁo%BEe o g < < Mt G pnlé+éol™t
By (a) we conclude, noting [ + &|™ < 2™(]&]™ + [&o]™),
Bl < Mot

Riesz-Thorin interpolation between this inequality and the assumption of the
corollary leads to the desired conclusion. O

Proposition 2.4. Let T be a Cy-semigroup on L, and assume that
[T ()e 5]y < Mt G 2™ (¢ >0, € € RY)
for some 1 <p<q, M,;u>0. Then T extrapolates to a Cy-semigroup on Ly,.

Proof. 1t follows from Corollary 2.3(a) that 7" extrapolates to a bounded semi-
group on L,. Thus, it suffices to show that T'(t)f — f in L, as t — 0, for all
f € Lo with |f|, = 1. By Corollary 2.3(b) (with r = s = p) we have

[T () fll, < Mie S Je £, (¢ >0, € € RY).
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Let t < 1, |¢] = 1. Then [e¥*T(t)f|, < Miet|ellf], =1 ¢ < oo since f
has compact support. Let R > 0 and x, the characteristic function of the set
{x € Q; &x > R}. Then |x:T)fl, < [ BT(t)f|, < ce™®. Let Kg be the
cube of edge length 2R centered at 0. Then, with e; being the standard unit
vectors of RV,

< 2Nece .
P

N
P Ty < | 30, + x-6) TS
j=1

For R so large that supp f C K it follows that

IT()f = Flp < IxonxaT@F = o + Ixovca 70 £,
QN Kg[p 73| T(6)f = flq + 2Nee R,

which proves the assertion. O

Remark. For p > 1 orin case T is positive, the above proposition follows directly
from Corollary 2.3(a) and [28].

Until now we have used weighted estimates with weights of the form p(z) =
e*”. Generally, we call p: Q — (0,00) a weight function if p,p™" € Lo joe- In the
proof of Theorem 2.1 we need to extend the weighted estimate (2.1) from real
to complex times. The next proposition serves this purpose. Comparable results
are shown in [4], [18] and [9] by means of the Phragmen-Lindel6f theorem on a
sector. But it seems to be more natural to use the Stein interpolation on a strip,
similar to the proof of [6, Lemma 9] by means of the three lines theorem.
Proposition 2.5. Let p: @ — (0,00) be a weight function, 0 € (0,%], Sp :=
{0+#2€C;largz| <0}. Let F: Sy — £(L,) be a bounded continuous function,
analytic in the interior of Sy, satisfying the inequality

[P Ft)p 7| < Me*™™ (>0, v >0)

for some M > 1, p >0, m > 1. Then, for o € (0,0), there exists o, > 0 such
that

|07 F(2)p™| < Myet="" "% (2 € 84, v 20),
with My = max{|F |, M}.

Proof. Fix v > 0 and let ¢(z) = exp(—Mei(g_ez)) for 0 < Rez < 1. Then

. sin 6
msinfz Oy

lo(2)] = exp(—,u’y e ), where z = z +iy. We apply the Stein interpolation
theorem to the function

G(2) = @(2)p " F(e” ™).
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For Re z = 0 the function z — €??0=2) describes the upper ray of the boundary
of Sp, for Rez = 1 it describes the positive real semi-axis. For f,g € L, the
function z — (G(z)f, g) is analytic, and we have

(G(2)f ) < leNEE - 1o~ flulo™ gl < IFlos - el flulgly < oo,

where ¢ depends on v and on the supports of f and ¢, but not on z. The function
¢ is adapted to have |G(2)| < M; = max{||FHoo,M} for Rez = 0,1. We infer
that |G(2)| < M; for all 0 < Rez < 1, so

o™ F (P2 pm | < Mif|p(a +iy)| = M exp(uy™ S e™).

sin 0

Choose now z =1 — % and let z := @12 — iy Then

|67 F(2)p~] < My excp(py " Snile) Rz

sinf cosa

m sin(6—a)
sinf cosa”

Writing 1 = ﬁ'y instead of 7 we obtain the assertion with p, = ,u(%)

Proof of Theorem 2.1. Without restriction let w = 0. Observe that for the
first assertion it suffices to consider the case p = r Arg, ¢ = r V rg, by Corol-
lary 2.3(b). We confine ourselves to the case r < ry (so that p =7, ¢ = r¢), the
proof of the case r > ry being almost the same.

