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Abstract

The varieties W equivalent to a given variety V are characterized in a
purely categorical way. In fact they are described as the models of those
Lawvere theories which are Morita equivalent to the Lawvere theory of V
which therefore are characterized first. Along this way the conceptual mean-
ings of the n–th matrix power construction of a variety and McKenzie’s σ–
modification of classes of algebras [22] become transparent. Besides other
applications not only the well known equivalences between the varieties Pm

of Post algebras of fixed orders m and the variety BOOL of Boolean algebras
are obtained; moreover it can be shown that the varieties Pm are the only va-
rieties equivalent to BOOL. The results then are generalized to quasivarieties
and more general classes of algebras.
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Introduction

In the recent paper [22] R. McKenzie characterizes the varieties W equivalent to
a given variety V and, correspondingly, those Lawvere theories S with model cate-
gories ModS equivalent to ModT for a given Lawvere theory T in a purely algebraic
fashion. Since the first systematic study on equivalent varieties is probably what is
now usually called Morita equivalence of module categories (see Example 3 below)
Lawvere theories with equivalent model categories will be called Morita equivalent.

In view of the one–to–one translation between general algebra and categorical
algebra, available via Lawvere theories, one would expect that categorical methods
are at least as appropriate as algebraic ones to attack this problem. That these
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have not been used might be surprising or — rather — is proof of the fact that
categorists have not yet successfully conveyed their ideas across the borders of their
own community. The purpose of this note is then to contribute to the dissemination
of categorical methods in not only obtaining the results of [22] by purely categorical
methods but also by clarifying at the same time the constructions used there: the
construction of the n–th matrix power V [n] and McKenzie’s σ–modification V(σ)!
from a given (subclass of a) variety V, seemingly ad hoc constructions in the al-
gebraic context, turn out to be canonical constructions from the categorical point
of view: each variety W equivalent to a given variety V corresponds, for categor-
ical reasons, to a retraction Q

s−−→ Fn
r−−→ Q = 1Q where Fn denotes the free

V–algebra on n generators. The case r = 1Fn then corresponds to V [n] while the
nontrivial retractions Q

s−−→ F1 r−−→ Q = 1Q precisely correspond to the modifica-
tions V(σ) with σ = sr(1) ∈ F1. As a byproduct one sees that quasivarieties and
other classes of similar algebras are stable under these constructions.

It should be pointed out that a variety V is not only an abstract category but
also a concrete category since it is equipped, by its very definition, with a canonical
underlying functor | − | : V −→ SET into the category SET of sets and mappings.
Therefore two different notions of equivalence have to be distinguished: equivalence
(as categories) and concrete equivalence as defined below. Conceptually here only
the first notion is of interest, though the second one will be of crucial technical
importance.

These notions as well as some other basic categorical concepts which are crucial
for our work but possibly not familiar to every algebraist (such as coequalizer or
generator) will be explained (and interpreted in the algebraic context) in a prelim-
inary section. Categorical notions which need to be mentioned but are of lesser
importance for our arguments are put into footnotes in order to avoid unnecessary
technicalities at the beginning.

We then proceed by giving a survey on the categorical machinery describing
general algebra, developed mainly by Lawvere, Isbell, Linton, and others. Based on
these facts we characterize all Lawvere theories S Morita equivalent to a given one T.
The result, equivalent to [22, Corollary 6.3], is already contained in the apparently
not too well known paper [10]; our approach however is a more direct one. We
then identify the models of theories S Morita equivalent to T. In other words, we
describe the varieties W equivalent to a given variety V. Finally these results are
generalized to quasivarieties and more general classes of algebras extending similar
results in [22] and also solving some problems posed therein.

Throughout this presentation the variety BOOL of Boolean algebras will be
used as a sort of leading example illustrating the concepts and constructions. These
examples are labeled separately as “Leading example” in order to signal their im-
portance. In following up the leading example we arrive at a complete description
of all varieties equivalent to BOOL (Theorem 6): we not only obtain the well
known equivalences between the varieties of Post algebras Pm of fixed orders m
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and the variety BOOL of Boolean algebras (see e.g. [5] or, implicitely, [14]); it
can be shown, moreover, that any variety V equivalent to BOOL is—for some
m ∈ N—(concretely isomorphic to) the variety Pm of Post algebras of order m;
it then follows that the varieties Pm are (up to concrete isomorphism) the only
varieties generated by an m–element primal algebra (Theorem 7). The fact that
all what is needed from algebra in order to obtain these results is restricted Stone–
duality, i.e., the dual equivalence between the categories SETfin of finite sets and
BOOLfin of finite Boolean algebras might be seen as an additional indication of
the suitability of the categorical methods used.

