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Abstract

We study Schrodinger operators on R™ formally given by H,, = —A — p, where
W is a positive, compactly supported measure from the Kato class. Under the
assumption that a certain condition on the p-volume of balls is satisfied and that
H, has at least two eigenvalues below the essential spectrum oes(H,) = [0, 0),
we derive a lower bound on the first spectral gap of H,. The assumption on the
p-volume of balls is in particular satisfied if y is of the form p = aoyr, where M is a
compact (n—1)-dimensional Lipschitz submanifold of R™, oj; the surface measure
on M, and 0 < a € Loo(M).

MSC 2000: 35J10, 35P15, 47A55

1 Introduction and main results

There is extensive literature on estimates for the first spectral gap of Schrodinger oper-
ators. Many papers concentrate on one of the following two extreme situations: On the
one hand, for Schrodinger operators with convex potentials on convex domains the gap
turns out to be relatively large (see, e.g., [SWYY85], [Smi96] and the references therein);
on the other hand, in tunneling situations, where the potential has two or more separated
wells (minima) of equal depth, the gap becomes exponentially small with respect to a
separation parameter (see, e.g., [Har78], [Har80], [Sim84]).

For Schrodinger operators on R™ with bounded potentials, Kirsch and Simon proved in
[KiSi87; Sec. 4] that the first spectral gap always admits a lower bound that is comparable
to the gap size in tunnelling situations, without particular assumptions on the shape of V.
In [KoVe07], Kondej and Veselic proved a similar result in dimension n = 2 for potentials
given by certain measures supported on compact curves. This is the only gap estimate
known to us for Schrodinger operators with a singular interaction given by a measure.

In the present paper we generalise the gap estimate of [KoVe07] to higher dimensions,
for operators H, = —A — y on R™ (defined as a form sum, cf. Section 2). We assume that
(1 is a positive, compactly supported measure on the Borel o-algebra of R™ satisfying the
volume bound

u(B(x,r)) < ey (x € R™, r>0) (1.1)
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for some ¢, > 0, a € [0,2). (Up to a change in the constant c,, we could equivalently
assume this bound for » < 1 only since u has compact support.) Assumption (1.1) implies
that u is in the Kato class; conversely, p being in the Kato class implies (1.1) for a = 2
and some ¢, > 0 (cf. Proposition 2.2). In Example 2.3(b) we will show that the surface
measure on a compact (n—1)-dimensional Lipschitz submanifold of R™ satisfies (1.1) with
a=1.

The proof of the gap estimate in [KiSi87] uses the fact that the eigenfunctions of the
Schrodinger operator are Lipschitz continuous if the potential is bounded. For singular
potentials, Lipschitz continuity is no longer true in general. This difficulty is overcome
in [KoVe07] by means of a method that relies on detailed knowledge of the geometry of
spt u, such as curvature bounds. Theorem 1.1 below provides a better (though not sharp)
gap estimate, based only on the volume estimate (1.1).

Since g has compact support, we have oes(H,) = [0,00) by [BEKS94; Thm. 3.1], so
o(H,) \ [0,00) consists of isolated eigenvalues of finite multiplicity. In the main results of
this paper, Theorems 1.1 and 1.3 below, we will assume that

(A) H, has at least two negative eigenvalues; the lowest two are denoted by \g = —r3
and A\ = —K% ( > )\0)

The proofs of these theorems are given in Section 6.

1.1 Theorem. Let n > 2 and suppose that p = 0 is a compactly supported measure on
R™ satisfying (1.1) for some ¢, >0, 0 < a < 2. Let d denote the diameter of the smallest
closed ball containing spt p. If assumption (A) is satisfied then there exist C,p,q,3 > 0
depending only on n and o such that

Cl Aol

AL — Ao = ~Pro(d+1) 1.2
More precisely, for a < 1 one can choose 3 =n+ 1, fora =1 any 8 > n+ 1, and
B = % + 2 for a> 1. Forn =5, the factor |\o| on the right hand side of (1.2) can be
omitted.

1.2 Remarks. (a) In [KoVe07; Thm. 4.3], a gap estimate similar to the above is proved
for the case n =2, f1 = ¢Oim~, where ¢ > 0 and 7 is a C?-curve without self-intersections,
parameterised by arc length (cf. Example 2.3(c)). An application of Theorem 1.1 in this
situation yields a slightly better estimate: Firstly, in [KoVe07] the constant C' depends
on the curvature of v, and (3 is not given explicitly. Secondly, there is a factor |\;| in the
gap estimate of [KoVe07]; replacing this factor by |Ao| is in fact achieved by a simple trick
(see the argument leading to equation (6.3)). Thirdly, in [KoVe07] the estimate contains
an additional factor that behaves like |A\o|® for small |\g|.

(b) One can hardly expect that the value of § given in Theorem 1.1 is sharp. Com-
putable examples of tunneling situations might lead to the conjecture that (1.2) always
holds with 8 = 1, but it does not seem possible to prove this with the method presented
in this paper.

(c) The attentive reader will note that the estimate (1.2) is not scaling invariant: It
is easy to see that for s > 0 the operators H, and H,  are unitarily equivalent, where p;
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is defined by ps(A) := s> "u(sA). Moreover, under the assumptions of Theorem 1.1 one
computes that i, satisfies (1.1) with ¢,, = s*~*c,, that the smallest closed ball containing
spt ps has diameter d/s, and that the lowest two eigenvalues of H,, are s?\g and s?);.
Applying Theorem 1.1 to ps, with s = ed for some € > 0, we thus obtain the scaling
invariant estimate
A= Ao > CelAol e—(lJre)ﬁmd7
((ed)2=2c, +1)"

where C. = C/(L +1)4.
In dimension n = 1 we obtain a much simpler result.

