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Abstract

In this paper we describe the modulus semigroup of theC0-semigroup associated
with the linear differential equation with delay{

u1ptq � Auptq � Lut (t ¥ 0),

up0q � x∈X, u0 � f ∈Lpp�h, 0;Xq,
in the Banach latticeX�Lpp�h, 0;Xq, whereX is a Banach lattice with order
continuous norm. The progress with respect to previous papers is thatA may be
an unbounded generator of aC0-semigroup possessing a modulus semigroup.
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Introduction

In the present paper the results of the papers [3], [12] are further generalised. The main
object is to obtain the modulus semigroup for aC0-semigroup arising in the study of
the initial value problem for a linear differential equation with delay,{

u1ptq � Auptq � Lut (t ¥ 0) ,

up0q � x, u0 � f ,
(DE)

in the Lp-context, for 1 ¤ p   8, with initial valuesx ∈ X , f ∈ Lpp�h, 0;Xq.
Here,X is a Banach lattice with order continuous norm, andh � 1 or h � 8, corre-
sponding to finite or infinite delay. Further,A is the (possibly unbounded) generator
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of a C0-semigroup onX—the unboundedness ofA is the important new feature in
this paper—, andL : Cpr�h, 0s;Xq Ñ X is the bounded linear operator given by

Lf :� »
r�h,0s dηpϑqfpϑq (f ∈Cpr�h, 0s;Xq) ,

whereη : r�h, 0s Ñ LpXq is a function of bounded variation with no mass in zero.
Also, for a functionu : p�h,8q Ñ X , we recall the notation

utpϑq :� upt� ϑq (�h   ϑ   0) ,

for t ¥ 0.
It is shown in [1] that the delay equation (DE) is equivalent to an abstract Cauchy

problem {
U 1ptq � AUptq (t ¥ 0) ,

Up0q � �
x
ϕ

�
on the spaceX �Lpp�h, 0;Xq, whereA is given by

A :� �
A L
0 d

dϑ



,

with domain

DpAq :�  px, ϕq∈DpAq�W 1
p p�h, 0;Xq ; ϕp0q � x

(
.

From [1], [4], [5], [8] it is known that the operatorA generates aC0-semigroupT :�petAqt¥0 on the Banach latticeX �Lpp�h, 0;Xq.
Next, assume that theC0-semigroup generated byA possesses a modulus semi-

group, i.e., a smallest semigroup dominatingpetAqt¥0 , whose generator will be de-
noted byA# . Also, assume thatη is ‘of finite regular variation’ (see Section 1.3 for
details), which implies that the operatorL possesses a modulus. It is the object of the
paper to show that then theC0-semigroup generated by

rA :� �
A# |L|
0 d

dϑ



,

with domain

Dp rAq :�  px, ϕq∈DpA#q�W 1
p p�h, 0;Xq ; ϕp0q � x

(
,

is the modulus semigroup of theC0-semigroup generated byA.
This result is shown in [3] for the caseX � Rn , where necessarily the generator

A is a bounded operator. In [12] the result is generalised to the case of a Banach lattice
X with order continuous norm, but still with a bounded generatorA.



3

The first result on the subject is contained in [2], where the caseX � Rn is treated
in the framework of continuous functions (instead ofX�Lpp�h, 0;Xq). We will also
generalise this result to the case whereX is a Banach lattice with order continuous
norm; cf. Section 4.

For motivation why it is interesting to investigate modulus semigroups we refer to
[2], [7], [12].

In Section 1 we recall certain notions and present some results needed in the se-
quel. We prove a ‘domination lemma’, and we introduce the delay semigroups in more
detail. In particular, in the second part of Section 1.2 we indicate a new (simplified)
method to treat the perturbed delay equation in the casep � 1.

In Section 2 we apply the ‘domination lemma’ of Section 1.1 in order to show that
a semigroup dominating the perturbed (by the operatorL) semigroup for the delay
equation is also a dominating semigroup for the unperturbed semigroup.

In Section 3 we show the main result. Besides the new ideas prepared in Section 2
the proof relies heavily on results contained in [12].

In Section 4 we transfer the result to the framework of continuous functions, using
consistent semigroups.

1 Preliminaries

1.1 The domination lemma

For use in Section 2 we single out the following ‘domination lemma’. A version of
this technical result was already used in [10; proof of Proposition 1.2].