Instead of using theories one alternatively could have used monads. This ap-
proach is indicated in [8]. In order to make the exposition comprehensible also for
the non-category-theorist we refrain from using advanced categorical tools. How
these can be used in order to obtain similar results and also to describe effectively
the functors which establish the equivalences between varieties, can be seen in [7].

Preliminaries

Limits and Colimits

Since products are well known in algebra we only have to fix our notation: given
a set indexed family (Ki)i∈I of objects, its product is denoted by

∏
I Ki or more

precisely by (
∏

I Ki, (πi)I) where the morphisms πj :
∏

I Ki −→ Kj are the pro-
jections. The morphism f : L −→

∏
I Ki induced by a family (fi : L −→ Ki)I ,

i.e., the morphism f with πif = fi for each i ∈ I, is usually denoted by 〈fi〉.
The dual concept of product is that of coproduct, denoted by (

∐
I Ki, (µi)I) with

(µi : Ki −→
∐

Ki)I its family of injections. The morphism f :
∐

I Ki −→ L in-
duced by a family (fi : Ki −→ L) is denoted by [fi].

Coproducts always exist in quasivarieties, but are well known constructions
only in particular cases: they are the direct sums in module categories, the free
products in the category of groups; under their categorical name they are used in
distributive lattices [5] in order to define Post algebras (as coproducts of a Boolean
algebra and a finite chain). In a poset, considered as a category, a coproduct of
a family of objects (elements) is their join. As one writes AI for a product of a
constant family on I with value A (i.e., of ]I copies of A), we write I ·A (or simply
IA) for a coproduct of such a family, and similarly for morphisms. In any variety
one has, for any set X, FX = X · F1, where FX is the free algebra over X and
F1 is the free algebra on one generator.

The coincidence set of a pair of homomorphisms f, g : A −→ B in a variety is
known to be a subalgebra of A and characterized by the fact that any morphism
D

d−→ A with f ◦ d = g ◦ d factors over it uniquely. Thus this subalgebra (together
with its embedding into A) is an example of an equalizer. The dual concept is that of
coequalizer. A coequalizer of the pair f, g : A −→ B thus is (Q, q) with q : B −→ Q
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a morphism with q ◦ f = q ◦ g such that any c : B −→ C with c ◦ f = c ◦ g factors
uniquely over q. In varieties coequalizers are closely related to congruence relations:
if % is a congruence on A the quotient homomorphism q : A −→ A/% is a coequalizer

of the pair %
� � //A2

π1 //
π2

// A where % is considered as a subalgebra of A2. In

fact, the coequalizer of each pair f, g : A −→ B is constructed this way in a variety:
it is the quotient q : B −→ B/%f,g where %f,g is the congruence on B generated by
all pairs (f(a), g(a)) with a ∈ A. Coequalizers do exist in quasivarieties as well,
though by a different construction. For example, in the quasivariety T ORF of

torsion free abelian groups, Z −→ 0 is a coequalizer of the pair Z
n·− //
0

// Z (whose

coequalizer in the variety of abelian groups is clearly the canonical map Z −→ Zn).
In fact the method of constructing coequalizers as described above characterizes
varieties among SP–classes.1

Note that in a variety any idempotent homomorphism u : A −→ A (i.e., any
endomorphism u with u ◦ u = u) splits as u = A

r−→ Q
s−→ A with r ◦ s = 1Q where

r : A −→ Q is a coequalizer of the pair (u, 1A).
A category admitting all products and equalizers (dually: all coproducts and

coequalizers) is called complete (dually: cocomplete). It then has all limits respec-
tively colimits. Varieties thus are complete and cocomplete. In particular they
have directed colimits which are — as is well known — constructed on the level of
sets.

Generators

It will become clear in the sequel that the problem to determine all varieties equiv-
alent to a given one, V, is equivalent to identifying all generators of a particular
kind in V. We therefore briefly discuss some concepts of generators in a category.