By Proposition 2.4, T'(t) [ __ _ extends to a Cy-semigroup on L,,. Let 0 < av < 6.
Note that the function S, > z — (T'(2)f,qg) is analytic for all f,g € Lo . and
that L. is dense in L, and a norming subset of L;. So we only have to show
that |T(2)[; [p—p < M, for |arg z| < o to conclude the assertion by a slight
modification of [10, Thm. IIL.1.12].

From assumption (2.1) and Corollary 2.3(b) we obtain that

[es*T(t)e™*" lg—q < Cerlel™ (t>0, £ €RY).

Let oy = O‘Tw, and 0 > 0 be such that z — dRez € S,, for all z € S,. For
2 € Sy, £E€RYN and f € Lo, . we obtain, taking into account Proposition 2.5 and
assumption (2.1),

[T (2)e™*" flly = [T (2 — dRe z)e™*" =" T (6 Re z)e " f]
M1€Ma1|£|7n Re(z—6Rez ((5 Re 2)—%(%—5)€u|§\m6Rez”f”p
_ MQ(Rez)—%(;—g)emlf\mResz”
with pe = (1 — 0)pt, + 0p. An application of Corollary 2.3(a) yields the first
assertion.

The statement on p-independence of the spectra follows from [16, Sec. 5, 1.].
[



In applications of Theorem 2.1 it is often hard to verify the weighted es-
timate (2.1) for p = 1. The next result serves the purpose to overcome this
difficulty.

Proposition 2.6. Let v > 1, T a contractive Cy-semigroup on L,,, and p > 0
a weight function. Assume that

T (1) g < MEG0™ (1,7 > 0)
for some rg <p<q, M,a,pu >0, m > 1. Then there exist My, 11 > 0 such that
0T ()™ g < Myt D™ (2,9 > 0).

Proof. For 0 < 6 < 1 let py := (Q + 1;9)_1, Qo = (g + %)_1. By the Stein

p To
interpolation theorem, the assumption implies that

" T (1) gy < MG (17> 0), (22)
Let t,7 > 0, define § € (0,1) by go = p and let 0, := 0%, t;, := 07t (k € Ny) and
g = a(% - %) Then pg, = qp,., (k € Np), and (2.2) yields

0T ()P s, < MOt O/ A0 (g =0u5 ™

for all k£ € Nyg. We use this as a starting point for a Moser type iteration: for
f € Ly we obtain by Fatou’s lemma that

Hp’yT(l gm)p qu llm lnf

pT( Ztk

hmlan (OGO OB O™ | £,

n—00 n+l

=0

Set 7 := > 17 Ou(= 155) and s := > oo k(= ) 5), and note that >~ 6x3 =
(L — q). We conclude that

T0

|7 T (=) p™ fllg < MTO=mBs¢ s~ grm™ | .

1—om

This yields the assertion with M; = M"=™(1 — 0’”)70‘(%*;) and p; = (1 —
0™ . O

The next extrapolation lemma is a modification of the result from [3] with
literally the same proof.
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Lemma 2.7. Letpy < p < q < p1. Let T be a semigroup satisfying | T ()] py—po <
C, NT@)ps—p < C and

IT(t)]pq < CEGT2) (2> 0).
Then there exists Cy > 0 such that
|7 lpy—p < Cat ™75 (2> 0).
In the next section we apply Theorem 2.1 via the following proposition.

