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Abstract

In this paper we study Cy-semigroups on X x L,,(—h, 0; X) associated with linear
differential equations with delay, where X is a Banach space. In the case that X is
a Banach lattice with order continuous norm, we describe the associated modulus
semigroup, under minimal assumptions on the delay operator. Moreover, we
present a new class of delay operators for which the delay equation is well-posed
for p in a subinterval of [1, 00).
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Introduction

We treat two topics arising in connection with the Cauchy problem for the linear delay
equation

' (t) = Au(t) + Luy  (t > 0), (DE)
U(O) =, Uy = f7
with initial values z € X, f € L,(—h,0; X ), where X is a Banach space, 1 < p < oo,

and 0 < h < oo. (For a function u: (—h, 00) — X, we recall the notation
u(0) = u(t+0) (—h <6 <0),

for t > 0.) The foundations for treating this problem in the context of Cj-semigroups
on X x L,(—h,0; X) have been presented in [2]; we also refer to [3].

One of the topics concerns the question of the kind of operators L that are allowed
in (DE). In the previous papers it was assumed that L is associated with a function
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n: [=h,0] — L(X) of bounded variation (cf. Example 5.1). Then the problem (DE)
could be treated in X x L,(—h,0; X) for any p € [1,00). We present a class of
operators L that allows this treatment only for p in a proper subset of [1, c0): We only
require L: W, (—h,0; X) — X to be continuous as an operator from L, (ur; X) to X,
for some r € [1, p] and a suitable measure x7, on [—h, 0].

For the other topic we additionally assume that X is a Banach lattice. Then we
determine the modulus semigroup in a rather general context. This generalises the
results of [5], [13], [10].

In order to put the results of the paper into the proper context, we now describe
the Cy-semigroup setting of (DE). Let X be a Banach space, A the generator of a (-
semigroup 7" on X. Let 7; be the Cy-semigroup on X, := X x L,(—h,0; X) given

by
Tt) 0
= >
To(t) (Tt S(t)) (t>0),
where T; € L(X, L,(—h,0; X)) denotes the operator given by

0 for —h <0 < —t,
Ti(6) = {T(t+9):c for —¢t <6 <0,

and S is the Cp-semigroup of left translation on L,(—h,0; X), i.e., S(t)f = f;, where
we assume that f € L,(—h,0; X) is extended by 0 to a function on (—h, 00). It is
known (see [2; Prop. 3.1]) that the generator of 7 is given by

A 0 x

A= (5 4). DL ={(2) € DIA) X Wi (-1 0:X)s o = p(0)}.
do

Let now L € L(W,(—h,0;X),X). Then B := (}§) € L(D(Ap), X,), and we

define
A L

0o <

o
Assuming that A is the generator of a C;-semigroup 7 one knows that, for () €
D(A), the first component of the function ¢t +— 7 (¢)(5) is the unique solution of
(DE); cf. [2].

Next, assume that X is a Banach lattice with order continuous norm and that
T possesses a modulus semigroup (which is the smallest semigroup dominating 7°),
whose generator will be denoted by A#. Assume that L possesses a modulus |L

that L is massless at 0 (cf. Section 1), and that A = <A0# ﬁ'
— dae

D(A) = {(§) € D(A#*) x W) (=h,0;X); = ©(0)}, is a generator. Then we

show that A generates the modulus semigroup of 7 (Theorem 2.7).

A::A0+B:< ) D(A) = D(A).

)

) , with domain

The paper is organized as follows. In Section 1 we investigate operators from
Wpl(—h, 0; X) to Y, where X, Y are Banach lattices. The main objective is establish-
ing relations between masslessness at 0 of L and |L|. In Section 2 we determine the
modulus semigroup of 7; see above.
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In Section 3 we discuss an inequality needed for L in order to make 53 a small
Miyadera perturbation of A. In Section 4 we present our class of operators L
mentioned above; the conditions are such that the inequality singled out in Sec-
tion 3 is satisfied. Section 5 presents an example illustrating that the class of op-
erators from Section 4 contains more operators than those associated with functions
n: [=h,0] — L(X) of bounded variation.

Throughout this paper, let 1 < p < 0o, 0 < h < o0.

1 Operators defined on Wp1 (—h,0; X) that are massless at 0

In this section we investigate how to describe that operators L : Wpl(—h, 0;X)—-Y
attribute no mass to the point 0, and we present relations between different notions of
this kind. We start with a result in a more abstract setting.

Proposition 1.1. Let X be a (real or complex) vector lattice, Y a Banach lattice with
order continuous norm. Let L.: X — Y be a linear operator, and assume that L has a
modulus |L

>

|L|z =sup{|Lz|; z € X, |2| <z}

forx e X,. Let Q,,: X — X be linear operators, 0 < Q,, < I (n € N).