An object G in a category K is called generator provided the associated hom–
functor homK(G,−) : K −→ SET is faithful (i.e., does not identify any two distinct
morphisms f, g : A −→ B). Clearly F1, the free algebra on one generator in a vari-
ety V, has this property: its associated hom–functor is (isomorphic to) the canonical
underlying functor of V. The above condition on G can be expressed alternatively
by saying that, for each K in K, the family homK(G, K) of all morphisms from G
to K is right cancellable, i.e., an episink2. If K has coproducts this is equivalent
to saying that for each K the canonical map homK(G, K) ·G −→ K, i.e., the mor-

1A categorical analysis of the relation between congruences and coequalizers in varieties results
in saying that in a variety congruence relations are effective, i.e., that any congruence relation
is a kernel pair. In a variety a congruence relation % – identified with the pair (π1|%, π2|%) as
above – is the kernel pair of its quotient. An SP–class is a variety iff its congruence relations are
effective.

2A family of K–morphisms (Kt
et−−−→ K)t∈T is called an episink provided that for any pair

r, s : K −→ L of K–morphisms the implication (∀t ∈ T : ret = set) =⇒ r = s holds.
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phism induced by the family homK(G, K) is an epimorphism, which in turn can be
shown to be equivalent to the statement that, for each K, there is some set X and
some epimorphism X ·G −→ K.

The algebra F1 in a variety V has an even stronger property: for each V in V
there is a set X and a surjective homomorphism X · F1 −→ V . Since surjective
homomorphisms are always epimorphisms but not conversely (e.g., the embedding
Z ↪→ Q is an epimorphism in the category of rings) the above observation requires
a categorical concept modelling the surjective homomorphism in varieties. The
most suitable notion for this is the following: an epimorphism K

e−→ L is called
extremal provided it cannot be factored over a proper subobject of its codomain,
i.e., if e = m ◦ g with a monomorphism m then m is an isomorphism. In varieties
(and more generally in any SP–class) the extremal epimorphisms are precisely the
surjective homomorphisms. The attribute “extremal” is used for episinks as well:
an episink (Kt

et−−→ K)t∈T is called extremal provided that whenever Kt
et−−→ K =

Kt
gt−−→ L

m−−→ K for all t ∈ T with some monomorphism m, then m must be an
isomorphism.

Now the following statements are equivalent for an object G in K (provided the
required coproducts exist):

1. homK(G,−) is faithful and reflects isomorphisms3.

2. For each K in K the family homK(G, K) of all morphisms from G to K is an
extremal episink.

3. For each K in K the canonical map homK(G, K) · G −→ K is an extremal
epimorphism.

4. For each K in K there exists a set X and an extremal epimorphism X ·G −→
K.

G is called an extremal generator provided it has these equivalent properties. Thus
F1 is an extremal generator in any SP–class.

To avoid possible confusion we finally note that the categorical statement “G
is a generator in the variety V” is completely unrelated to the algebraic statement
“V is generated by G”. In fact the latter statement is, in many cases, just the
dual of the first: e.g., the category BOOL is generated (in the algebraic sense) by
the two-chain, and this is (categorically) a cogenerator in BOOL. An (extremal)

generator in BOOL is
•
•

•
•

��@@
@@�� .

3A functor S is said to reflect isomorphisms if a morphism f is an isomorphism provided S(f)
is an isomorphism.



6 Hans–E. Porst

Equivalence, concrete equivalence, and isomorphism

Definition 1 (a) A concrete category is a pair (K, U) where K is a category and
U is a faithful functor from K into the category SET .

(b) A concrete category (K, U) is called uniquely transportable provided that for
every K-object K and every bijective map UK

k−→ X there exists a unique
K-object L with UL = X such that k lifts to a K-isomorphism K → L.

Remark 1 Often we simply write K for the concrete category (K, U). In particular
we always denote a variety by V since its underlying functor | − | is canonically
given. Moreover it will be clear from the context whether we consider the variety
in question as an abstract or a concrete category. Note that varieties are uniquely
transportable.

Definition 2 (a) A functor F : K → L is called

• an equivalence provided there exists a functor G : L → K and natural
isomorphisms η : 1K → GF and ε : 1L → FG. G then is called an
equivalence inverse of F .
• an isomorphism provided there exists a functor G : L → K such that

1K = GF and 1L = FG. G then is called the inverse of F .

Categories K and L are called equivalent and isomorphic respectively provided
there exists an equivalence (respectively an isomorphism) from K to L.

(b) Given concrete categories (K, U) and (L, V ), a functor F : K → L is called
concrete functor provided V F = U .

(c) A concrete functor F : (K, U) → (L, V ) is called concrete equivalence repec-
tively concrete isomorphism provided it is an equivalence (respectively an iso-
morphism) as a functor. Concrete categories (K, U) and (L, V ) are called con-
cretely equivalent and concretely isomorphic respectively provided there exists
a concrete equivalence (respectively a concrete isomorphism) from (K, U) to
(L, V ).