1.1 Lemma. Let X be a Banach lattice. LetT, S be C0-semigroups onX , S posi-
tive, and assume thatR : r0, 1s Ñ LpXq satisfies

1

t
}Rptq} Ñ 0 (tÑ 0) .

Assume that

|T ptqx| ¤ Sptq|x| � |Rptqx| (1.1)

for all x∈X , 0 ¤ t ¤ 1.
ThenT is dominated byS , i.e., |T ptqx| ¤ Sptq|x| (x∈X, t ¥ 0).

Proof. Let x∈X . By induction, inequality (1.1) yields

|T ptqnx| ¤ Sptqn|x| � ņ

m�1

Sptqn�m|RptqT ptqm�1x|
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for all 0 ¤ t ¤ 1, n∈N. Replacingt by t{n we obtain

|T ptqx| ¤ Sptq|x| � ņ

m�1

Spn�m
n
tq ��Rp t

n
qT pm�1

n
tqx�� (1.2)

for all n ∈ N, 0 ¤ t ¤ n. With ct :� sup0¤s¤t }Spsq}, dt :� sup0¤s¤t }T psq} the
last term in inequality (1.2) can be estimated as�����

ņ

m�1

Spn�m
n
tq ��Rp t

n
qT pm�1

n
tqx��

����� ¤ nct}Rp tnq}dt}x} � ctdt t
n
t
}Rp t

n
q}}x} .

Since this tends to zero asnÑ8, inequality (1.2) yields the assertion.

1.2 The delay semigroup

In this part we fix our assumptions concerning the delay semigroup. Assume thatX is
a Banach space. We assume that the operatorA in X is the generator of aC0-semi-
groupT . We assume thath∈ t1,8u, we choosep∈ r1,8q, and we denote byS the
C0-semigroup of left translation onLpp�h, 0;Xq,

Sptqϕpϑq :�
{
ϕpt� ϑq for � h   ϑ   �t ,
0 for � t   ϑ   0 .

We recall that the operatorA0 in X �Lpp�h, 0;Xq,
A0 :� �

A 0
0 d

dϑ



, DpA0q :� tpx, ϕq∈DpAq�W 1

p p�h, 0;Xq ; ϕp0q � xu ,
is the generator of aC0-semigroupT0 which is given by

T0ptq � �
T ptq 0
Tt Sptq



. (1.3)

Here,Tt ∈LpX,Lpp�h, 0;Xqq denotes the operator defined by

Ttxpϑq :�
{

0 for � h   ϑ   �t ,
T pt� ϑqx for � t   ϑ   0 .

For these statements we refer to [1; Proposition 3.1].
Next, let η : r�h, 0s Ñ LpXq be a function of bounded variation (where, in the

case ofh � 8, r�h, 0s denotes the one point compactification ofp�8, 0s). Then
one can define an operatorL∈LpCpr�h, 0s;Xq, Xq by

Lϕ :� »
dηpϑqϕpϑq (ϕ∈Cpr�h, 0s;Xq) ;
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we refer to [12; Section 2] for details. We assume thatη is left continuous, i.e.,

ηpϑq � lim
ϑ1Ñϑ� ηpϑ1q (1.4)

for all ϑ ∈ p�h, 0s. For ϑ ∈ p�h, 0q, this can always be achieved by redefiningη ,
without changingL. For ϑ � 0, however, this means thatη does not give rise to mass
at zero; we refer to [8; beginning of Section 2] for a short discussion concerning this
assumption. We recall that, as a consequence, the variation

|η|pr�α, 0sq :� sup
! ņ

j�1

}ηpϑjq � ηpϑj�1q} ; �α � ϑ0   . . .   ϑn � 0, n∈N
)
,

of η on r�α, 0s tends to zero asαÑ 0�; cf. [12; Lemma 2.1].