(a) Assume that the strong limit Lo = s-lim, .. LQ), exists. Then the linear
operators Lo and L — Lg both have a modulus, and |L|Q,, — |Lg|, |L|(I — Q) —
|L — Lg| strongly.

(b) If the sequence (Q,,) is monotone then s-lim,, .., LQ),, exists.

>

Proof. (a) For z € X we have |Loz| = lim,, o |[LQnx| < |L||z| since 0 < @, < 1.
Thus Lg has a modulus, by the order completeness of Y (which, in turn, follows from
the order continuity of the norm); cf. [9]. Similarly, L — L has a modulus.

Since X = lin X it now suffices to show that |L|Q,x — |Lg|z and |L|(I —
Qn)r — |L — Lg|z for all z € X,. Lete > 0. Since Y has order continuous
norm, there exist 7; € X, |z;| < 2 (j = 1,...,m) such that y := sup, |Lox;| and
z 1= sup, |(L — Lq),]| satisfy

[l Lglz —y|| <e, |IL—Lolz—z|| <e. (1.1)
The lattice operations in Y are continuous, so we have
Yn := sup | LQux;| — sup [Loz;| =y,
j J

zp 1= sup |L(I — Qn)z;| — sup|(L — Lg)z,| = .
j j

Let now ny € N such that |y, —y| < e, |2, — 2| < e forall n > ng. By the definition
of y,,, 2, we obtain, using the estimate |L|z < |Lg|x + |L — Lg|z,

2 = |L = Lelz < |LI(I = @n)z — |L = Loz < |Lolr — |L|@nz < [Lolz — Y.
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For n > ny the left and right hand sides of this chain of inequalities have norm < 2¢
by (1.1), s0 | L|Q,z — |Lg|z and |L|( — Qn)x — |L — Lg|x as n — oo.

(b) It clearly suffices to treat the case that ((),,) is monotone increasing. Let z € X.
For n < m we estimate

’Lme - Lan| < ‘LHme - an‘ < ’L’(Qm - Qn)‘ﬂ

The order continuity of the norm in Y implies that the increasing sequence (|L|Q,|z|)
in [0, |L||z|] is convergent, and therefore is a Cauchy sequence. The previous estimate
implies that (LQ),z) is a Cauchy sequence as well. O

Definition. Let X, Y be Banach spaces, and let L: W, (—h,0; X) — Y be a bounded
linear operator. We say that L is massless at 0 if for all z € X and for all sequences
(xn) in WL (=h,0), 0 < xn <1, xu(t) =0 (t < —1/n) for all n € N, one has

L(xnx) — 0 (n — o0).

We say that L is strongly massless at 0 if for all ¢ € W;(—h, 0; X) and for all se-
quences (x,) as above, one has

L(xap) — 0 (n — o0) (1.2)
(note that x, € W, (—=h,0; X)).

Remark 1.2. Obviously, L is massless at 0 if and only if for all x € X and for all
e > 0 there exists § > 0 such that | L(xz)| < e forall y € WL (—h,0), 0 < x < 1,
X(t) =0 (t < =9).

Remarks 1.3. Let X, Y be Banach lattices with order continuous norm.

(a) We recall that W} (—h,0; X) is a vector lattice, and that ||| H]m1 < |¢lp.1 for
all p € Wpl(—h, 0; X); cf. [13; Thm. 1 and Rem. 5].

(b) Assume that L: W) (—h,0; X) — Y is linear and possesses a modulus. We
show that then L and | L| are continuous. Because of (a) it suffices to prove the assertion
for the case that L is positive.

We show that ¢, — 0 in W, (—h,0; X) implies Ly, — 0 in Y. Without loss
of generality suppose Y " n|pu)p1 < oo. Defining ¢ := > "7 n|p,| we obtain
|Lpn| < Llgn| < £Le foralln € N.

We note that the continuity of positive operators between ordered Banach spaces
can be obtained in more general situations; cf. [7; Thm. 2.1].

(c) Assume that L : I/Vp1 (—h,0; X) — Y is linear and possesses a modulus, and that
L is strongly massless at 0. Proposition 1.1 implies that then |L| is strongly massless at
0 as well. Indeed, if () is a sequence as in the definition above then with @),, defined
by Qn¢ = Xnp We obtain Lg = 0, and therefore |Lg| = 0.

The following lemma shows that it suffices to require property (1.2) for a special
sequence in the definition of ‘strongly massless at 0’ if L possesses a modulus.
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Lemma 14. Let X, Y be Banach lattices with order continuous norm,
L: W;(—h, 0; X) — Y a linear operator. Assume that L possesses a modulus and
that there exists a sequence (x,) in WL(—=h,0), 0 < x,, < 1, xa(0) = 1 for all
n € N, such that

L(xnp) — 0 (n — o0) (1.3)

forall p € Wpl(—h, 0; X). Then L is strongly massless at 0.

