Equivalence of pointwise and global
ellipticity estimates
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Abstract
Defining an elliptic operator —V - (aV) via the form method one
normally imposes pointwise conditions on the matrix valued function
a in order to get positivity, ellipticity and sectoriality of the form. In
this note we show that the pointwise conditions on a are equivalent
to the corresponding global ones on the form.
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Let € be an arbitrary open subset of R%, a: @ — C%*? alocally integrable,
hermitian matrix valued function. Define the symmetric form 7 in Ly () by
7(u) == [aVu-Vuon D(r) := C*(Q). If 7 is positive and closable then, by
the form representation theorem, 7 is associated with a positive selfadjoint
operator in Ly(€2) (which corresponds to Dirichlet boundary conditions).
The main aim of this note is to show that the positivity of the form 7 is
equivalent to the positivity of the function a, i.e., a > 0 in the matrix sense
a.e.

A case of particular interest is the following: Let a;: 8 — R4 be
locally integrable, symmetric matrix valued and locally strictly elliptic, i.e.,
for every compact set K C Q there exists ¢ > 0 such that a;(z) > ¢ in the
matrix sense for almost all x € K. Then it is known that

D(ry) = {u € Lo(Q) N W} 0o (); (1) = /a1Vu Vi < o0)

defines a symmetric Dirichlet form in Ly(Q2) (cf. [1, Thm. 1.3.9]; one can
show the closedness of 7y like the completeness of the Sobolev space W3 (Q2)
because of the local strict ellipticity of a;). The associated selfadjoint oper-
ator in Lo(§2) corresponds to Neumann boundary conditions.

Notation. Let |M| denote the Lebesgue measure of a measurable set
M C R? vy the characteristic function of M. S;_; is the unit sphere
of R, for the spectral radius of a hermitian matrix A € C%? we write
|Al(= supges, , |AS - €[). For a function f: @ — R we use the shorthand
[f > 0] for the set {z € Q; f(z) > 0} (and similarly [f < g] etc). Q(f)

denotes the form domain of the multiplication operator f in Lo(£2).

Theorem. Let a: Q — C¥¢ be a locally integrable hermitian matriz valued

function, T(u) == [aVu-Vu for u e C(Q).
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(a) The following are equivalent:

(i) a >0 a.e.,
(ii) T(u) =0 for all u € CX(Q),

(iii) T is bounded from below, i.e., there exists ¢ > 0 such that T(u) >
—c|lu| for all u € C(Q).

(b) Let D be a sublattice of W} ()N Ly(Q) with C(Q) € D C {u;aVu-
Vu € Li(Q)}. Let V: Q — [0,00) be a measurable function such
that D N Q(V) is dense in La(2). Define the form 7o in Lo(Q2) by
To(u) == [aVu-Vu+ [V]u]* on D(r) := DNQ(V). Then 7y is
positive if and only if a > 0 in the matrix sense a.e.

Remark. Let a; and 7y be as in the introduction. Assume that a§ - & >
la& - €] a.e. for all £ € R? (e.g. a; = (|la| + 1)I). Then D := D(7y) is
an example of a sublattice D satisfying the assumption of part (b) of the
theorem (or any sublattice D of D(7y) with C°(Q2) C D). A particular
example is D = WC}QC(Q), the space of Lipschitz continuous functions with
compact support.

Proof of the Theorem. The only nontrivial part of (a) is showing that
(ili) implies (i). For this purpose we assume that [a 2 0] has positive mea-
sure. In the following we construct a function violating (iii), later on we
modify this function in order to show that the form 75 defined in (b) is not
positive.

Let (&) be a dense sequence in Sy_q. If a(z) 2 0 for some z € Q then
there exists k > |a(z)| such that a(x)&; - § < —1/k. We obtain

la 0] = | ([a& - & < ~1/k] N [Ja| < K]),

keN

so we can fix k € N such that F := [a& - & < —1/k] N [|a| < k| has positive
measure.
Now we localize F': Almost all z € 2 are Lebesgue points of the function
XF, S0 since F' has positive measure there exists x € () satisfying
1

—_ Xr — Xr(z) =1 for d — 0.
|Bs(z)] Bgs(x)

Let € € (0,1) be given. Fix 6 > 0 in such a way that B := Bs(z) C Bs(z) C
Qand |[BNF| = [, xr > (1—¢)|B|. Since the function |a| restricted to B is
integrable, there exists a > 0 such that for all measurable sets M C B with
|M| < a we have [, |a| < €|B|. By the regularity of the Lebesgue measure
there exists an open set {2y, BN F C Qy C B, with |Q \ F| < a. It follows
that

/ la| < e|B| and |Q| = |BNF|>=(1-¢)|B|. (1)
Qo\F



We can choose functions u,, € C°(€)) satisfying

1
0<u, < —, |Vun|eo <1, and [[Vu, # £&] N Q| < e|B]
n

for all n € N. (The reader should think of pieces of hyperplanes orthogonal
to & which have distance % to each other and to the boundary of €2;. On
these hyperplanes set u,, := % and extend like a wash board.) The important
point is that on the set G := F' N [Vu, = £&]| the function aVu, - Vu, is
less or equal —1/k.