Proposition 2.8. Let 1 < py < oo, T an analytic semigroup of angle § € (0, 5]
on Ly, satisfying

|5 T () e |pympy < Mt HH1,
T, <M o %_%)e“’t
p—q

forallt >0, £ € RY and some 1 < p < q < oco. Then T(t)[, . extends to an
analytic semigroup of angle @ on L, forr € (pApo, qVpo)U{po}, and the spectrum
of the generators —A, is independent of r. If in addition T is L,,-contractive for
some 1 < 19 < po, the same holds for r € [rq, pol.

Proof. Denote p(x) = €5*. Without restriction let w = 0. By the Stein interpo-
lation theorem the assumptions imply that, for all € (0,1),

ST (£)e 8 [y gy < Mt o030 "HE™,

with pi =104 9 apq L = % + =. In the rest of the proof we distinguish

1
0 po 0]
between three cases.

Case 1. p < po < q. The assertion follows directly from Theorem 2.1.

Case 2. py < p. By Corollary 2.3(b) we have that

S
po

[T (t)e ™ gygy < MeeEl™.

Then Lemma 2.7 (applied to the semigroup T¢(t) = €$*T'(t)e~**) and Theorem 2.1
yield the assertion.

Case 3. pg > q. The proof is analogous to that of Case 2.

The last assertion is obtained in the same way, using Proposition 2.6. O

3 Proof of the main result

In this section we prove Theorem 1.2. In order to apply Proposition 2.8, we
need to show appropriate weighted estimates for the semigroups 7}, constructed in
Theorem 1.1. Recall that the semigroups 7}, are associated with the form 7 defined
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in (1.1). We will establish estimates on the ‘twisted semigroups’ e$*T,e=%%, for
¢ € RY, by studying the ‘twisted form’ 7¢ which is formally defined by 7¢(u, v) =
7(e7%%u, e5*v). We point out that it is a nontrivial technical problem to establish
the relationship between 7¢ and e5*T,e™% (see, e.g., [20, Prop. 3.4]).

Throughout this section we assume that (a), (bV) and (BC) are fulfilled
and that a € L. Let 7., 7, 7, (1 < p < 00) be the forms defined in Section 1.
Recall that

I = {p € [1,00); 7, = —w, for some w, € ]R}.
For a Lipschitz continuous function ¢: 2 — R, we introduce the form

To(u,v) == 7(u,v) = ((aV)u, Vv) + (Vu, (a"Vo)v)
- <[CLSV¢ Vo + (b + bg)V(]ﬂu, U>

on D(7y) := D(7). It is straightforward that
To(u,v) = 7(e"%u,e?v)  (u,v € D(74) such that e~ %u,e’v € D(7)).
The form 7,4 is of the same type as the form 7, with new lower order coefficients
bh=b+a'Vp, by=by+aVep, V=V—a,Vo -Vo— (b +by)V.

Since a € L, and V¢ € L, it is easy to see that these new coefficients satisfy
assumption (bV).

Proposition 3.1. Assume that (a), (bV) and (BC) hold, and recall that a €

Ly. Letc > 0,0 < e < %, p € I, and T, the positive Cy-semigroup on L,

associated with 7. Then there exists ;i > 0 such that, for all Lipschitz continuous
¢: 0 — R satisfying
(b1 +02) Vo, w?)| < emp(u) + c(1+ VoIS )[ul; (0<weD(r),  (3.1)

the following assertions hold.
The form T, is associated with a positive Co-semigroup Ty ,(t) = e~*Aer on
L,. For allu € D(As,) we have |u|? sgnu € D(7,) and

(Agpu, [ulP " sgnu) > (1= 26)7,(|ul? sgnu) — p(1+ [V |2 [ul}?.
Further, Ty ,(t)f = e®T,(t)e ®f for all f € Looe, t = 0. In particular,
1T, (t)e %],y < H(AHIVEZ )t (t > 0).