We are going to show thatB :� �
0 L
0 0



is a small Miyadera perturbation (cf. [9],

[11], [6], [8]) of A0 , for any p∈ r1,8q, if the norm onX �Lpp�h, 0;Xq is chosen
suitably. For1   p   8 this is known (and true for any of the norms on the product),
whereas forp � 1, this is a new observation (making part of the paper [8] obsolete).
We recall the following estimate from [1; Example 3.1]: WithM :� sup0¤s¤1 }T psq},
1
p1 � 1

p
� 1, one has

» t
0

}LpTsx� Spsqfq} ds ¤ tM |η|pr�t, 0sq}x} � t1{p1|η|pr�h, 0sq }f}p , (1.5)

for all px, fq∈DpA0q, 0 ¤ t ¤ 1. Note thatLpTsx� Spsqfq is the first component
of BT0psqp xf q (the second component being zero). If1   p   8, then the coefficients
of }x} and }f}p tend to zero ast Ñ 0, and thereforeB is an infinitesimally small
Miyadera perturbation ofA0 . For p � 1, however, we choose a norm

}px, fq}c :� }x} � c }f}1 ,
with c ¡ |η|pr�h, 0sq. Then (1.5) shows

» t
0

}BT0psqp xf q}c ds ¤ tM |η|pr�t, 0sq}x} � |η|pr�h, 0sq }f}1
¤ max

�
tM |η|pr�t, 0sq, |η|pr�h, 0sq{c� }px, fq}c ,

for all px, fq ∈DpA0q, 0 ¤ t ¤ 1, wheremax
�
tM |η|pr�t, 0sq, |η|pr�h, 0sq{c�   1

for small t, i.e., B is a small Miyadera perturbation ofA0 . These statements imply

that A :� �
A L
0 d

dϑ



, with DpAq � DpA0q, is the generator of aC0-semigroupT ,

for all 1 ¤ p   8. The semigroupT is associated with the Cauchy problem (DE).
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1.3 The dominating delay semigroup

Additionally to the assumptions of Section 1.2 we now assume thatX is a Banach
lattice with order continuous norm, and that theC0-semigroupT possesses a modulus
semigroupT# , with generatorA# . Applying the assertions of Section 1.2 we obtain

that rA0 :� �
A# 0
0 d

dϑ



, with domainDp rA0q :� tpx, ϕq ∈DpA#q �W 1

p p�h, 0;Xq ;
ϕp0q � xu, is the generator of aC0-semigrouprT0 .

We assume that the functionη is ‘of bounded regular variation’, i.e.,η takes its
values in the regular operators,

rηptq :� sup
! ņ

j�1

|ηpϑjq � ηpϑj�1q| ; �h � ϑ0   � � �   ϑn � t, n∈N
)

exists for all�h ¤ t ¤ 0, and rη is of bounded variation. It has been shown in [12;
Lemma 3.1] that then the functionrη is left continuous, in particular

rηp0q � lim
ϑÑ0

rηpϑq .
Also, it has been shown in [12; Proposition 2.5] that the operator associated with the
function rη is the modulus|L| ∈ LpCpr�h, 0s;Xq, Xq of L. Again, the operatorrA :� �

A# |L|
0 d

dϑ



, with Dp rAq :� Dp rA0q, generates aC0-semigrouprT .

1.2 Remarks.(a) From the expression (1.3) for the semigroupT0 , and the correspond-
ing expression for the semigrouprT0 , it is immediate thatrT0 dominatesT0 .

(b) Arguing as in [3; Lemma 2.1] one shows thatrT dominatesT . (In fact, in
view of the second part of Section 1.2 it is no longer necessary to treat the casep � 1
separately.)

(c) The Banach latticeX �Lpp�h, 0;Xq has order continuous norm. Therefore
it follows from part (a) and [2; Theorem 2.1] thatT0 possesses a modulus semigroup
T #

0 , andT #
0 ptq ¤ rT0ptq (t ¥ 0). In the same way, theC0-semigroupT possesses a

modulus semigroupT # , andT #ptq ¤ rT ptq (t ¥ 0).

2 Domination of unperturbed and perturbed delay
semigroups

In the present section we assume thatX is a Banach lattice, and thatA, L, 1 ¤ p  8, A0 , T0 , A, T are as in Section 1.2.
The following result is the main tool for helping to identify the domain of the

generator of the modulus semigroup for the delay semigroup; cf. Section 3.