Let H := Qg \ G. Then |H| < |Q\ F| + |Q N [Vu, # +&]| < 2¢|B|
since [y \ F| < |B\ F| <¢|B| by (1). We can estimate

1
T(un)_/afk'fk—i-/ aVun-Vung——]GH_/ |a]—|—/ lal.
G H k HAF H\F
By (1) we obtain |G| = || — |H| > (1 — 3¢)|B| and (since |a| < k on F)

T(u,) < —1|G| + kK|HN F| + Jogrlal < (—2(1—3e) 4+ 2ke +¢) |B|. (2)

Note that Ju,|2 < L[xs]2 since 0 < u, < L. Therefore, given ¢ > 0, it is
easy to choose first € and then n in such a way that 7(u,)+ c|u, |3 < 0. This
completes the proof of (a).

Now we use the sequence (u,,) in order to construct a function u € D(7)
with 7o(u) < 0, thus proving (b). Let & := 1/(2k* + 5k + 3). Since D(7p) is
a dense sublattice of Ly(£2), there exists a function 0 < ¢ € D(7) satisfying

l[¢ < xB]| < a. Hence
| al<ds (3
[p<xB]

according to the choice of a. Since ¢ € Q(V) and 0 < u,, < + (n € N) there
exists ng € N with

/V|g0 Au,|* < e|B| for all n > ny. (4)

By the assumptions on D we have aVy -V € L1(2), so there exists ag > 0
such that for all measurable sets M C Q with [M| < ap we have [} aVep -
V| < ¢|BJ. Obviously (,cn[0 < ¢ < 1/n] = @, so since u, < 1/n there
exists n = ng with [[0 < ¢ < u,]| < ay. Noting Vo = 0 a.e. on [p = 0], we
obtain

/ AV - Vil = / 4V - Vo < el Bl (5)
[p<un] [0<p<un]

For u := ¢ Au, € D(7y) we estimate (noting Vu = Vu,, a.e. on [u = uy,)
and Vu = Vo a.e. on [u < u,] = [¢ < uy))

T(u) = / aVu - Vu +/ aVu - Vu
[u=un]

[u<un]

< /aVun -Vu, + / laVu, - Vu,| + / |[aVp - V.
[p<un]

[p<un]



By (3) and (5) we conclude 7(u) < 7(u,) +2¢|B|. From (4) recall [ V|u|? <
e|B|. According to (2) and the choice of ¢ it follows that

To(u) < 7(uy,) + 3e|B| < —¢|B| < 0.
This completes the proof of (b). O

Now let a: Q — C%9 be a locally integrable matrix valued function
(no longer assumed to be hermitian). Define the sesquilinear form 7, in
Ly(Q) by 7,(u) := [aVu-Vu on C(Q). We call the function a sectorial
if [Tm(aé - €)| < aRe(a€ - €) a.e. for all £ € C? and some « > 0 and strictly
elliptic if Re(a& - €) > o|¢|* a.e. for all £ € C? and some o > 0. The form
7. 18 called sectorial if | Im7,(u)| < aRe7,(u) + c|u|3 and strictly elliptic if
Re7,(u) = o|Vul3 — c|ul3 for all u € C°(Q2) and some c € R, & > 0, o > 0.

Corollary. The form 1, is sectorial (strictly elliptic) if and only if a is
sectorial (strictly elliptic).

Proof. Let a(x)* denote the adjoint matrix of a(z). Then ag := (a + a*)/2
and a; := (a — a*)/2¢ are hermitian matrix valued functions. One calculates

Re(aé - &) =apé-€ and Im(aé &) =aré-€ (6)

for all £ € C%, so ReT, = 74, and Im 7, = 7,,. The form 7, is sectorial with
a as above if and only if the forms aRe7, £ Im 7, = 744,44, are bounded
from below. By the above theorem this is equivalent to aar £ a; > 0 a.e.,
i.e. to the sectoriality of a according to (6).

For the second part of the Corollary just apply the theorem to the func-
tion ap — 0. O
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