1.3 Theorem. Let p > 0 be a compactly supported measure on R, d the diameter of
spt . If assumption (A) is satisfied then

Mol oned K1 —2n0d
U WS el R 7 T VI WS S— ) 1.3
LT 1 e T Z dr1)© (1.3)

The paper is organised as follows. In Section 2 we recall some basic results on form
small measures and the (extended) Kato class of measures. In Section 3 we use a ground
state transformation to show the representation

M=o = |eoVE] o]

of the lowest spectral gap, where ¢; is an eigenfunction corresponding to the eigenvalue
Aj, for 7 =1,2. We demonstrate how this representation can be used to prove the main
results, given the following two ingredients: (i) an estimate of the modulus of continuity
of the eigenfunctions, (ii) a pointwise estimate from below for the ground state g of
H,. These ingredients are provided in Sections 4 and 5, respectively. Since they are
of independent interest, we will prove estimates that are sharper than necessary for the
proof of Theorem 1.1. The proofs of Theorems 1.1 and 1.3 are given in Section 6. In the
appendix we provide an estimate on the convolution kernel of (k% — A)~! (where x > 0),
needed in Section 5, that we did not find in the literature.

2 Form small measures and Kato class measures

Throughout this section let 1 > 0 be a measure on the Borel o-algebra of R™. We recall
the definition of the operator H,, for form small ;1 and some results on the (extended)
Kato class of measures. In the following we write for brevity L, for L,(R"), and similarly
Wy, C, ete.

The measure p is called form small with respect to the Laplacian on R™ if u does not
charge sets of zero capacity and there exist v € [0,1), ¢ € R such that

/|u|2d,u <7/|Vu]2dx+c/|u]2dx (u € Wy). (2.1)
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Here and in the following, we tacitly assume that a quasi-continuous representative of u
is chosen if we write u € W3; then the integral [ |u|?du is unambiguously defined. It is
well-known that, under condition (2.1),

D(1,) = W,, 7, () ::/|Vu|2d917—/|u|2 du (2.2)

defines a closed quadratic form 7, in Ly. The domain D(7,) is dense in Lo, so we can
define the Schrodinger operator H), as the selfadjoint operator in Ly associated with 7,,.

In accordance with [StVo96; p.114] we say that p is in the extended Kato class if
there exists k > 0 such that G *x u € L., where GG, is the convolution kernel of the free
resolvent (k2 — A)~!. (It is automatic that then p does not charge sets of zero capacity.)
We say that pis Kato small if lim,_, |Gy * 1 o < 1. By [StV096; Thm. 3.1], a Kato small
measure is also form small. The measure p is in the (proper) Kato class if |G, * f]o0oc — 0
as Kk — 00. )

In the following let k; denote the convolution kernel of e, i.e., k;(z) = (47rt)_%e_%
for t > 0, = € R". Moreover, for an operator B on Ly and p,q € [1, 00| we denote by
| B|p—q the norm of Bl r, regarded as an operator from L, to L.

2.1 Proposition. Let o >0, v € [0,1) and assume that

/ kt*,udtH < 7.
0 o

Then p is Kato small, and |e |, < ﬁ for all t € [0, ).

Proof. Arguing as in [Voi86; Prop. 4.7(b)] one finds x > 0 such that

uGH*uHo@:H/ e’”%kt*udt” <1,
0 o0

so u is Kato small. We recall the approximation of H, given in [StVo96]: For j,m € N,
m > k let p; = Lpjp, Vim = (m? — k?*)Gy, * p;. Then

[t = ~26 [
0 o0 0 )
< ||m2(m2 _ A)_1||oo—>oo ”/ kt * [Ldt“ < Y,
0 0

and by [Voi77; Thm. 1(c) and the last formula line of part (i) of its proof] we obtain
that e "im |, < ﬁ for all t € [0,a], j,m € N, m > k. Moreover, Hy, , — H,,
in the strong resolvent sense as m — oo, by [StVo96; Cor. 2.4(a)], and H,, — H, in
the strong resolvent sense as j — oo, by [StVo96; Thm. 3.3(a)]. We thus conclude that
e tHe], - < 1%/ for all t € [0, al; cf. [StVo96; proof of Cor. 2.4(b)]. O

In the next result we show the relation between the Kato class condition and the
volume bound (1.1). We will need the following fact: Assume that m: [0,00) — [0, 00) is
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increasing, m(0) = 0, u(B(x,r)) < m(r) for all x € R", r > 0. Then for any decreasing
function f: [0, 00) — [0,00) and all x € R™, one can estimate

fllz =y duty) < [ f(r)dm(r); (2.3)

cf. [Dav95; p. 179].

2.2 Proposition. Let 0 < a < 2. Assume that there exists ¢ > 0 such that

t
H/ kos pds] <
0 o0

Then the volume estimate (1.1) holds with ¢, = c/g(e1), where g(z) = f
Conversely, if o« < 2 (a < 1 in the case n = 1) then (1.1) zmplzes (2.4) wzth c =
2272 [("%52 + 1)c,,; in particular, p is in the Kato class.