Remarks 2 1. The (standard categorical) terminology recalled above and used
throughout in this paper differs from the terminology used in universal alge-
bra (as e. g. in [22, 21]): concrete functors between varieties are known in
algebra as interpretations; thus “equivalence” in the sense of [22, 21] is “con-
crete equivalence” while “equivalence” in the sense of Definiton 2 is called
“categorical equivalence” in [22].

2. The inverse of an isomorphism is uniquely determined. An equivalence might
have different equivalence inverses all of which are, however, naturally iso-
morphic.
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3. The inverse of a concrete isomorphism is again a concrete functor. The equi-
valence inverses of a concrete equivalence will in general fail to be concrete
functors again. By a suitable modification of the notion of concrete functor
one can overcome this asymmetry. In particular, if F : (K, U) → (L, V ) is
a concrete equivalence one can always find an equivalence inverse G of F
commuting with U and V up to isomorphism (i.e., such that UG and V are
naturally isomorphic) (see [23]).

4. Uniquely transportable concrete categories which are concretely equivalent
are even concretely isomorphic (see [1, Sect. 5]). In particular, if V and W
are concretely equivalent varieties, then V andW are (concretely) isomorphic.

5. In the terminology just explained it then is the purpose of this paper to
describe, for a given variety V, all varieties equivalent to V up to concrete
isomorphism.

Fundamentals of categorical algebra

The following well known results of categorical algebra, mainly due to Lawvere
[18], Isbell [15], Linton [19], and others are fundamental for this work. We will
only sketch the ideas behind these facts. Precise and easily accessible reference
for each of them is added as well in the form see e.g.[x,y]. As a further general
reference one might consult [3, 6, 20].

The fundamental concept is that of a Lawvere theory which emerges from ex-
tending the clone of variety (or an algebra) into a category such that what is
called “clone composition” or “composition of operations” becomes composition in
this category. The most intuitive (though not the most elegant) definition is the
following:

Definition 3 A Lawvere theory T is a category of countably many objects enu-
merated as C0, C1, . . . Cn, . . . together with distinguished families of morphisms
(πn

i : Cn −→ C1)1≤i≤n which are products.
A morphism R : T → T′ of Lawvere theories then is a functor R from T to T′

which preserves the distinguished products.

Examples 1 1. The paradigmatic example of a Lawvere theory is the following:
given a variety V, choose, for each n ∈ N, a free algebra Fn on n generators
(pairwise distinct) and let ni : F1 −→ Fn be the homomorphic extension of
the insertion of the i–th generator 1 7−→ xi. The dual of the full subcategory
of V formed by these objects is a Lawvere theory with Cn = Fn and πn

i = ni.
This theory is called theory of V and will be denoted by ThV.
Algebraists might prefer to think of this theory in the following form: take
as objects all finite powers (Fω)n (ω a countable set of generators) and as
morphisms (Fω)n −→ (Fω)m the maps 〈ti〉 induced by term operations
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ti : (Fω)n −→ Fω (i = 1, . . . ,m). This defines a theory Th1V which clearly
is isomorphic to ThV.

2. The Lawvere theories of the categories RMOD of left (respectivelyMODR of
right) R–modules for a unital ring R are particularly easy to describe. Since
the finite copowers in these categories are at the same time finite powers the
morphisms between them, i.e., the morphisms in the theories of these vari-
eties, are completely determined by the endomorphisms of R in the respective
variety. For further use we note the following ring isomorphisms (where homR

and Rhom denote the hom–sets inMODR respectively RMOD, Mn(R) de-
notes the ring of n× n–matrices over R and Rop the opposite ring of R):

(a) R ' homR(R,R) and Rop ' Rhom(R,R),

(b) Mn(R) ' homR(Rn, Rn) and Mn(R)op ' Rhom(Rn, Rn)

obtained by right (respectively left) multiplication, and consequently

c) Mn(R)op ' Mn(Rop).

It follows that, for the theory TR
l of left R–modules (respectively the theory

TR
r of right R–modules), the following hold:

(a) TR
l (R,R) = Rop and TR

l (Rn, Rn) = Mn(R)op = Mn(Rop),

(b) TR
r (R,R) = R and TR

r (Rn, Rn) = Mn(R).

With Mat(n×m,R) denoting the set of all matrices over R with n rows and
m columns a complete description of these theories then would be as follows:

• the set of objects of TR
l and TR

r is N,

• for n, m ∈ N the set of morphisms n −→ m is

– Mat(n×m,R) in TR
l ,

– Mat(m× n, R) in TR
r ,

• composition of A ∈ Mat(n×m,R), B ∈ Mat(m× k, R) is given by

– B ◦l A = At ·Bt in TR
l ,

– A ◦r B = A ·B in TR
r .