2.1 Proposition. Let the notation be as above, and assume thatT is dominated by a
C0-semigroupS on X �Lpp�h, 0;Xq. ThenT0 is dominated byS as well.
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Recall from Section 1.2 thatB :� �
0 L
0 0



is a (small) Miyadera perturbation of

A. Therefore,T can be represented as

T ptq � T0ptq �R1ptq , (2.1)

with

R1ptqp xϕ q � » t
0

T pt� sqBT0psqp xϕ q ds (px, ϕq∈DpA0q) .
The procedure of the proof of Proposition 2.1 is similar to [10; proof of Proposi-

tion 1.2]. The method consists in finding parts in the representation (2.1) ofT allow-
ing to estimateT0 , and other parts allowing an estimate needed for the application of
Lemma 1.1. The difference to [10] is that in that paper one has to use an iterated form
of (2.1).

2.2 Lemma. There existsc ¥ 0 such that

}R1ptqp x0 q} ¤ ct|η|pr�t, 0sq}x} ,
for all x∈DpAq, 0 ¤ t ¤ 1.

Proof. This inequality is shown in the same way as [3; inequality (2.4) in Lem-
ma 2.2(a)].

2.3 Remark.In the proof of Proposition 2.1 we will need the following general fact
about delay semigroups. Forf ∈Lpp�h, 0;Xq, 0 ¤ t   h one has

1p�h,�tqP2T ptqp 0
f q � Sptqf

(whereP2 is the projection onto the second component ofX � Lpp�h, 0;Xq), and
this implies

|T0ptqp 0
f q| � |p 0

Sptqf q| ¤ |T ptqp 0
f q| .

Proof of Proposition 2.1.Let px, fq ∈ X � Lpp�h, 0;Xq. We estimate (using Re-
mark 2.3 in the second estimate)

|T0ptqp xf q| ¤ |T ptqp x0 q| � |pT0ptq � T ptqqp x0 q| � |T0ptqp 0
f q|¤ Sptq|p x0 q| � |R1ptqp x0 q| � Sptq|p 0

f q|� Sptq|p xf q| � |Rptqp xf q| ,
whereRptq :� R1ptqp 1 0

0 0 q. By Lemma 2.2 we have}Rptqp xf q} ¤ ct|η|pr�t, 0sq}x},
and thus

1

t
}Rptq} Ñ 0 (tÑ 0) .

(Recall that |η|pr�t, 0sq Ñ 0 becauseη is assumed to induce no mass at0.) By
Lemma 1.1 we obtain thatT0 is dominated byS .
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3 The modulus semigroup

In this section we assume thatX is a Banach lattice with order continuous norm.

3.1 Theorem.Let X , A, and rA be as introduced in Section 1.3. ThenA# � rA.

The following result will serve as a final preparation for the proof.

3.2 Proposition. With the previous hypotheses and notations, we have:
(a) T #

0 ptq ¤ T #ptq ¤ rT ptq, for all t ¥ 0.
(b) A#

0 � rA0 .

Proof. (a) The first inequality follows from Proposition 2.1 sinceT # is a C0-semi-
group dominatingT . The second inequality was mentioned in Remark 1.2(c).

(b) From Section 1.2 we recall the representation (1.3), and correspondingly,

rT0ptq � �
T#ptq 0pT#qt Sptq



. (3.1)

The inequalities|T0ptq| ¤ T #
0 ptq ¤ rT0ptq (for the second of these inequalities we

refer to Remark 1.2(c)) show thatT #
0 is of the form

T #
0 ptq � �

T#
11ptq 0
V ptq Sptq



,

with positive operatorsT#
11ptq, V ptq satisfying

|T ptq| ¤ T#
11ptq ¤ T#ptq , (3.2)

|Tt| ¤ V ptq ¤ pT#qt , (3.3)

for all t ¥ 0.
From the semigroup property ofT #

0 one obtains thatpT#
11ptqqt¥0 is a C0-semi-

group onX , and therefore (3.2) impliesT#
11 � T# .

Inequality (3.3) impliessptV ptqx � r�t, 0q, for all x∈X . Let px, ϕq∈DpA#
0 q,

0   t   h. ThenT #
0 ptqp xϕ q � p T#ptqx

rϕt
q, where

rϕtpϑq �
{
ϕpt� ϑq for �h   ϑ ¤ �t ,
V ptqxpϑq for �t   ϑ   0 .