72 (t>0). (2.4)

Proof. Let r > 0. For y € R"\ {0} we compute, substituting s = r?¢, that

2

T 1 2 1
/ ks(y)ds = / (47T7’2t)_%67£|2t r2dt = r2_"/ k(L) dt =r*"g(%) =: g,(y).
0 0 0

Since g, * p is lower semicontinuous, we thus obtain from assumption (2.4) that sup(g, *
p) < er*=®. Moreover, g.(y) = g-(re1) = 1> "g(e1) for 0 < |y| < r, so we infer for all
x € R™ that

r*g(en)u(B(x, 1)) < / gr(@ = y) duly) < gr * p(w) < er”™,

B(z,r)

and the first assertion follows.
Conversely, assume that (1.1) holds and that o < 2. Then for s > 0 we obtain by (2.3),

substituting r = (4sp)z, that

o n 7‘2 n & n—a n—ao
el < [ (ams) Ee Foudm =, (me)E [ eras) 5 "
0 0
= c,(4s) 2 20(252 + 1).

(This computation is also valid in the case n = a = 1 if one replaces dr"® and dp z

with the Dirac measure at 0.) Integration from 0 to ¢ now yields the second assertion. [

If n =1 and p is finite, then assumption (1.1) is trivially satisfied with o = 1 and
= |p|. We now give examples in dimension n > 2 where assumption (1.1) is satisfied
with oo = 1.

2.3 Example. (a) (cf. [BEKS94; Thm. 4.1(iv)]) Let U C R" ! be open and bounded,
f: U — R" Lipschitz continuous, and

fl@)=f) =z -yl  (z,ye€l).
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Let = oy, 1.e.,
/ pdy = / e dy (o € C(RM),

with ¢ := (det(f’Tf’))% the square root of the Gram determinant. We show that then (1.1)
holds with

o = ]-7 C/L = 2n_1wn—1“g”0®a

where w,,_; denotes the volume of the (n—1)-dimensional unit ball.

Indeed, let * € R", r > 0. There exists yo € U such that rq := dist(z, f(U)) =
lz — f(yo)|. If r < 7o then p(B(z,r)) =0 < ¢,r" ' If r > ry then for y € U with
f(y) € B(z,r) we have

ly —yol < |f(y) — flwo)l < [f(y) — [+ |z — flyo)| <7+ 19 < 2,

and it follows that

w(B(z,1)) Z/Ullmx,r)(f(y))g(y) dy < /B( . [9]oe dy = wn—1(27)" " g]so-

(b) Let M be a compact (n—1)-dimensional Lipschitz submanifold of R", o, the
surface measure on M and 0 < a € Lo(M). Then M can be covered by finitely many
relatively open subsets that can be parameterised as in (a), so p = aoys satisfies (1.1)
with a = 1.

(c)Let n=2, N €N, v,...,vy Lipschitz curves in R?, ~,: I; — R? parameterised by
arc length on a compact interval [; CR (j =1,...,N), and assume that |y;(s) —;(¢)| >
%|5 —t| for all j € {1,..., N}, s,t € I;. In particular, each curve v; is intersection free,
but the different curves may intersect. If, e.g., v: I — R? is a curve (with a compact
interval I C R) that is piecewise C! and parameterised by arc length, then « can be split
into finitely many parts 71, ..., vy satisfying the above.

Let now
N

= Z%’ a € Loo(imD), p:=aour.
j=1
By part (a), applied with f;(t) := 7,(2t), we obtain that then (1.1) holds with a = 1,
¢, = Nla|w2'w; - 2 = 8N]a|. It follows that the spectral gap estimate of [KoVe07] can
be obtained as a special case of Theorem 1.1.

The following representation of the eigenfunctions of H, is extracted from [BEKS94;
proof of Cor. 2.3]. We include the proof for the reader’s convenience.

2.4 Lemma. Assume that p is form small, ¢ an eigenfunction of H,, H,p = —r*p for
some k> 0. Then ¢ = G * (pp).



Proof. The form smallness of y implies that D(H,,) C Wy C Ly(p), so ¢ € La(p). By
[BEKS94; Lemma 2.2] we obtain that u := G, * (pu) € W3 and

(u,v), = (Vu, Vo) + £*(u,v) = /(pUd/L (v e Wy). (2.5)
Moreover, for v € W, we have

0= ((H, + 5)p,0) = (7 + K2)(9,) = {9, 0} — / B, (2.6)

Combining (2.5) and (2.6) we conclude that {p,v), = (u,v), for all v € W3 and therefore

We use the above representation for proving the following estimates of the Lo-norm
against the Lo,-norm of the eigenfunctions of H, (cf. [KoVe07; Lemma 5.5]); these esti-
mates will be needed in the proofs of the main results.

2.5 Proposition. Assume that 1 is form small, ¢ a bounded eigenfunction of H,, H,p =
—r%p for some Kk > 0.

(a) If p is finite then |o[3 < x| ullolZ-

(b) If n =1 and spt u C B0, R] for some R > 0 then |¢[3 < 2R+ 1)|¢|>.

(

¢) If n =5 and spt u C B[0, R] for some R > 0 then |¢|35 < 2::44wnR”||g0Hgo.

Proof. Without loss of generality assume that |¢|. = 1. By Lemma 2.4 we have ¢ =

Gy (op).
(a) Since |Gi|1 = |(k* — A)7' |11 = k72, we obtain that

lel2 < lelileloo = 1Gw * (er)ls < 5721 ul.