Note in particular that TR
r is (as a category) the dual of TR

l : TR
r = (TR

l )op.

Leading Example (a) The Lawvere theory of BOOL is, due to restricted Stone–
duality, isomorphic to the full subcategory of SET spanned by the powersets of the
finite sets m = {0, . . . ,m− 1}. 3
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The theory of a variety is its syntax (substituting the representation by opera-
tions and equations) given as a category (hence a mathematical structure). Observe
that the ThV–morphisms Cn

σ̄−−→ C1 (i.e., the V–morphisms F1 σ̄−−→ Fn) are in!
one-to-one correspondence to the elements of Fn, hence to equivalence classes [σ]
of terms σ in the language of V by

σ̄ ←→ σ̄(1) = [σ].

Now algebras are functors from the theory to SET preserving finite products: it
is clear that every algebra A =

(
|A|, (σA)

)
in a variety V can be considered as a

functor Ã : ThV −→ SET :

• on objects Ã acts by mapping Fn to |A|n;

• on morphisms Ã acts by mapping

– Cn
σ̄−−→ C1 to the A–interpretation σA : |A|n −→ |A| of σ;

– and, finally, a morphism Cn
〈σ̄i 〉−−−−→ Cm to the map |A|n 〈σA

i 〉−−−−→ |A|m.

Ã is clearly a functor and, moreover, Ã obviously preserves products; thus it is a
model of ThV in the sense of the following definition.

Definition 4 For any Lawvere theory T the full subcategory ModT of the category
SET T of all set–valued functors on T, consisting of (finite) product–preserving
functors, is called the category of T–models.

Correspondingly, homomorphisms are natural transformations. Given any ho-
momorphism f : A→ B in V, by the very definition of homomorphism, the family
of maps

f̃ = (f̃Cn)Cn∈ThV = (|A|n fn

−−→ |B|n)n∈N

is a natural transformation f̃ : Ã→ B̃.
The following is now obvious:

Fact 1 For every variety V, by the assignments A 7→ Ã and f 7→ f̃ there is defined
a functor −̃ : V → ModThV.

Remark 3 The category ModT is a concrete category by means of the underlying
functor “evaluation at C1”, i.e., the functor

UT : = evC1 : ModT −→ SET

mapping a model G to G(C1) and a natural transformation λ to its C1-component
λC1 . It is now seen easily that the functor −̃ even is a concrete functor.
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The converse, i.e., interpreting product preserving functors T = ThV −→ SET
as algebras needs some precaution since products are unique only up to isomor-
phism, while algebras are defined with respect to a (chosen) notion of (cartesian)
product in SET . But clearly every functor H ∈ ModT is naturally isomorphic to

a unique functor H̄ ∈ ModT which sends each product (Fn
πn

i−−−→ F1) in T to the

chosen powers H̄(Fn) = H̄(F1)n pn
i−−−→ H̄F1 = HF1 in SET .

We thus can assign to each functor H ∈ ModThV an algebra ΦH in the language
of V by

ΦH =
(
H(F1), H̄(σ̄)

)
where σ runs over all n–ary terms for all n ∈ N. Since for each equation σ = τ
defining V one has [σ] = [τ ], hence σ̄ = τ̄ , the ΦH–interpretations of these terms,
i.e., H̄(σ̄) and H̄(τ̄) coincide. Thus ΦH belongs to V.

Moreover, it is easy to see that for each natural transformation λ : H → G in
ModThV its C1-component Φλ : = λF1 is a homomorphism ΦH → ΦG. This way
Φ becomes a functor.

The following results then are due to Lawvere [18]:

Fact 2 (see e.g. [6, 3.2.9]) Every variety V is concretely equivalent to ModThV by
means of the functors −̃ and Φ.

This says in particular that for each algebra V in V and n–ary term σ in the
language of V the following diagram commutes:

|V |n

σV

��

∼ homV(F1, V )n ∼

σΦY V

��

homV(Fn, V )

homV(σ̄,V )

��
|V | ∼ homV(F1, V ) homV(F1, V )

where the horizontal isomorphisms are the obvious (natural) ones. In other words:
up to the natural bijection |V | ' homV(F1, V ) the n-ary operations in the clone
of an algebra V in the variety V are the maps homV(σ̄, V ).