Proof. Since Proposition 1.1 implies | L|(x,¢) — 0 (n — o0), it is sufficient to treat
the case L > 0. Let (X,,) be a sequence as in the definition of ‘strongly massless at 0,
Y E Wpl(—h,O;X)’ @ > 0. Let n € N. Then there exists mg € N such that for all
m = mg one has Y, < 2x,, and therefore

0 < L(Xm®) < 2L(xn9).
By (1.3) this implies that lim,,, .o, L(Xm¢) = 0. O

We are going to show that in a rather general context L can be decomposed as the
sum of two operators, the first only depending on the value of the function at 0, the
second being strongly massless at 0.

Proposition 1.5. Let X, Y be Banach lattices with order continuous norm. Assume
that L: W) (—h,0; X) — Y is linear and possesses a modulus.

(a) Let (xn) be a sequence in WL (—h,0), 0 < xn, <1, xu(t) =0 (¢t < —1/n),
Xn(0) =1 foralln € N. Then

Lop := lim L(xnp)

exists for all o € W) (—=h,0; X), and the limit does not depend on the sequence (x).
The linear operator L thus defined satisfies Loy = 0if p € Wpl(—h, 0; X), ¢(0) =0;
the operator L — Ly is strongly massless at (.

(b) The operator Ly has the modulus |L|o, and L — Lg has the modulus |L| — | L|o.

Proof. (a) We first suppose that () is a monotone decreasing sequence satisfying
the assumptions. Then Low := lim, .o L(xne) exists for all ¢ € W, (—h,0; X),
and L( as well as L — Ly possess a modulus, by Proposition 1.1. Obviously, Loy =
0 if ¢ = 0 in a neighbourhood of 0. Since the set of those ¢ is dense in {¢ €
W, (=h,0;X); ©(0) = 0} and Ly is continuous (cf. Remark 1.3(b)), we obtain that
Loy = 0if ¢(0) = 0. From this we conclude that

(L = Lo)(Xn) = L(Xn) — Lo(xn¥) = L(Xnp) — Lo — 0 (n — 00).

Thus, by Lemma 1.4, L — Ly is strongly massless at 0.
Let now () be any sequence satisfying the assumptions. Then with L, obtained
as above we have

L(xn®) = (L — Lo)(Xn) + Loy — Loy~ (n — 00)

by the definition of ‘strongly massless at 0’. This completes the proof of (a).
(b) follows from Proposition 1.1. ]
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The following result is another version of Lemma 1.4. It contains as a consequence
that, for operators possessing a modulus, ‘massless at 0 implies ‘strongly massless at
0.

Proposition 1.6. Let X, Y be Banach lattices with order continuous norm,
L: Wpl(—h, 0; X) — Y a linear operator. Assume that L possesses a modulus and
that there exists a sequence (x,) in W1 (=h,0), 0 < x, <1, x.(t) =0 (t < —1/n),
Xn(0) =1 forall n € N such that L(x,x) — 0 (n — o0) forall x € X. Then L is
strongly massless at 0.

Proof. We use the decomposition obtained in Proposition 1.5. Let xy € Wpl(—h, 0),
X = 1 in a neighbourhood of 0. Then

Lop = Lo(x(0)) = lim L(xnx(0)) =0

for all o € W} (—h,0; X),i.e., Ly = 0. Therefore L = L — Ly is strongly massless at
0. [

2 The modulus semigroup

The following two lemmas are technical results which will be needed later. We assume
that X is a Banach space, that A is the generator of a Cy-semigroup 7" on X, and that
L € L(W,(=h,0;X),X). Let Ao, Ty and B be as defined in the introduction. For
later use we note that

oo (3 ) (0, (75°0)

for (3) € D(A)o.
Lemma 2.1. The spectral radius of B(A — Agy)~! tends to 0 as A — oo.

Proof. For ¢ > 0 we endow X, = X x L,(—h,0; X) with the norm | (7). := |z] +
c|f|, and also denote the corresponding norm on £(.X,) by | - ..

Let (7) € X,, A larger than the type of 7;. Denoting by P, the projection of X,
onto its second component, we obtain that

[BO—=A0) (P, = IZP(A = Ao) (DI < ILIP(A = Ao) ™ (F)

c pr—
and

Poy(A— Ao)H(§) = /Om e N PTo(1)(F) dt = /OOO e (T + S(t)f) dt.

A straightforward computation shows that [ e Tz dt = e\(A — A)~'z, where
ex(0) := e’ for 0 € (—h,0) (cf. [6; Prop. VL.6.7]). This implies

P(A— A (F)=ax(A=A) e+ (A= 57,
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where £ denotes the generator of S. There exist A\g > 0, M > 1 such that (A +
DA =AY < Mand |(A— 5)7" Ly(—h,0; X) — WE(=h,0; X)| < M for all
A=A
In the following let A > \q. Then
[22(A = A0) " (F)lpr < A+ Dlealzy ol (A = A) 72| + M| fl,
< Mox|a| + M| ]y,

1
Ox

B = A)T (D), < IZIM (Al + 1/15) = SN ZIMICF)e,

$0 |B(A—Ag) 7| < x| L| M, and this implies that the spectral radius of B(A —.Ay)~*
is less or equal 6| L] M. O

with 6 := |er]z,(—n0) — 0 as A — oo. For ¢ := 5~ we conclude that

Lemma 2.2. Assume that L is massless at 0 and that A = A + B is the generator of
a Cy-semigroup T on X,,. Then

HTH-T®)(E) =0 (t=0)

t
forall x € D(A).