The existence oflimtÑ0
1
t

�
T #

0 ptqp xϕ q�p xϕ q� showsx∈DpA#q, ϕ∈W 1
p p�h, 0;Xq,

and we obtainA#
0 p xϕ q � p A#x

ϕ1 q. SinceT #
0 leavesDpA#

0 q invariant, we also obtainrϕt ∈W 1
p p�h, 0;Xq, and hence

ϕp0q � rϕtp�tq � lim
ϑÑp�tq� rϕtpϑq � lim

ϑÑp�tq�V ptqxpϑq � x,



9

where the last equality holds because of (3.3). (In fact, this last equality is first shown
for x ¥ 0, and then carries over to generalx.)

Thus we have shownA#
0 � rA0 . Since both of these operators are generators we

concludeA#
0 � rA0 .

Proof of Theorem 3.1.From Proposition 3.2(a) and [10; Proposition A.1] we obtain
Dp rAq (� DpA#

0 q) � DpA#q. For px, ϕq∈Dp rAq� we have

T #
0 ptqp xϕ q ¤ T #ptqp xϕ q ¤ rT ptqp xϕ q (t ¥ 0) ,

and this implies�
A#x
ϕ1


 � A#
0

�
x
ϕ


 ¤ A#

�
x
ϕ


 ¤ rA�
x
ϕ


 � �
A#x� |L|ϕ

ϕ1


. (3.4)

We define
L#ϕ :� P1A#p ϕp0qϕ q � A#ϕp0q

(where P1 is the projection onto the first component ofX � Lpp�h, 0;Xq). Then
(3.4) implies

A#

�
x
ϕ


 � �
A#x� L#ϕ

ϕ1



and
0 ¤ L#ϕ ¤ |L|ϕ. (3.5)

If additionally ϕp0q � 0 then we obtain

L#ϕ � P1A#p 0
ϕ q � lim

tÑ0

1

t
P1T #ptqp 0

ϕ q . (3.6)

Now, let ψ ∈W 1
p p�h, 0;Xq, ψp0q � 0. Then p0, ψq ∈DpAq, |ψ| ∈W 1

p p�h, 0;Xq
(by [12; Theorem 1.1]), and thereforep0, |ψ|q∈DpA#q. Now (3.6), the corresponding
equality forL andT , and

��T ptqp 0
ψ q�� ¤ T #ptq ��p 0

ψ q�� (t ¥ 0) imply

|Lψ| ¤ L#|ψ| . (3.7)

We are going to show that (3.5), (3.7) imply equality in (3.5). First observe that,
sincerη does not give rise to mass at0, there exists a sequencepϕkq in W 1

p p�h, 0;Xq,
ϕkp0q � 0, 0 ¤ ϕk ¤ ϕ (k ∈N) such that|L|ϕk Ñ |L|ϕ (k Ñ 8). For k ∈N the
application of [12; Theorem 1.1 and Remark 1.2] yields

|L|ϕk � supt|Lψ| ; ψ ∈W 1
p p�h, 0;Xq, |ψ| ¤ ϕku¤ sup

 
L#|ψ| ; ψ ∈W 1

p p�h, 0;Xq, |ψ| ¤ ϕk
( ¤ L#ϕk ¤ L#ϕ.

For k Ñ8 we conclude|L|ϕ ¤ L#ϕ.
Having established equality in (3.5) we have shownrA � A# . Since both of these

operators are generators we obtainrA � A# .
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4 The modulus semigroup in the space of continuous
functions

We assume that all the quantities are as in Section 1.3. We want to treat the delay
semigroup in the space of continuous functions and to show properties analogous to
those of the preceding section.

For convenience, we only treat the caseh � 1 and refer to Remark 4.3(c) for
the necessary modifications forh � 8. The delay semigroupTC in Cpr�1, 0s;Xq,
associated with the Cauchy problem (DE) is generated by the operatorAC ,

DpACq :�  
ϕ∈C1pr�1, 0s;Xq ; ϕp0q∈DpAq, ϕ1p0q � Aϕp0q � Lϕ

(
,

ACϕ :� ϕ1 ;
cf. [6; Chap. VI, Sec. 6].

For the remainder of this section we fix1 ¤ p   8. The operator
Jp : Cpr�1, 0s;Xq Ñ X � Lpp�h, 0;Xq, Jpϕ :� pϕp0q, ϕq, is continuous. For
ϕ ∈ DpACq, the functionuptq :� TCptqϕ (t ¥ 0) is the unique solution of the
Cauchy problem for the delay differential equation

u1ptq � Auptq � Lut , u0 � ϕ.