Fact 3 (see e.g. [6, 3.3.4]) For every Lawvere theory T there exists a variety VT
— called the variety determined by T — such that ModT and VT are concretely
equivalent4.

Up to an isomorphism of algebras an algebra in VT thus has as its underlying
set the set H(C1) for some finite product preserving functor H : T→ SET , and as
the set of n-ary operations in its clone the set {H(τ) | τ ∈ homT(Cn, C1)}.

4Technically VT is the uniquely transportable modification of ModT in the sense of [1, 5.36].
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Fact 4 (see e.g. [6, 3.2.9, 3.8.5]) The correspondence between varieties and Law-
vere theories established above is essentially bijective, i.e.,

1. every variety V is concretely isomorphic to the variety VThV determined by
ThV;

2. every Lawvere theory T is isomorphic to the theory ThVT of the variety VT
determined by T.

This results partly from the observation that the construction Mod is, in a
sense, functorial: if R : T −→ S is a theory morphism then for every S–model
H : S −→ SET one obtains a T–model R∗(H) = H ◦R : T −→ SET . This way one
gets

Fact 5 Each theory morphism R : T −→ S determines a concrete functor
R∗ : ModS −→ ModT.

For various reasons it is suitable to look at the results established so far from a
slightly more abstract point of view:

Let K be any category and Q a K–object which has finite copowers. Choose, for
each n ∈ N, pairwise distinct copowers nQ together with distinguished coproduct
injections µn

i : Q −→ nQ (1 ≤ i ≤ n). Take the full subcategory 〈nQ | n ∈ N〉 of K
spanned by these objects. Then ThKQ = 〈nQ | n ∈ N〉op is a Lawvere theory.

Leading Example (b) Consider, in the category BOOL, the powerset algebra
P(m) of an m-element set. The theory ThBOOL P(m) is — due to restricted Stone–
duality — isomorphic to the full subcategory of SET spanned by the finite cartesian
powers of m. 3

Given K and Q as above there is the so-called Yoneda functor YQ from K into
the functor-category SET ThKQ, which maps an object K to homK(−,K)|ThKQ and
acts on morphisms similarly. Since hom-functors preserve products, YQ factors
over ModThKQ; therefore we will in the sequel consider the Yoneda functor always
as a functor

YQ : K −→ ModThKQ.

Now the following is easily seen:

Fact 6 For any variety V one has

1. ThV = ThV(F1);

2. the functors −̃ and YF1 are naturally isomorphic.
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Since the canonical underlying functor of any variety V is naturally equivalent to
the hom–functor homV(F1,−) one now can read Fact 2 also as stating the concrete
equivalence YF1 : (V,homV(F1,−)) ∼−−→ (ModThV(F1), UThV(F1)). This leads to
the question, for which objects Q instead of F1 the corresponding equivalence
might hold. Another way of looking at this question is, in view of Fact 3, the
following: can one characterize those concrete categories (K, U) with representable
underlying functor U which are concretely equivalent to a variety?

The answer — given as Fact 8 below — is due to Isbell [15] and based on the
following categorical result which will also be of use later on.

Fact 7 (see e.g. [6, 3.8.5], [20, chap. 3, 1.29], [3, 1.26]) Let K be a category admit-
ting all finite copowers of some K–object Q, and let YQ be the Yoneda functor
YQ : K −→ ModThKQ. Then the following hold:

1. YQ(nQ) is the free object on n generators in ModThKQ.

2. YQ has a left adjoint provided K has coequalizers.

3. YQ is a full embedding iff (ThKQ)op is dense5 in K.

4. YQ preserves directed colimits iff Q is finitely presentable6.

Note that Fact 7 can be used to prove (part of) Fact 2: in any variety V the full
subcategory consisting of the finitely generated free algebras, i.e. (ThV(F1))op =
(ThV)op is dense, thus, by statement 3. above, YF1 is full and faithful. But then the
functor −̃, being naturally isomorphic to YF1, is full and faithful, too. Further, the
left adjoint of YF1 which exists by statement 2. above is nothing but the functor
Φ of Fact 2.

Fact 8 (see e.g. [6, 3.9.1], [13, 32.21]) For any object Q in a complete and cocom-
plete category K the following are equivalent:

(i) By means of YQ : K −→ ModThKQ the concrete category
(
K,homK(Q,−)

)
is

concretely equivalent to a full subcategory of the variety determined by ThKQ,
closed under products, subobjects, directed colimits, and free algebras.

(ii) Q is an extremal generator which is projective7 and finitely presentable.