Proof. Lett > 0, z € D(A). For n € N define ¢, € W, (—h,0; X) by ©,(0) :=
(1 +né)"x. Then ¢, — 0in L,(—h,0; X) as n — oo and hence

(T - Tw) B = m [(T6) - To) (&)
For s € [0,1] let now X, € WL(=h,0), xns(8) == (1 +n(@+5))" A1land
Vs € Wy (—=h,0;X), 1hs(0) := 0 for § < —s, ¥s(0) :== T(s + )z — z for § > —s.

Then Tz 4 S(8)¢n = Xn,sT + ¥s. Defining M := supyc,«, |7 (s)| and using the
Duhamel formula and (2.1), we obtain

. (2.2)

(70 -T2l =] [ Te- 98T s

t t
< M/O | L(Tsx + S(s)pn)| ds < M/O (1L s) |+ 1Ll ) ds.

Together with (2.2) this implies the assertion: We have
0
ol =+ [ 176+ 0)aslPds 0 (s —0),

and L(x,,sx) — 0 asn — oo and s — 0 since L is massless at 0. [

The following proposition is an abstract result on generation, positivity and dom-
ination of perturbed semigroups. It will be needed for the application to delay semi-
groups. B

We recall that for operators B, B € L(X), where X is a Banach lattice, B is
dominated by B if |Bx| < Blxz| forall z € X. If T, T are Cy-semigroups on X then
T is dominated by T if T(t) is dominated by T'(¢) for all ¢ > 0.
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Proposition 2.3. Let X be a Banach lattice. Let T, T be Co-semigroups on X, with
generators A, A respectively, and assume that T' is dominated by T. Let B: D(A) —
X, B: D(A) — X be linear operators, B > 0,

B\ — A)~! dominated by B — A" (A= \)

for some \g € R. Assume that A+B generates a Cy-semigroup TE on X and that the
spectral radius of B(A — A)~" is less that 1 for all X\ > Xo. Then T is positive, and
A + B generates a Cy-semigroup I's on X that is dominated by T's.

Proof. Let A > ). The assumptions imply that

A—A-B)yl=(\-A)" i(éu ~ A >0

k=0

(cf. [1; Thm. 3.1]). Therefore, the Cy-semigroup TVE is positive.
Since B(A — A)~! is dominated by B(A — A)~!, we obtain in the same way that
A=A-B)t=A-A)"13 (B - A~

k=0

We conclude that (A — A — B)~! is dominated by (A — A — B)~'. Hence |(\ —
A—B)™"| < |(AN—=A— B)™"| for all n € N, and the assertion follows from the
Hille-Yosida generation theorem. O

The following ‘domination lemma’ is a generalisation of [10; Lemma 1.1]; a more
restricted form has already been used in [11; proof of Prop. 1.2].

Lemma 2.4. Let X be a Banach lattice. Let T, S be Cy-semigroups on X, S positive,
and let A be the generator of T. Let k € Ny, R: [0,1] — L(Dax, X) (where D i is
the domain of A* endowed with the graph norm of A¥), and assume that

R(t)x — 0 (t—0)
for all z € D(A¥). Further assume that
Tz < SE)|2| + | R(E)x]
forall x € D(Ak), 0 <t <1 ThenT is dominated by S.

Proof. Letx € D(Ak’), t > 0. Asin [10; proof of Lemma 1.1, eqn. (1.2)] we obtain

n n

IT(t)x| < S()|z|+ > S(2t) |R(HT (=) | (2.3)
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foralln € N, n > t. With ¢, 1= supg¢,«, [ S(s)| we estimate

| <o S Irires)
m=1

< teymax{ | 2R(L)T (2 1t)x

R(HT (™)

<m<n}.

The hypothesis on R implies that 2 R(%) — 0 strongly in £(D 41, X) as n — co. We
recall that strong convergence is uniform on compact sets and that 7'(-)z: [0, 00) —
D 4 1s continuous. Therefore the right hand side of the last inequality converges to 0
as n — oo. Letting n — oo in (2.3) we obtain |T'(t)z| < S(t)|z| for all z € D(A*).
This implies the assertion since D(A¥) is dense in X. O

The following proposition generalises [10; Prop. 2.1].