(b) Outside spt p we have (k? —A)p = 0 and hence (k? —A)|p| < 0 in the distributional
sense, i.e., |¢| is a subsolution of the equation (k% — A)u = 0. Moreover, u(z) := e~ *#I=5)
defines a solution of this equation on R\ {0}, and |¢| < won [-R, R]. Since ¢ = G * (pp)
vanishes at 0o, we conclude that |¢| < u on R and therefore

R oo
[l < 2/ 1dz + 2/ e 2R gy — 2R 4 L.
0 R

(¢) Arguing as in (b) we obtain that || is subharmonic on R" \ B[0, R] and vanishes
at 0o. Therefore, |p(z)| < (%)R_Q for |z| > R and hence

|2 < /(% A 1)2(n72) do = w, R" ‘l'nwn/R R2(n=2),.~2(n-2) ,n—1 g,
= w,R" + nwnRQ(”_z)ﬁR‘l_" = (1 + ﬁ)wan. O



3 The ground state transformation

Throughout this section, x> 0 is a Kato class measure on R". It follows from [BIMa90;
Thm. 3.2.(ii)] that then the eigenfunctions of H,, are in Cy(R™), the space of continuous
functions vanishing at oo.

Assume that Ay := info(H,) < 0 is an eigenvalue of H,. It is well-known that Ay
is non-degenerate and that a corresponding eigenfunction ¢y can be chosen such that
@9 = 0. Lemma 2.4 implies that then infpgr @o > 0 for all R > 0. We define the
unitarily transformed (and shifted) form 7, in La(p3) := Lo (R", p2dz) by

D(7,) = {u € La(45); pou € D7)}, Tulw) = (7 — Xo)(pou).

In the case p = Vdx, with V' from the Kato class, the following result is already proved
in [DaSi84; Prop. 4.4S]; see [KoVe07; Thm. 3.1] for the case u = copy, with M C R™ a
compact C*manifold of codimension 1 (cf. Example 2.3(b)).

3.1 Proposition. For all u € D(7,) one has Vu € Ly(p3)" and

%, (u) = / IVl 2dz. (3.1)

Proof. We first assume that v € W) N Ly. Then gou € W) and gouu € Wy since
0o € Wi N Ly Therefore, by the product rule,

/ V(o) - V (5) da = / Vul? plde + / Vo - V(gout) dr.
and hence

) = [ VuP Gide = rlnn) = o [ oo de — [ 190 iz
= /Vgog - V(pouu) dx — /gpo ~poutt dpt — Ao / ©o * Poull dx
= (1, — Xo) (0, pouu) = /(Hu — Xo)@o * pout dx = 0.

Thus we have shown the assertion for u € D := W} N L.

Now observe that D 2 ¢y 'C> (v € C implies ;' € D since p, ' € W3 1oe N Lo Joc) -
Since C° is a core for 7, it follows that D is a core for 7,. Let u € D(7,), (ux) C D,
up — u in D(7,). Then up — u in La(¢?), and by (3.1) applied to u, — up € D we
obtain that (Vuy), is a Cauchy sequence in Ly(¢2)™. This implies Vu € Ly(¢2)" in the
distributional sense, Vu;, — Vu in Ly(p3)", and we conclude that (3.1) holds for all

u e D(7,). O

In the following assume in addition that g has compact support and that A\; :=
inf(o(H,)\{Xo}) < 0; then )\ is an eigenvalue of H,, since oes(H,) = [0, 00) by [BEKS94;
Thm. 3.1]. Let ¢ be an associated eigenfunction, ¢; real-valued. By Proposition 3.1 we
then obtain

(M =201l = (1u = 2)(91) = 7 (L) = |po V2. (3.2)
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We now describe how this formula can be used for the estimation of A\ — A\y. The ansatz
is largely the same as in [KiSi87] and [KoVe07]; we will indicate the differences below.
As in [KiSi87; p. 405] we normalise g, @1 such that [pole = [¢1]ec = 1, supe; = 1.
Note that then inf ¢; < 0 since ¢g, ¢ are orthogonal. Since p; € Co(R™), there exist
zo,x1 € R™ such that ¢1(xg) = minyy, ¢1(r1) = max ;. By Lemma 2.4 we have p; =
G\/m % (1), and hence (|A1| — A)epy = 0 on R™ \ spt . This implies that ¢; has no

positive maxima and no negative minima outside spt p, and thus xg, x; € spt .

In the following we first assume that n > 2. Let R be the radius of the smallest closed
ball containing spt y; for simplicity suppose that spt u C B0, R]. Let ¢ := i inf 50, R+1) Po-
Then 0 < & < . Since g1 € Co(R™), there exists § € (0,1] such that |p1(z) — p1(y)| < e
for |z —y| < 0. (Explicit estimates from below for ¢ and § will be given in the next two
sections.) It follows that
<

< 7 on B(xg,d), 2 >p21—e>2 on B(x,9). (3.3)

=

£
®0

s

In [KiSi87] and [KoVe(7], similar estimates were proved by means of gradient estimates
on g and 5.