5A small subcategory D of K is called dense, provided for each K-object K the family of all
morphisms (D → K)D∈ObD is a colimit of the canonical diagram of K with respect to D (for
further details see e.g. [3, 0.4])

6A K–object K is called finitely presentable iff homK(K,−) preserves directed colimits; in any
quasivariety this is equivalent to the algebraic meaning.

7Q is called projective iff every K–morphism Q
f−→ L can be lifted against any extremal

epimorphism K
e−→ L; in SP–classes this is equivalent to being projective w.r.t. surjective

homomorphisms. More correctly these objects should be called extremally projective.
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If in K, in addition, equivalence relations are effective 8, YQ in (i) is even an
equivalence if Q satisfies the conditions of (ii).

Definition 5 An extremal generator Q in a category K which is (extremally)
projective and finitely presentable is called a varietal generator9.

Remark 4 Equivalences between categories map varietal generators to varietal
generators.

The notion of a finitely presentable object models categorically the fact that
the generator in question is finitely generated in the algebraic sense. In fact weaker
notions (and equivalent only in the context of varieties — see e.g. [12]) would
do here as well as, e.g., the notion of an abstractly finite object10 (see [15, 18]).
Replacing “finitely presentable” in (ii) of Fact 8 by “abstractly finite” requires
only to delete the words “directed colimits” in (i). Note that both of these notions
refer to colimits in the category under consideration. A colimit–free categorical
description of finitely generated algebras which will be of use in the final sections
of this note is given in the following definition. It is motivated by a remark in [22]
and based on the fact that an algebra is finitely generated iff it is compact in its
subalgebra lattice.

Definition 6 An object K in a category K is called compact provided that every
extremal episink (Kt

et−−→ K)t∈T contains a finite one.

The proof of the following lemmata is an easy exercise.

Lemma 1 Let V be a variety.

1. An algebra A in V is finitely generated (in the algebraic sense) iff A is compact
in V.

2. The regular projective finitely presentable algebras in V are precisely the ex-
tremally projective, compact V–objects. 2

Lemma 2 Let V be a variety.

1. The retracts of the finitely generated free algebras Fn are precisely the compact
(= finitely presentable) regular projective objects in V.

8See Note 1
9These objects are misleadingly called “projective finitely generated co–generators” in [22]. In

categorical language “co–generator” is the dual of “generator” (see also the last paragraph on
generators).

10In a category K with copowers an object A is called abstractly finite provided any morphism
f : A → X ·A factors through the natural injection F ·A → X ·A for some finite subset F ⊂ X.
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2. A retract Q of Fn is a varietal generator iff F1 (or equivalently some Fk) is
a retract of some finite copower mQ of Q. 2

Examples 2 1. Every free algebra Fn on finitely many generators n 6= 0 in
any (quasi–) variety is a varietal generator.

2. The varietal generators in the category of (abelian) groups are precisely the
finitely generated free (abelian) groups. This is a special instance of the
following more general but obvious fact: The varietal generators are precisely
the finitely generated free objects in a variety V iff each finitely generated
projective V-algebra is free (hence free on finitely many generators).

3. The varietal generators in module–categories are precisely those modules
which in commutative algebra are called progenerators or faithful projective
modules.

Leading Example (c) The varietal generators in BOOL are precisely the pow-
erset algebras of finite sets of cardinality greater 1 (use Lemma 2 and restricted
Stone duality).

3

Morita equivalent theories

Definition 7 Lawvere theories T and S are called Morita equivalent provided
ModT and ModS are equivalent categories.

Let T be any Lawvere theory and V the variety determined by T. The problem
of describing all theories S Morita equivalent to T is equivalent to describing all!
varietal generators Q in the variety V. This follows from Facts 4 and 8 since, for
any equivalence Φ: W → V, the algebra Q = Φ(F1) is a varietal generator and
Φ in an obvious way induces an isomorphism of the Lawvere theories ThW and
ThVQ. More explicitely, the following are equivalent for any varietyW with theory
S:

• W is equivalent to V,

• W is concretely equivalent to (V,homV(Q,−)) — hence to (ModThVQ, evQ)
— for some varietal generator Q of V.

• S is isomorphic to ThVQ for some varietal generator Q of V.

Note that we do not claim that there is a one–to–one correspondence between
varietal generators in V and varieties W equivalent to V. In fact we do not know
how to characterize the relation between two varietal generators P and Q having
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isomorphic theories (see [22, Problem 3]). The following, however, can be said
already here (see [22, Theorem 6.3]):

Proposition 1 The following are equivalent for varietal generators P and Q in
any variety V:

(i) ModThVP and ModThVQ are concretely equivalent.