Proposition 2.5. Let X be a Banach lattice. Assume that L is massless at 0, and that
A is the generator of a Cy-semigroup T on X,,.
If T is dominated by a Cy-semigroup S on X,, then 1 is dominated by S as well.

Proof. Fort > 0 we define Ry (t) := 7 (t) — To(t), R(t) :==R1(t) (39).
Let (7) € D(Ap). Estimating as in [10; proof of Prop. 2.1] we obtain that

To()(7)| < SOOI+ [RE(F)I-

Lemma 2.2 implies that 1R (¢)(F) — 0 as ¢ — 0. Now applying Lemma 2.4, with
kE = 1, we obtain the assertion. ]

Remark 2.6. Assume that X is a Banach lattice with order continuous norm and that
L possesses a modulus. Then one may rearrange the setting in such a way that L is
(strongly) massless at 0.

Indeed, let x € W, (—h,0), x(0) = 1. Define E € L(X,W,(—h,0;X)) by
Ex = xz. Let Ly € E(Wl( h,0; X), X) be as in Proposition 1.5. Since p(0) = «
for () € D(A), we obtain

A L A+ LyE L— Ly
A= 0 4 = 0 da )
do do

Thus, we have written .4 with a generater A + Ly F and an off-diagonal term L — L
that is (strongly) massless at 0.

For the remainder of this section we assume that X is a Banach lattice with or-
der continuous norm and that 7' possesses a modulus semigroup, 7%, with genera-
tor A#. (We recall that the modulus semigroup of 7" is the smallest Cy-semigroup
dominating 7'; see [4] for results on modulus semigroups.) It was shown in [10;
Prop. 3.2(b)] that then the Cy-semigroup 7, possesses a modulus semigroup, ’Z[)#,

whose generator is given by A7 = (AO# d%), with domain D(AY) = {(%) e
D(A¥) x WH(~h, 0: X); 2 = p(0)}.
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Assume additionally that L is massless at 0, that L possesses a modulus and that

A= AF + (2 |€|) = ( o lL') with domain D(A) = D(AY), is the generator of a
dae

Cp-semigroup T.

Taking into account Lemma 2.1, we then obtain by Proposition 2.3 that 4 is the
generator of a Cy-semigroup 7 on X, and that 7 is dominated by 7. From the order
completeness of X, we conclude that 7 possesses a modulus semigroup, 7 #, with
generator A%, and it is a consequence of Proposition 2.5 that then 7" (t) < T#(t) <
’f’(t) for all ¢t > 0; cf. [10; Prop. 3.2(a)].

Theorem 2.7. Let X, T, and T be as introduced above. Then T# = T.

The proof of this result is the same as for [10; Theorem 3.1]. Therefore we are
not going to reproduce it; cf. [10; pp.397-398]. We only mention that in [10; bot-
tom of p.397], for 0 < ¢ € Wl( h,0; X), the existence of a sequence () in
Wy (=h,0;X), ¢x(0) =0, 0 < ¢ < ¢ (k € N) such that L[, — |L|p (k — 00)
was needed. In the present context, the existence of such a sequence follows from the
fact that |L| is strongly massless at 0. (Note that the hypotheses and Proposition 1.6
imply that L is strongly massless at 0, and recall Remark 1.3(c).)

3 Miyadera perturbations of delay semigroups

We assume that X is a Banach space, 7" a Cp-semigroup on X, L €
L(W,}(—=h,0; X), X), and we use the notation of the introduction.

The following theorem is a slight generalisation of [2; Thm.3.2]; see also [3;
Thm. 3.26]. Our contribution—already used in [10; Sec. 1.2] as well as in the proof
of Lemma 2.1 above—is the use of a suitable norm on the product space X, =
X x L,(—=h,0; X).

Theorem 3.1. Assume that there exist t,c > 0 and v < 1 such that
t
/ |L(Tsz + S(s)p)| ds < vlz] +clel,  ((5) € D(Ag)). 3.1
0

Then A = Ay + B is the generator of a Cy-semigroup T on X,
More precisely, if X,, is endowed with the norm | (§ )|/ == || + £| f|, then B is
a small Miyadera perturbation of Ay, i.e.,

/IIBTo ey ds <AE)ess () € D(A)).

(For Miyadera perturbations and the Miyadera perturbation theorem we refer to
[12], [6; II1.3.c].)

Proof. By (2.1) we obtain that

/ [BTo(5)(& )]/ ds —/ |L(Tsx + S(s)) | ds <]zl + clely = v1(E)ery- O
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Remarks 3.2. (a) The only difference between condition (3.1) in Theorem 3.1 and
[2; Thm. 3.2, condition (M)] is that in the latter ¢ = v < 1 is assumed, whereas we
allow arbitrary ¢ > 0. This refinement is important for the application to more general
perturbations than studied in [2], and it avoids the separate study of the case p = 1
given in [8; Sec. 2]; see also [10; Sec. 1.2].