Let now T be the convex hull of B(zo,6) U B(z1,6), and T := {z € T; 0 < (z —
T, T1 — To) < |r1 — x0|2}. Then T is a tube connecting the two points xy and ;. By the
Cauchy-Schwarz inequality we obtain from (3.2) that

2
=2l > [ vz > ot ([ 1val),

where |T'| denotes the volume of T. (This estimate leads to better results than the
corresponding estimate in [KiSi87; eq. (4.4)] and [KoVe07; e (16)] ) Using the funda-
mental theorem of calculus, we infer from (3.3) that [, ‘V‘pl} > 1w, 16"!. Moreover,
IT| = |v1 — Zo|wn_16""1, so we conclude that

1

2
_ >
()\1 >\0)||801 ||2 = 2an_15n—1

2wy
(4e)? (Awn_16"" 1)2 = %52(5”’1. (3.4)
For n = 1, the above estimation simplifies considerably: If sptu C [—R, R| then
from (3.2) we obtain, again using the Cauchy-Schwarz inequality and the fundamental
theorem of calculus, that

R R
2 2 2 L 2 2 1
(A= Ao)[enls = /R%W%\ > o5 _lnf ©0 (/R |V%‘> > ﬁ[%{;ﬂ vo  (35)

4 Holder continuity of the eigenfunctions

Throughout this section we assume that n > 2 and that p > 0 is a Kato class measure
on R™. Then the eigenfunctions of H,, are uniformly continuous since they are in C(R™)
by [BIMa90]. In the main result of this section, Theorem 4.3 below, we will show that
the eigenfunctions are Holder continuous if the volume bound (1.1) is satisfied for some
¢, >0, a€0,2), with a Hélder exponent depending on a.
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We start with an estimate of the modulus of continuity of the eigenfunctions of H,
that is rather simple but holds in great generality. Let Gg be the fundamental solution of
—A given by

LlnLt ifn=2
_ 2 |z )

For rog > 0 let
Plry = (GO - GO(Toel))+7 P2rg = ’v<G0 - pl,?“o)"

Then po () = = |x|*=" for |z| > ro, par,(z) = 0 otherwise.

Unl

4.1 Proposition. Let ¢ be an eigenfunction of H,, H,p = —r*p for some k > 0. Let
e > 0. Ifrg > 0 satisfies |p1ry * t]oc <  then

lo(2) = oW)| < elelo  for all w,y € R™ such that v —y| < §lpar * ul-
Proof. Let g1 := (G,i — Gn(roel))+, go .= G, — g1. By Lemma 2.4 we have

o =Gy x(pp) = (91 + g2) * (pp).

Since g1 % (pp) = @ — go* () is continuous, we can estimate | gy * (pp)(x) — g1 * (op)(y)] <
2| g1 * (pp)] s and hence

lp(z) — w(y)] < g2 * (pu)(x) — g2 * (o) (¥)] + 2|91 * (1) oo
[z =yl [Vl * (w)]o + 2] g1 * (011) ] o

<
<
< (lz =yl 11Vl * pllos + 291 * plloo) [0l (4.1)

for all =,y € R™. Observe that

VGo(z) = / (dmt)~5 (—2) e~y
0

for all z € R™\ {0}, and that this formula also holds for k = 0. (For n > 3 the latter is
clear; for n = 2 it can easily be seen by computing the integral.) We infer that |Vgs| < pa.r,
and ¢; < p1,,. By the assumption on ry we thus obtain from (4.1) that

lo(x) — ()] < (Jz =yl o200 * oo +2-5) |@loos
and the assertion follows. OJ

4.2 Remarks. (a) The above estimate of the modulus of continuity does not depend on
k. It is clear that for large x one obtains a better estimate using (4.1) without further
estimating ¢; and |V gs|.

(b) Let 7o > 0 be as in Proposition 4.1 and assume that p is finite. Obviously,
20 # e < Iz loolil = 7570 "2l s0 it follows that

o(2) = e(y)] <eleleo if [z -yl < 2” ” — erp
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For the proof of Theorem 1.1 we will need the following application of Proposition 4.1.
In the case of Example 2.3(c) (where n = 2 and a = 1), a related result is given in [KoVe07;
Prop. 6.8].

4.3 Theorem. Assume that the measure i is finite and that (1.1) holds for some ¢, > 0,
0<a<2. Let ¢ be an eigenfunction of H, and e > 0. Then

lo(x) — )| < el forall |z —y| <0

where
gl e , Yast,
=%t (4 s ul e )] fa=1
o RS o

Proof. Let 1 > 0. In order to apply Proposition 4.1, we have to estimate | py 5, * 1] and
lp2.ro * ptlloo- Let m(r) :=c,r"~* (r > 0). Using (2.3) we estimate

To To
[o1.70 * piloe < /0 prro(rer) dm(r) = py,(ren)m(r)|g, — /O m(r) dp v, (r)

T0 0
_ 1 1-n __ Cu 11—« _ Cu 2—«
A e

Setting

1

ro i= (%Taan_lé)ﬂ (4.2)
we thus obtain |y, * ] < §, 50
lo(z) — o)l < elploe for all [ =yl < Sloar * ) (4.3)

by Proposition 4.1.
Recall that o,_1p2,,(2) < (Jz| V 70)' ™" for all z € R". In the case @ > 1 we obtain
by (2.3) that

On—1]p2ry * tt]oo < / (rv 7“0)1_” dm(r) = ré_”m(ro) + / r~*(n —a)c,dr
0

T0

_ —a n—1,.1—«a
—C#T‘O +Cu_a 7“0 =Cug—3T0 >
hence
a—1
£ -1~ la-1 a—1 _ la-1(2-a m( i)Hm
2”/)2,7"0 >k/‘”oo Z 5p7-1%n— 1cuTO - 2n71< 4 ) O-n—lcu

by (4.2), and the assertion follows from (4.3).
Let now 7y := ("“") n=o_ Then m(r) = ¢,r7~* = |u| and hence, again by (2.3),

r1
Foilpary sl < [ (70" dinfr)
0
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In the case o < 1 we estimate

n—1

r1 r1 1 —
Gt lp2rs * e < / P dim(r) = / (0 — e, dr = g =arlTe = nma | i i,

so as above the assertion follows from (4.3).
Finally, let &« = 1. Then

T1

Tn-1lp2.ro * 1o < ré’"m(ro ATy) + / r’l(n — ey dr

ToNAT1

=1y ey (ro Ar)" 4+ (n—1)c, In v

—c, [(— A" (n— 1) In(2 v 1)} = cuf (),

with f(z) = (z A1)" '+ (n—1)In(z vV 1). We show that f(z) < nln(1 + z) by distin-
guishing the cases * < 1 and z > 1: If z < 1 then

fl@)=2""+0<2< 5 Im(1+2) <nln(l+x)

since n > 2. If x > 1 then f(x) =1+ (n — 1)Inz, so we have to show that h,(z) :=
nin(l+x) — (n — 1)Inz > 1. Observe that h,(z) > he(z) and that hs is increasing on
[1,00), hence hy(x) = ha(1) =2In2 —In1 > 1. We conclude that