It is easy to see that this implies thatt ÞÑ Jpuptq �: upptq is a solution of

u1pptq � Apupptq , upp0q � pϕp0q, ϕq ,
and thereforeTpptqp ϕp0qϕ q � upptq. These considerations show the following result.

4.1 Proposition. (a) The semigroupsTC and Tp are consistent, in the sense that
JpTCptq � TpptqJp (t ¥ 0).

(b) The semigroupsrTC and rTp are consistent.

For the proof of Theorem 4.2 below we recall how the modulus semigroupT #
p

can be obtained. We denote byΓ the set of all subdivisions of1 by positive reals,

Γ � tγ ∈ p0, 1sn ; γ1 � � � � � γn � 1, n∈Nu .
For t ¥ 0, γ � pγ1, . . . , γnq∈Γ we define

pTpqγptq :� |Tppγntq| � � � |Tppγ1tq|
and, for px, ϕq∈X��Lpp�h, 0;Xq� , obtain

T #
p ptqp xϕ q � sup

γ∈Γ
pTpqγptqp xϕ q � lim

γ∈Γ
pTpqγptqp xϕ q .

These statements are proved in [2; proof of Theorem 2.1].
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4.2 Theorem. rTC is the modulus semigroup ofTC .

Proof. The property thatrTp dominatesTp clearly shows thatrTC dominatesTC as
well. Assume thatS is aC0-semigroup onCpr�1, 0s;Xq dominatingTC .

Let ϕ ∈ Cpr�1, 0s;Xq� . Then Spsqϕ ¥ |TCpsqψ| for all s ¥ 0, ψ ∈
Cpr�1, 0s;Xq, |ψ| ¤ ϕ. This showsJpSpsqϕ ¥ |Tppsq|Jpϕ for all s ¥ 0. Let
t ¥ 0. Then, forγ � pγ1, . . . , γnq∈Γ, we obtain

JpSptqϕ � JpSpγntq � � �Spγ1tqϕ ¥ |Tppγntq|JpSpγn�1tq � � �Spγ1tqϕ¥ � � � ¥ |Tppγntq| � � � |Tppγ1tq|Jpϕ � pTpqγptqJpϕ.
Taking the supremum overγ ∈Γ we conclude

JpSptqϕ ¥ T #
p ptqJpϕ � rTpptqJpϕ � Jp rTCptqϕ,

and thereforeSptqϕ ¥ rTCptqϕ.
So we have shown thatS dominatesrTC . This shows the assertion.

4.3 Remarks.(a) For the caseX � Rn , the result of Theorem 4.2 was shown in [2;
Proposition 3.3].

(b) The result of Theorem 4.2 is less general than one might hope to show. Namely,
in the space of continuous functions, the delay semigroup can be defined under weaker
conditions than assumed in the present paper. Indeed, instead of being defined by a
function η of bounded variation, one may just assumeL : Cpr�1, 0s;Xq Ñ X to be
continuous, in order to obtain theC0-semigroupT ; cf. [6; Chap. VI, Sec. 6]. Then,
assumingL to have a modulus|L|, and assuming thatL and |L| do not have mass
at zero, one obtaines that the correspondingC0-semigrouprTC dominatesTC ; cf. [7],
[2; Proposition 3.2]. Our method of proof does not yield the conjectured result that
also in this case the modulus semigroup ofTC is given by rTC .

(c) In the case ofh � 8 we note that results corresponding to Proposition 4.1 and
Theorem 4.2 can be shown in the space

C0pp�8, 0s;Xq � tϕ∈Cpp�8, 0s;Xq ; lim
ϑÑ�8ϕpϑq � 0u .

In this case the mappingJp used above does no longer exist. However, on the dense
subspaceCcpp�8, 0s ; Xq (� tϕ ∈ Cpp�8, 0s ; Xq ; sptϕ compactu) the mapping
Jp exists, and the restriction ofJp to subspacesC0ppϑ0, 0s ; Xq is continuous with
respect to the supremum norm, for allϑ0 ∈ p�8, 0q. Also, TCptqpC0ppϑ0, 0s ; Xqq �
C0ppϑ0�t, 0s ; Xq for all t ¥ 0. These observations can be used to carry out the proof
in an analogous way as for the case ofh � 1.
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