(b) Condition (3.1) is in particular satisfied if there exist ¢, ¢ > 0 such that

t
[ imedas<etol, (@ eWi=h6x) 62
(recall that ¢,(0) = 1(6+s5)). Indeed, let (5 ) € D(Ao) and define t» € W) (—h,t; X)
by ¢ := @ on (—h,0), ¥(0) := T(0)x for 0 < § < t. Then

t
1915 = lely +/0 [T(0)2)? db < el + tleelx])”,

where ¢; := supy¢p«; |T(¢)|. Hence (3.2) implies

t t
/0 IL(Tz + S(s)p) | ds = / L] ds < c(t el + [ol,).

It remains to choose ¢ > 0 such that v := ct'/P¢, < 1.

4 Perturbation classes

In this section we present a condition on L sufficient for (3.2). Here, as in Sec-
tion 1, we assume more generally that X, Y are Banach spaces and that L €
L(W}(=h,0;X),Y). For a Borel measure s on R and ¢ > 0 we define v,,;: R —
[0, 00) by

vui(s) = (s —t,s)) (s €R).

Theorem 4.1. Assume that there exist v € [1,p| and a Borel measure jij, on [—h, 0]
((—00,0] in case h = oc0) such that v, 1 € Lﬁ(—h, 1) and

ILel < lolioux) (9 € Wy (=h,0; X)). 4.1)

Then
t
/ 1/r
[ 1zt ds < 0, 1o,

forall0 <t <1, ¥ € W)(—h,t; X).

This theorem is an immediate consequence of Proposition 4.3 below.
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Remarks 4.2. (a) Assume that X = Y. If (4.1) holds then L satisfies condition (3.2)
and hence condition (3.1). Thus, (4.1) is a condition for A = A + B to be a generator.
Observe that this condition does not depend on the generator A.

(b) If /41, is finite (in particular if h < o0o) then the condition v, ; € L_»_(—h,1)
in Theorem 4.1 is automatically satisfied. If p is not finite then this condition is
responsible for the inclusion W, (—h,0; X) C L,(u; X).

Indeed, for ¢ € Wpl(—h, 0; X') we compute

0 0+1 1 tAO
ol = [ [ atle@r i@ = [ [ 1e@ i) ae
—00 —oo Ji—

Now ftt_Alo lo()|" dpr(0) < vy a(t)|@l—1,n1) )5 s0 by Holder’s inequality we con-
clude that

t = JelE-1.4n0) H&Hg = o1l 2 [t = lele-1.000) oo

l1%, (i) < N0l 2 2

Using the Sobolev embedding W, (0,1; X) C L (0,1; X), we deduce that the latter
can be estimated by c[p|; ;, with ¢ > 0 not depending on ¢, so the asserted inclusion
follows.

R (c) Assume that (4.1) holds. Then the operator L extends to a bounded operator
L: L(pp; X) = Y.

(d) Assume additionally that 47 ({0}) = 0. Then it is obvious that L is strongly
massless at 0, in the sense of Section 1.

Conversely, assume that L is massless at 0. We show that then p;, can be chosen
such that 1, ({0}) = 0. Indeed, define ji;, := py — pr({0})do, where dy is the Dirac
measure at 0. Let ¢ € W, (—h,0; X), ¢ constant in a neighbourhood of 0. Let (x,)
be a sequence as in the definition of ‘massless at 0’, x,,(0) =1 (n € N). Then

[Z((L = xn) o) < I = Xn) el Lrusixy = 11 = Xl i)

for all n € N. From L((1 — x»)¢) — Lo inY, (1 — x»)¢ — ¢ in L.(fp; X)

(n — o0) we obtain that | L[ < @[, ,:x)- Thus, (4.1) holds with ju;, replaced by
fiz, since the set of ¢ under consideration in dense in L, (up; X).

Proposition 4.3. Let r € [1,p|, and let ju be a Borel measure on R with v, €
Lp%(R). Let0 <t <1, ¢ € L,(R). Then

[ .

Proof. We only show the first inequality, the second one being a consequence of

/ 1 / 1
PRE:CS l Cw [ PES e Tt v [
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Lemma 4.4 below. We have

/Ot/RW(@%—s)rdu(é’) ds://]-[o,t)(s) b0 + )| ds du(6)
= [ [ 10ots -0y au@) 6o s

—/Rw () ds < o

Since [|[4|"]|z = [+]}, we obtain by Holder’s inequality that

t ot 1r , "
| Wdigods <8 ([ 1l ds) " <0 oL 10l O
0 0 -r

In view of Remark 4.2(a) one could be content with the first inequality given in
Proposition 4.3. Note, however, that the second inequality yields a better ¢-exponent if
p>T.