2.0 % 1lloe < 551 (R) < T (14 ).

1

By (4.3) this implies the assertion since r, = (%) "~tand rg = %i O
4.4 Remark. Theorem 4.3 implies that the eigenfunctions of H,, are Lipschitz continuous
if @« < 1. In general, the eigenfunctions are not Lipschitz continuous if @ = 1: One can
show that for n > 2 and p = coyy, where M = Bga-1(0,1) x {0} and ¢ > 0 is large enough
for the ground state yq to exist, the logarithmic factor given in Theorem 4.3 reflects the

correct behaviour of the modulus of continuity of ¢.

5 Estimate of ¢y from below

In this section we prove a pointwise estimate of the ground state ¢, of H, from below.
Throughout the section we assume that

t
“/ ko % 1ds
0

for some ¢ > 0, 6 € (0, 1] (cf. Proposition 2.2); in particular, p is in the Kato class.

As mentioned in Section 3, p being in the Kato class implies that the eigenfunctions
of H, are in Cy(R"). The following result provides an estimate of the L,-norm of the
eigenfunctions.

<ct!  (t>0) (5.1)

[e.e]
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5.1 Proposition. Assume that (5.1) holds for some ¢ > 0, 6 € (0,1]. Let ¢ be an
eigenfunction of H,, H,p = —k*p for some k > 0. If [ |¢|du < oo then

loloe < (e, 6, ) / ol dp,
where

61(0767 ’i) = i?

ea(c,0,k) = ZIn(1 + (46)%I€_2),

Calc,0,5) = w2 4n) T (4e) " (n = 3).

Before proving this proposition, we state and prove the main result of this section, the
announced pointwise estimate of .

5.2 Theorem. Assume that spt pn C B|0, R] for some R > 0 and that (5.1) holds for some
c>0, €0, 1]. Let 0 < o € D(H,,) be the ground state of H,,, |¢olee =1, £ >0 such
that H,po = —K*po.

(a) If n = 1 then @o(x) > e =) for all 2 € R.

(b) If n =2 then

po(a) > 2—2([(4(:)-2%(19:\ FRT] AL E (g e R?),
(¢) If n > 3 then
0o(z) > cn(de) ™ (|z| + R)> e rlel+R) (r € R"),

n—2

where ¢, = — Q/n(477) 2 =2" S(Q)QF(%)T'

On n

Proof. Lemma 2.4 implies that

wo(z) = /B(O,R) Gz — y)po(y) du(y) = G.((|z| + R)er) /soo dp (5.2)

for all z € R™.

(a) For n =1 we have G, (z) = 5-e "l (z € R), and [ o dp > 2k by Proposition 5.1,
so the assertion follows from (5.2).

(b) Let x € R?\ {0}. Proposition A.1(b) from the appendix and Proposition 5.1 yield

() imes)
Ln(1+ (40)wl)*  2eln(1+ ) ’

mm/mw>

with a = ﬁ and b = (4¢)20. By (5.2) the assertion follows if In(1 4 z)/In(1 +y) > A
for all x,y > 0. In the case x > y the latter inequality is clear; for x < y it is equivalent
to = ln(l +x) > %ln(l +y), which is a consequence of the concavity of In, so the proof of
(b) is complete.

(c) Let z € R™\ {0}. Proposition A.1(a) from the appendix and Proposition 5.1 yield

Gy(x )/wodu e [a e (n — 2)w/m(4m) T (4e)

so the assertion follows from (5.2). O
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For the proof of Proposition 5.1 we need the following estimate of |7),(¢)],— -
5.3 Lemma. Assume that (5.1) holds for some ¢ >0, 0 € (0,1]. Let to = 2(4¢)"s. Then
T, (t0)lp—oe < 2(27t9) "3 = 2(47) % (40)25 (1< p < o0).

Proof. Let ty := $tg = (4¢)~7. By assumption (5.1) we have

t1
”/ k:t*,udtH Lcty ==
0 o

From Proposition 2.1 it follows that |15, (t1)]1—1 < 1/(1— ) for all 0 < a < 4. Moreover,
170, (t1) 1200 = |12 1200 = (47t1) 2, so by the Stein interpolation theorem we infer as
in [StVo96; Thm. 5.1] that

1 1 _n
|7 (t1) | 1-2 < "T?u(tl)||1a1||T0u(t1)”12 < 22(4mty) "1,

Hence, by duality,

n

1T (t0) oo < 1 To(t)]1s < 2(47t1) 7% = 2(27t) 2.

The assertion now follows from Riesz-Thorin interpolation with the estimate

2
175 (t0)loomoo < NT(t) i1 < (71) < 2 -

Proof of Proposition 5.1. By Lemma 2.4 we have p = G, * (ou) = (k2 — A)"Hop).