For the proof of the proposition, we need the following technical lemma.
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Lemma 3.2. Let ¢ € Logjo.. Let 7, 74 be closed sectorial forms in Lo with
D(7) = D(ty), and A, Ay the corresponding m-sectorial operators in Ly. Assume
that

To(u,v) = 7(e %u,e?v)  (u,v € D(14) such that e %u,e’v € D(1)).
Let X € p(—Ay) N p(—A). Then
A+ Ag)Lf = (A AL f (f € L)
if and only iof
eveD(T) (e N+ A) ).
Proof. The “only if” part is clear, so we prove the “if” part. Let f € Ly,
u = e?(A\+ A)te ®f. Then e ®u € (A\+ A) 'Ly, =1 D C D(7) and hence
u € D(7). For all v € D we have e®v € D(1), so
7o(u,v) = 7(e"%u, e®v) = (e? Ae %u, v).

Moreover, since D(7) = D(7,), the closed graph theorem implies that D is a core
for 74. Thus we obtain that u € D(A,) and Ayu = e®?Ae~%u, which implies the
assertion. O

Proof of Proposition 3.1. In order to apply Theorem 1.1 we have to consider
the symmetric form 7,4, defined by

Top(u) == Re7a(u) + 2(Vul, bylul) — Z(balul, V]ul) + (V]u|?)
= 7,(u) + <[( a — —,a)VQﬁ]\u| V|u!> <[CLSV¢ Vo + (by + bs) -V(ﬂ |u|2>

on D(7,,) := D(74). By assumption (a) we have |[(a(,n)| < < (a+1)|at?¢|-Jas*n)
for all ¢(,n € CV. A standard quadratic estimate shows that

Top() = mp(u) — 0(a + 1)°7a(Jul) = ([(1 + 5)asVé - Vo + (b + b2) V] |ul?)
for all 6 > 0, u € D(7). By [24, Prop. 4.1(b)] there exist 6 > 0, w € R such that
S(a+1)*ReT, < ey +w.

By (3.1) we thus obtain
Top 2 (1= 26)7 —w — (14 3l VlZ — c(1+[VEl).

An application of Theorem 1.1 completes the proof of the first two assertions.
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Let now Uy := (o + 1)?|as]||[VO|% + Wi + Wa + |V]. Then U := 5U, is
T,-regular by assumption (bV). Standard quadratic estimates show that

1
Rer,Z ZReTa—4U¢ (32)

and that 7 4+ U, 74 + U are densely defined closed sectorial forms, with domains
D(1, + Uy). For m € N let U, := (U —m)", and A,,, Ag.m the m-sectorial
operators associated with 7+ U,,, 7, + U,,, respectively. Due to Theorem 1.1(ii),
the last assertion of the proposition will follow by passing to the limit in

e Mo f = Pt AmeT P (f € Lo, t = 0).
This in turn is equivalent to
A+ Apm) =N+ A0) e ?f (meN, A>m, f€ Ly,).
Thus, by Lemma 3.2, it remains to show that
e®veQ:=D(r,+Us) forallve D= A+ Ap) Lo (3.3)

For n € Nlet ¢, := ¢ An. It is easy to see that 74, + U,, is a densely defined
closed sectorial form with domain (). Let A, ., denote the m-sectorial operator
associated with 74, + Uy,. By (3.2) we estimate

1 1
ReT¢n+Um>ZReTa—4U¢n+5U¢—m>ZReTa+U¢—m>—m

Let g € Looe, v:=(A+ A,,)"'g. Note that ¢, € WL. Hence, by assumption
(BC), we conclude from Lemma 3.2 that

AN+ Ag,m) HePg) = e (A + Ap) te P (e g) = el
for all A > m and sufficiently large n € N. Therefore,
(% Re 7, + Uy)(e?v) < Re(y, + Up + A)(e?7v) = Re(eg, e?v) < /\_;m||e¢g||§.