Lemma 4.4. Let ;1 be a Borel measure on R, t € [0,1], ¢ € [1,00]. Then |v,¢|, <
vy -

Proof. For g = oo the assertion is clear since v, < v,,1, 50 let ¢ < co. Below we will
show: If « > 0, t € [0,1) and

[0ps0lg < slvualg (4.2)

holds for s = ¢ then (4.2) holds for s = 1+t , too. Since (4.2) trivially holds for s = 0,
by induction we obtain (4.2) for s = ¢, := 1 —2"" (n € N) and o > 0. Again by
induction, this shows the assertion of the lemma fort € D := {tF; k,n € N}. Since
D is dense in [0,1], and t — |v, |, is increasing, the asserted inequality follows for
all t € [0,1].

Now let « > 0, ¢t € [0,
Observe that, since ¢’ € [3,

1), and assume that (4.2) holds for s = . Let t’ := 1+t
1),wehave  —a <0 —ta<f—-a+ta< Handhence

1(9—04,9—o¢+t’o¢] + 1(9—t’a,9} = 1(9—01,9} + 1(9—t’a,9—a+t’a] (6) € R)
Since t = 2t' — 1, this implies
Vpta(- — @+ Q) + Vppa = Vpa + Vpta(- — a+t'a), 4.3)

where both terms on the left hand side are bounded by v,, , since (6 — «,0 — a + t'a,
(0 — t'a, 0] are subsets of (6 — «, 0.
We now need the following inequality for numbers a, b, c,d > 0: If a+b = c+d =:
o and a,b < cthen a? + b? < ¢? 4 d9. This is a direct consequence of the fact that the
function [§, 0] > t +— t? + (0 — )7 is monotone increasing. Together with (4.3) we
obtain
Uppra(- —a+t' Q)T+l 0 SVl A+ Vpsa(- —a+ta)t.
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Integrating both sides we infer, using (4.2) for s = ¢, that
20vpraly < lpalg + lnialg < (T+D)]valg,
i.e., (4.2) holds for s = t'. O

Remarks 4.5. (a) It is easy to see that for ¢ = 1 the inequality in Lemma 4.4 is in fact
an equality. Since for ¢ = oo the inequality is clear, one is tempted to use interpolation
to prove Lemma 4.4. The authors did not succeed in realising this idea.

(b) Applying Lemma 4.4 to u = fA with 0 < f € L,(R) and Lebesgue measure \
on R, we obtain

[0, % flg < V20 flg (0 <t <),
We did not find a straightforward proof for this inequality.

We close this section by some observations concerning the modulus of operators L
admitting a measure /7, as in Theorem 4.1.

Let X, Y be Banach lattices with order continuous norm. Assume that L &
L(W,}(=h,0;X),Y) possesses a modulus, and that for | L| there exists a measure /|
such that the hypotheses of Theorem 4.1 are satisfies for | L| and /1. Then clearly the
hypotheses of Theorem 4.1 are also satisfied for L, with iy, := pp.

Proposition 4.6. Let X, Y be Banach lattices with order continuous norm. Let L €
L(W}(=h,0;X),Y), and assume that there exist v € [1,p] and pp such that the
hypotheses of Theorem 4.1 are satisfied. Assume further that the operator L defined in
Remark 4.2(c) possesses a modulus. Then L possesses a modulus, |L| is the restriction
of || to Wy (=h,0; X), and |L| satisfies the hypotheses of Theorem 4.1, with ju 1| :=

H|Z|HML-

Proof. Itis sufficient to show that the restriction of |E| to W, (—h,0; X) is the modulus
of L. This, however, is a consequence of [13; Thm. 1, Rem. 2]; see also Remark 4.7(a)
below. ]

Remark 4.7. (a) In order to apply [13; Rem.2]) in the present context we have to
convince ourselves of the following fact: If (£2, A, ;1) is a measure space, X a Banach
lattice, and f, g € L,(11; X), g > 0 then

Tgf<t) = Tg(t)f(t) (t S Q) “4.4)

(We refer to [13; Sec.2] for the truncation 7). If f, g are simple functions then the
right hand side of (4.4) defines a measurable function enjoying the properties of the
truncation; therefore (4.4) holds. Approximating general f, g by simple functions and

applying

|71 = Ty 2| <1 — 22| + |31 — 12
(cf. [13; Eqn. (1)]) simultaneously to elements x1,y1, Z2,y2 in X and L,(u; X), one
obtains (4.4) for f,g € L,(u; X), g > 0.
(b) We point out that, in Proposition 4.7, it is much more restrictive to require the
existence of a modulus for L than for L.
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5 Examples

Example 5.1. (a) Let X, Y be Banach spaces. Let n: [—h,0] — L(X,Y") be a func-
tion of bounded variation. Then a continuous linear operator L,;: C([—h,0]; X) — Y
is defined by

Ly = /dn(e)w(G);

cf. [13; Sec. 3]. Due to the embedding W, (—h,0; X) € C([—h,0]; X), the operator
L,, can be restricted to VVp1 (—h,0; X); the restriction will be denoted by L, .