In the case n = 1, the assertion follows since |Gy|s = 5=. For n > 2 we estimate, with
to = 2(4¢)"9 as in Lemma 5.3,

[lloe = e~ T, (o) loo < [Tlto) (5 = A)7': M(R") — Loo(R")] / el dp,

where M (R™) is the Banach space of finite Borel measures on R”. We now have to show
that the norm of T),(¢o)(k* — A)~! is less or equal ¢,(c, 0, k).
First suppose that n = 2. Then for all p € [1,00) we have

[(5* = A)H M(R") — Ly(R")] < / e et M(R") — Ly(R")| dt
0
< / (47rt)7%(17%)e_“2t dt = /@'127(4%)1171/ s e ds.
0 0
Since [°s Tlesds = I'(3) = pI'(1+ 3) < p, we conclude by Lemma 5.3 that

[ Tu(to) (52 = A)71: M(R™) — Log(R")] < 2(47) 2 (4¢) %5 - 57 (47) 7 'p
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For the proof of the case n = 2 it remains to show that there exists p € [1,00) such that
F(p) < ea(c,0, k). With a := (4¢)7x2 this inequality reads pap <eln(l4a). fa<e
then a < eln(l + a), so the inequality holds with p = 1. For a > e we take p = Ina; then

lna

pap =per " =1Ina-e' <eln(l+a).

Let now n > 3. For m € M(R") we have (k* — A)"'m = [ G,.(- — y) dm(y) (Bochner
integral of y — G.(- —y) € L1(R")) and hence

I75u(t0) (5% — A) " 'mlle < /IITu(to)Gn(- = Y)lse dm(y) < sup [T, (to)Gol- = y)loo - [m].

yER?

Using Lemma 5.4 below and Lemma 5.3, we deduce that

IT5u(to) (57 — A) ™ M(R"™) — Loo(R")] < 5555 wa T, (to)HHooHT ()] oc

<l 2(dm) T (4e)

1
2(n—2)

and conclude the proof. Il

In the following interpolation lemma we implicitly use the fact that Gy is in the weak
Lebesgue space L_n_,,

5.4 Lemma. Letn > 3. Let T: Ly + L (R") — Loo(R™) be a bounded linear operator,
yeR", f(z):=(n—2)Go(z —y) = 5=z —y|*" (x € R"\ {y}). Then

_2 n=2 2
17 flloo < 5wn ™ 1T 200l T30 00 -

Proof. Without loss of generality assume that y = 0. Let o > 0, f; := (f — f(roel))+,
f2i=f = f1. Then [ foo = f(roer) = 75757,

70 70
il = / (2" — 2y ey = / (r— 2 Yy dr = (L - L)2,

and hence

I7floo < 1T filso + 1T oo < 1T h1m00 5275 + 1T loomoo 570 ™

n—1

Let now a := 2|T|12cc, b= 57— |T]ocmoo and g := (g)l/n (without loss of generality
T # 0, s0 a#0). Then we obtain that

_ n |71 como0 %n
ITfle < r2(552a + bry™) = r%(—a+a)=( L) STy,

On—1 ”Tulﬂoo

and the assertion follows. O
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6 Proofs of the main results
We are now in a position to prove our main theorems stated in Section 1.

Proof of Theorem 1.1. Let R := %l and assume without loss of generality that spt u C
B[0, R]. As in Section 3 we normalise ¢g, 1 such that |gfe = [P1]e = 1 and sup g =
supp; = 1. Let € := me[O r+1] o- Then € € (0, ] Let § > 0 be as in Theorem 4.3, so

that |¢1(z) — 1(y)| < e for | —y| < 0, and let § := § A 1. According to (3.4) we can
estimate

2w, — . _
M= Ao > Tlg%s Yoo [32. (6.1)

By Proposition 2.5(a) we have |¢1]32 = |Ai||u| ™. Moreover,
lul = u(B[O, R]) < ¢, R™™° (6.2)

and hence
2 2 1 pa—n—1_2cn— 1 2
Ko — K] = A1 — Ao 2 2wy, 1\>\1\C R g% 2 VK,

where v 1= 2w, _1(c, + 1)~ (d+ 1)> "=1g26"=1 This implies k3 > (1 +7)x7, and therefore

K§ — KT = K§ — TR0 = 15 Kp. Since v < 2w,1(3)? < 1, we conclude that
A — A = ﬁng > 1kg = wypo1|Nol(c + 1) 7H(d + 1) 25 (6.3)

In the case n > 5 we have |¢;]3 < 6w, R" by Proposition 2.5(c); then (6.1) yields

2wy,
A= Ao = onmd(g 4 1)l (6.4)
Wn
We are going to show that
20" > Cole, +1)77(d + 1)~ BroldtD) (6.5)

with 3 as in the assertion of the theorem and constants Cjy, pg, ¢o > 0 depending only on
n and «. Then (6.3) implies (1.2) with C' =w, 1Cy, p=po+1, ¢=q+n+1—a, and
the additional assertion for n > 5 follows from (6.4).

Recall from Proposition 2.2 that (5.1) holds with § =1—% and ¢ = ;2277 2 I'(252 +
1)c,. Hence, by Theorem 5.2 and the definition of ¢ we have

N é(élc—i—l) 7o (2R + 1)l m0@RHD  if p =2,
€z
e (4¢) 5w (2R + 1)2 gm0 2R+ if n > 3.