This shows that (e?"v) is a bounded sequence in Q. Moreover, (|e®"v|) is pointwise
increasing, and e"v — e%v a.e. as n — oo. Hence e®v € L, by monotone
convergence, and e®"v — e®v in Ly by dominated convergence. We conclude that
e®v € Q, i.e., (3.3) holds. O

Proof of Theorem 1.2. Let p € (p_,p,), T,(t) = e~4*! be the semigroup on
L, associated with the form 7. For £ € R let ¢¢(x) := & - 2. Then V¢, = ¢£. By
assumption (ii) of the theorem and Euclid’s inequality, we have

(01 -+ Ba)6,w2)] < Jel | (01 + b)) < 4 mp+ ) ) + Rl
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So we can apply Proposition 3.1 to the form 74, and obtain that
|‘e£pr<t)e_£pr—>p < g+ t=>0, e RN);

which verifies the first assumption of Proposition 2.8. Now we are going to
establish an estimate on |T,(¢)], N

By [24, Prop. 4.1(b)], there exist ¢, > 0 and C}, € R such that
7, 2 ¢, Re1, + C),. (3.4)

Without restriction C,, = 1. Let 0 < f € L,, t > 0, u := e »'f. Then
0 < u e D(A,) since T}, is positive and analytic.
By Theorem 1.1(iii), (3.4), and assumption (iii) of the theorem, there exists
0 > 0 such that
(Apu, ™) > epra(w) + [P [3 = Oul’y .
N—-2

Using the analyticity of 7}, we obtain by Holder’s inequality that
_ C
(Ap,ur™) < IS,

with some C' > 0 not depending on t. Combining the above two estimates we
1
arrive at ||u||%p < Cit™ 7| f|p, so that

IT(%) < Cit v, (3.5)

lp— 2

Applying now Proposition 2.8 (note that % = %( % — NN—;Q)), we infer the assertion
of the theorem for p € (p_, pmax) (and, in case 1 € I, for p € [1, Pmax))-

The p—¢q estimate (1.5) follows from (3.5) and Lemma 2.7.

Thus, in case 1 € [ the proof is complete while otherwise we obtain the
assertions of the theorem only with (p_, pmax) in place of (Pumin, Pmax). In order
to complete the proof in the case 1 € I, one should repeat the arguments for the
adjoint semigroup 7™ which is associated with the form 7* (see [24, Prop. 3.11]).

]

4 Sharpness of the main theorem

In this section we give an example of a semigroup for which the interval in the
L,-scale obtained in Corollary 1.3 cannot be extended.

Let b: Q — RN, V: Q — R be such that Hi N Q(|b|*> + |V|) is dense in H{.
Define the form 7 in Ly by

7(u,v) = (Vu, Vo) + (bVu,v) + (Vu,v)
on D(7) := H} N Q|b]* + |V|).
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Proposition 4.1. Assume that T is associated with a Cy-semigroup e~ “»*

for some p > 1. Then

on L,

D(A,) 2 D, = {u e Hi N W2 [b] |[Vul, [bf*u,Vu € LyN L, }
and Ap 2 (=A+bV +V)[p

Proof. Define the operator £ by Lu = (=A + bV + V)u, D(L) = D,. Then L
acts in both Ly and L,. Let Uy := |b|*> + 2|V, and let e~°! be the semigroup on
L, associated with the closed sectorial form 7 + Uy. Then e~ extrapolates to
a Cyp-semigroup e~0»! on L,

It is easy to see that D, C D(7 + U) and

(1 + Uo)(u,v) = (L + Up)u,v) (u €D, ve D(T)).

Hence Ay 2 L + Uy and, moreover, Ay, 2 L + Uy since £ + U, is an operator in
L,. By [27, Cor. 2.7] we conclude that A, D Ay, — Uy 2 L. O

In the following we denote r(z) := |z|.