Itit easy to see that L = L, , satisfies (4.1) for r = 1 if the variation || (a measure;
cf. [13; Sec. 3, p. 198]) of 7 is used as pr,. Therefore, L, , satisfies the hypotheses of
Theorem 4.1; cf. Remark 4.2(b).

(b) Let 41y, be a finite Borel measure on [—h, 0] ((—oo, 0] in case h = c0). Let L,,,,
be as above and observe that 7 is uniquely determined by L, ,. It thus follows from
part (a) and Proposition 5.2 below that L = L, , satisfies (4.1) for r = 1 if and only if
Il < pr.

(c) From part (b) and Remark 4.2(d) we obtain that L, ,, is (strongly) massless at 0 if
and only if ||({0}) = 0. The latter holds if and only if n(0) = n(0—) := limy_o_ 1(6)
(i.e., n does not give rise to mass at 0).

Proposition 5.2. Let X, Y be Banach spaces, L € LW (—h,0;X),Y), and assume
that (4.1) holds for r = 1 and a finite Borel measure ji1,. Then there exists n: [—h, 0] —
L(X,Y) of bounded variation such that |n| < pr, and L = L, ,,.

Proof. Let L be as in Remark 4.2(c). For a bounded interval I C [—h, 0] we define
iz :=L(1) (x€X)

moreover, 7(60) := 7((6,0]) (@ € (=h,0]), n(—=h) := 7([—h,0]) if h € (0,00). We
show that the variation of 7 on I is bounded by f1,(/); then L = L, ,, follows from the
definition of L,,.

Let (Iy,...,I,) be a partition of I into subintervals. Let ¢ > 0. Then there exist

z; € X, |z;] =1 ( =1,...,n)such that

D RUNI < X +2) Y 1Tl

j=1 j=1
Since (4.1) implies [7([;)z;| = |L(Lyz)| < 1pwiliaex) = pe(ly) for j =
1,...,n, we conclude that

J

> IR < 1+ e (U 1) = (1 + )l

and hence |n|(I) < pr(1). O
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Remark 5.3. In Example 5.1, let X, Y be Banach lattices, Y order complete. Assume
that the regular variation 77 of 7 exists, and that 77 is of bounded variation; cf. [13;
Sec. 3].
(a) It was shown in [13; Prop. 9] that then the modulus of L, exists, and that |L77| =
L.
(b) Assuming additionally that X, Y have order continuous norm we show that
n(0) = n(0—) implies 77(0) = 77(0—). This reproduces the result of [13; Lemma 10].
Indeed, part (a) and [13; Thm. I and Rem. 2] show that the modulus of L, ,, exists
and is given by Lz, (the restriction of L to I/Vp1 (—h,0; X)). Remark 5.1(c) shows that
L, , is massless at 0. Therefore L, (= |L,,|) is massless at 0, by Proposition 1.1.

Applying again Remark 5.1(c) we obtain 77(0) = 77(0—).

Example 5.4. Let X be a Banach space, (Y,,) a sequence of Banach spaces, ¢ €
(1, 00),

Y = L((Ya)new) = {(yn) € [T Yai 1g)|”:= D Iyl < 0}

(The above is an abstraction of the case that Y = L (€2, v), where ({2, A, v) is a mea-
sure space, and Y,, = L, (€, v), with a sequence (£2,,) of pairwise disjoint measurable
subsets of (2 such that J, ., = Q.) Forn € Nletn,: [-h,0] — L(X,Y,) bea
function of bounded variation. Then y,, := |n,| is a finite measure on [—A, 0].

Letr € (1, ¢] and assume that >~ |u,|" < co. Then "7 |L,,. |7 < oo, so we
can define L: C'([—h,0]; X) — Y by

Lf = (L, [)nen-

Assume without loss of generality that 7,(0) = 0 for all n € N. Then
Yo (@) < D207 |ua]? < oo for all @ € [—h,0], and hence we can define
n: [=h,0] = L(X,Y) by n(0) f := (1,(0) f) nen- Then formally L = L, but 1 is not
of bounded variation if the p,, have pairwise disjoint support and Y ° | |u,]| = oo.
Nevertheless, we will show that L satisfies the hypotheses of Theorem 4.1 with the
finite measure pi7, ==Y o |l pn-

Let ¢ € C([—h,0]; X). Recall from Example 5.1(a) that | L, ¢| < |¢| L, (. x) for
all n € N. Since r < ¢, we infer that

T

12el” = (3 1al?) " < (o 16l ui) " < D Wi
n=1 n=1 n=1

Lo(un;x) foralln € N. We

By Hélder’s inequality we have |¢|z, (u,;x) < [ ftn ||5 I
conclude that

Lol <3 Jual™ / @) din(6) = / Lo @) dus(6).

by the definition of .. This proves | Ly| <[]z, (up:x)-
We note that the operator L defined above is massless at 0 if and only if the opera-
tors L,, are massless at 0.
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