We infer that there exists a constant ¢, , > 0 (depending only on n and «) such that

€2 CnalCy+ 1) 5w (d + 1)~ (" Derold1) (6.6)

n—1

Assume now that o < 1. Then |pu|~ ﬁcgﬁ R~(=%)¢ 1 by (6.2). According to
Theorem 4.3 we thus have § > > Cna(c,+1)7Hd+1)"0"%e = §,, with &, , > 0 depending
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only on n and a. Without loss of generality ¢, o < 4; then 0; < 1 since € < }1 We obtain
that

R e 1)~(=0(d 4 1)~ (= DU=a)gntd

SO from (6.6) we deduce that (6.5) holds with § =n+ 1, py = 7;2__0} +n—-1 q =
n? -1+ (n—1)(1—-a)and Cy =" tertl

n,o n,x 1
In the case o > 1 we have § > cna( €+1) 2—e =:§,. Again, a suitable choice of @m
ensures that d, < 1, and in the same way as above we deduce (6.5), now with § = 2= —|— 2,

po=3-08-2, qg=(n-1)3and Co=12¢1y 105

Finally assume that a = 1. Given § > n + 1 there exists & € (1,2) such that § =
2-1 + 2. Then pu(B(z,r)) < cu(r AR)" ! < C#Rd_lr”_d for all z € R, r > 0, and from
the preceding paragraph we obtain that

200 2 el (B 4 1) (0 4 1)t
Using the inequality R* ¢, + 1 < (R + 1)% (¢, + 1), we deduce by straightforward
computation that (6.5) holds with py = 2 -3 -2, g = 3 -3 —n—1 and Cy =
~n—1_03
Cn,d Cn,d‘ OJ
Proof of Theorem 1.3. Normalising pu, ¢y and ¢; as in the proof of Theorem 1.1, we
obtain from (3.5) and Theorem 5.2(a) that
1

1 20 . 1—2 okod| . (-2
AL — Ao 2 3 [_dl/lzlg/2] oleila® = g6 Neals "

The second assertions thus follows from Proposition 2.5(b). Proposition 2.5(a) implies
that A\; — Ao > 24l e 2m0d g0 the first assertion follows as in the argument leading to

d|
equation (6.3). O

A Appendix

Here we prove the estimate of G, from below that is needed in the proof of Theorem 5.2.
We assume that n > 2 and recall that o, = I?ZTn_"//;) is the (n—1)-dimensional volume of
the unit sphere in R".

A.1 Proposition. Let k > 0, and let G, be the convolution kernel of (k* — A)™! on

Ly(R™).
(a) If n > 3 then G,(x) #M%" el for all z € R™ \ {0}.
1

>
(b) If n =2 then Go(x) > 5- In(1 + ;7 )e™™! for all v € R*\ {0}.

™

—

Proof. By [Sch66; eq. (VII,10;15)] we have
Go(z) = 2m) 5R"% 2|72 Kua(slz])  (z € R"\ {0}), (A1)

where K, is the modified Bessel function of the third kind of order v > 0. In particular
we see that G (z) = k" 2G(kx), and that it therefore suffices to show the assertion for
k=1
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(a) By [AbSt72; 9.6.9] we obtain from (A.1) that

1
Gl(x) = m‘ﬂfﬁin + 0(’1“27”) as x — 0.
Let € > 0,
l-¢ | p-ngal
(2) = ne=lel _ g R"\ {0}).
pela) = gl e~ Gala) (e R\ {0))
Then there exists 6 > 0 such that . < 0 on B(0,0) \ {0}, and ¢.(z) — 0 as |z| — oc.
Moreover, a straightforward computation shows that (1 — A)p.(z) = —(n_éﬁ(n —

3)|z|* e~ 1#l < 0 for  # 0. Thus . has no positive maxima. We conclude that ¢, < 0
on R™\ {0} for all € > 0, and for € — 0 we obtain (a).

(b) By (A.1) we have Gy (x) = 3=Ko(|z]), so we must show that Ko(r) > In(1+ +)e™"
for all > 0. Let a := 2e™7, where v = 0.577 ... is the Euler-Mascheroni constant. (Then
1 <a < 2.) From [AbSt72; 9.6.13] it follows that Ky(r) =In2 + o(r) as r — 0.

Let f(r) :==In(1 + 2)e~" for all » > 0. One easily sees that f(r) = (1 —r)In2 + O(r)
asT — 0,s0¢g:=f—Ky<0on (0,¢) for some £ > 0. We will prove that g < 0 on (0, 00);
then the claim follows. A straightforward computation shows that

§) + 200 — 9r) = P+ L) — F0) = (e (A2)
for all 7 > 0, with h(s) ;== £ 2=+ 2 — (1 4+ s)In(1 + 1), and that

B (s) = ﬁ(g ~(1+ §)2> (s> 0).

We obtain that h is concave on (0, sg) and convex on (sg, 00), where sy = (\/g - 1)71.
Since h(s) — —oc as s — 0 and h(s) — 1 as s — oo, we infer that there exists s; € (0, s¢)
such that h < 0 on (0,s;) and h > 0 on (s, 00).

Now, if g has a positive maximum at > 0 then the left hand side of (A.2) is negative,
and hence Z € (0, s;). Similarly, if g has a negative minimum at r > 0 then £ € (s, 00).
Thus, to the left of a positive maximum there cannot be any negative minimum. Since
g <0 on (0,e) and g(r) — 0 as r — 0, we conclude that g has no positive maximum.
This implies that g < 0 on (0, c0) since g(r) — 0 as r — oc. O

Acknowledgement. The author thanks Ivan Veseli¢ for introducing him to the subject
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