7,,2
Corollary 4.2. Let Q = RN, b = 177 'Vr, V = cor 2 4+ 1% and u = r e 7,
o € R. Assume that T is associated with a Cy-semigroup e~ on L,, for some
p € [1,00) satisfying p(c +2) < N. Then u € D(A,) and

Au=(—(0?—(N-2—c)o —c)r 2+ N —¢; — 20)u.

Proof. Note that Au, ¥, % and r?u belong to Li N Lu (RN \ B.) for all £ > 0,
where B. = {z € RV;|z| < e}. Let p € C*(RY), 0 < p < 1, ¢(z) = 1 for all
r € Bf, p(x) = 0 for all x € Byj. Let g,(x) := p(nz), u, := @yu. Then, by

Proposition 4.1, u,, € D(A,) and

Ayuy, = (A 4+ 0V +V)u,
= pu(A+ 0V +V)u—2Vy, - Vu+ (b- Vo, — Ap,)u.

Since supp(1 — ¢,) C By, we have |1Ap,(z)] < |Ap|(nz)r~ and [V, (x)| <
|Vo|(nz)r~t. Moreover, Au Yu 4 € L, since 0 + 2 < %. Hence Ayu, —
(=A + bV + V)u in L,, by the dominated convergence theorem. So u € D(A,)
and Apu = (—A+bV +V)u since u, — w in L, and A, is a closed operator. The

second assertion now results from a direct computation. m
Let now b = f2=2r7'Vr and V = —’y%r‘2 +r2with <2, 0<~vy<

(1 —B/2)% Let u:= /(1 —(3/2)2 —~. Then by Corollary 1.3, 7 is associated
with a consistent family of Cp-semigroups e=4#* on L,, for all

2N 2N
5 <pP< 5
4+ (N=-2)1—-5+p) (N=2)(1 -5 —p

Pmin ‘=

= Pmax-
)
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We are going to show that, for ¢ € (Pmin, Pmax), the semigroup e~“*' does not
extrapolate to a Cy-semigroup on L,. Let

N N-2 3 N IN

o= =——(1==—=p), po:= = :
Prmax 2 2 o+2 4+ (N-2)(1-5—p)

[

Then py € (Pmin, Pmax)- By Corollary 4.2, u = r~ e‘é is an eigenfunction of
A, for p € (Pmin,Po). Now assume that e~ extrapolates to a semigroup on
L,, for some ¢ > puax. Then, by (1.5) and Lemma 2.7, e=4¢: L, — L, for
all p € (Pmin; Pmax). In particular, e=4rty € L,. This contradicts the fact that
e~ Aty = ey ¢ L, (recall 0 = pi?;x > %) Considering the adjoint semigroup we

show that e~“#' does not extrapolate to a semigroup on L, for any ¢ < pmin-

Remark. In the case of Schrodinger semigroups, a similar example was given by
Yu. Semenov (private communication).

5 Non-divergence type operators

In this section we consider the operator

N

A=—aV’=-)" o

= "0 ;0my,

in UC,(RY), the space of bounded uniformly continuous functions, with D(A) =
UCZ(RY) (the functions and their first and second derivatives are in UC,(RY)).
We assume that (a;;) is symmetric with smooth entries and that clid<a<oid
for some o > 1. It is well-known that the closure of —A generates an analytic
semigroup 7" of full angle (i.e., of angle Z) on UC,(RY) (see, e.g., [13, Thm. 8.2.1]).

The semigroup operators T'(t) are integral operators with smooth integral
kernels p(t) satisfying

/ p(t,z,y)dy = 1.
RN

The adjoint semigroup 7™ on L, is defined by

TONW = [ stz

It was proved in [7] that there exist ¢ = ¢(o, N) > &5 and C = C(0, N) such
that

sup |p(t, z, )|, < Ct 27,
reRN
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which implies that
N
[T () |1~q < Ct 27 (5.1)
Now we introduce the ‘weighted semigroups’. Let £ € RY, p¢(x) := ®. Then
T WpeS) ) = [ it e )y
R

Using the maximum principle we see that (cf. [25])

g () pelloc—oe < €7 s0 that [ peT(H)pg 11 < 78, (5.2)
Estimates (5.1) and (5.2) allow us to apply Proposition 2.8.

Proposition 5.1. Let o € [0, ). There exists a constant C,, depending only on
a, N,o such that

”e_Aszﬂp < Gy (p € [N,00), |argz| < a).

In particular, the family e‘Zt[

on L,.

o, extends to an analytic semigroup of full angle

Remark. For oo = 0, the above proposition was first proved in [22].

The estimate obtained in Proposition 5.1 is an a-priori estimate which carries
over to semigroups associated with the non-divergence form operator A that
are obtained by approximation by semigroups corresponding to operators with
smooth coefficients. We stress, however, that the above result does not contribute
to the problem of solvability of non-divergence type equations for non-smooth a.

At the same time, the main results of this paper can be applied to the problem
of well-posedness of the abstract Cauchy problem in L,(RY) for an operator re-
alization corresponding to the non-divergence type elliptic differential expression
A= —aV2

Assume that (aj;) is uniformly elliptic. Set by ) = Zjvzl O;aj, (k=1,...,N).
Suppose that by € Ly o,

”blU” < K”U”Hl for some K > 0, bl = bll + b12,
([b11[ul?) < Bla*Vul3 + Cslul3 for some 8 € [0,4), Cs >0,
div b12 - Ll,loc(RN)a (le blg)_ € LOO(RN)

Then A = —V(aV)+b, V. By Corollary 1.3 one can associate with A an analytic
Co-semigroup T}, on L,(RY), for all p € (W, oo), with sector of analyt-
icity independent of p. This result is a generalization of the corresponding result
in [15] (for the case of a uniformly elliptic matrix (aj;)) in several directions:
firstly, the interval of solvability in the L,-scale is extended (and in fact is sharp,
see Section 4); secondly, the conditions on b; are relaxed; and thirdly, as follows

from Corollary 1.3, the sector of analyticity is p-independent.
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6 Remark on higher order operators

In this short section we show that, employing Theorem 2.1, one can obtain a
result similar to Theorem 1.2 for higher order (non-symmetric) operators from
the class of superelliptic operators studied by E.B. Davies [6]. We sketch the
construction of these operators below and refer the reader to [6] for details.

Let m < &, H™ := Wi (R"). Let 7, with D(7) = H™, be a closed sectorial
form in Lo which satisfies the Garding inequality

1
SN=2)" 213 < Rer(f) < el (=2)™f[3 + el fI3, (6.1)

for some ¢ > 0 and all f € H™. Let &,, denote the set of all bounded real-valued
C®-functions ¢ on RY such that [D¥¢[« < 1 for all a such that 1 < |a| < m.
Given A € R and ¢ € &,,, let

Tao(fr9) = (e f,eMg) (f,ge H™).

We assume that

ro(F) — Rer() < Rer(f) k(L + PPOIFE (FeH™), (62

for some k& > 0 independent of A and ¢.

Proposition 6.1. Let assumptions (6.1) and (6.2) hold. Then the analytic Cy-
semigroup T'(t) = e~ on Ly, associated with T, extrapolates to an analytic semi-
group T,(t) = e~ on L,, for all Ni]gm <p< N2_2m. The sector of analyticity
of T,, and the spectrum o(A,) are p-independent.

Sketch of the proof. In order to apply Theorem 2.1 one needs to verify the estimate

[T (t)e ™), v < % D (150, AER, ¢ €E&y), (6.3)

for some ¢, 1 > 0 (see [6, Lemma 4]). It follows from (6.1) and (6.2) that 7y,
is a closed sectorial form in L,. By Lemma 3.2, the semigroup e*T(t)e ¢ is

associated with 7y,. Now a simple modification of the arguments in [6, Lemmata
6,7,22] leads to estimate (6.3). O
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