(ii) There exists an equivalence Ψ: V ∼−−→ V with Ψ(P ) = Q.

Proof To prove that (i) implies (ii) consider a concrete equivalence Θ from
ModThVQ to ModThVP . Choose an equivalence inverse ȲP : (ModThVP, evP ) −→ !(
V,homV(P,−)

)
of YP which can be assumed to commute with the underlying func-

tors up to a natural isomorphism by Remark 2. Then Ψ = ȲP ◦Θ◦YQ : V −→ V is an
equivalence, thus has an equivalence inverse Ψ̄, and there is a natural isomorphism

homV(Q,−) ' homV(P,−) ◦Ψ ' homV(P,Ψ−);

hence, by adjunction
homV(Ψ̄Q,−) ' homV(P,−).

Thus Ψ̄Q and P are isomorphic as are ΨP and Q. Clearly one now can modify Ψ
to obtain the equality ΨP = Q. 2 !

In order to describe all varietal generators Q in V we have to find all retracts of
the finitely generated free algebras in V satisfying condition 2. of Lemma 2. Now in
every category a retraction K

s−→ L
r−→ K = 1K determines an idempotent mor-

phism u = sr and, conversely, every idempotent morphism u : L −→ L determines,
in the presence of coequalizers, a retraction K

s−→ L
r−→ K by forming a coequal-

izer L
r−→ K of the pair (u, 1L). Hence, the possible retractions Fn −→ Q can

be determined within homV(Fn, Fn) = homThV(Fn, Fn). So the only remaining
problem is to express, within ThV, the fact that some Fk is, for some idempotent
endomorphism u : Fn −→ Fn, a finite copower of the coequalizer of (u, 1Fn). For
this purpose the following notion is introduced.

Definition 8 An idempotent morphism u : K −→ K in any category K admitting
finite products of K is called invertible if there exist some m ∈ N and morphisms
p : Km −→ K, d : K −→ Km such that

K
d−→ Km um

−→ Km p−→ K = 1K .

Remark 5 The notion of invertibility is, with minor differences, contained in [10]
as well as in [22]. To show equivalence of their respective notions we note that the
following conditions are equivalent for an idempotent morphism u : K −→ K.
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(i) There exist, for some m ∈ N, p : Km −→ K, d : K −→ Km such that

K
d−→ Km um

−→ Km p−→ K = 1K .

(ii) There exist, for some k, m ∈ N, p : Km −→ Kk, d : Kk −→ Km such that

Kk d−→ Km um

−→ Km p−→ Kk = 1Kk .

(iii) There exists, for some m ∈ N, a retraction L
d̄−−→ K

p̄−−→ L = 1 such that
p̄ ◦ u = p̄ or u ◦ d̄ = d̄.

Proposition 2 Let V be a variety. For a V–object Q the following are equivalent:

(i) Q is a varietal generator in V.

(ii) There exists, for some n ∈ N, 1 ≤ n, a morphism r : Fn → Q such that
(r, Q) is a coequalizer of a pair (u, 1Fn) in V, where u is an idempotent
endomorphism of Fn which is invertible in ThV.

Proof Le Q be a varietal generator: By Lemma 2 there exists an idempotent
morphism u : Fn −→ Fn, for some n ∈ N, and a coequalizer diagram

Fn
u //
1

// Fn
r // Q where, in addition, u factors as u = s ◦ r, and r ◦ s = 1.!

Moreover, there exists a retraction Fk
y−−→ mQ

x−−→ Fk = 1 in V. With

p = Fk
y−−→ mQ

m·s−−→ m · Fn = F (n ·m) and d = F (n ·m) m·r−−→ mQ
x−−→ Fk

one gets (in V):!

d ◦ (m · u) ◦ p = x ◦ (m · r) ◦ (m · s) ◦ (m · r) ◦ (m · s) ◦ y = 1

i.e., in ThV

Fk
d−−→ (Fn)m um

−−−→ (Fn)m p−−→ Fk = 1. (*)

Conversely, if for an idempotent u : Fn −→ Fn one has an equation (*) in ThV
where u splits as Fn

r−−→ Q
s−−→ Fn in V, let

x = mQ
m·s−−−→ m · Fn

d−−→ Fk and y = Fk
p−−→ m · Fn

m·r−−−→ mQ

in V. It follows x ◦ y = d ◦ (m · s) ◦ (m · r) ◦ p = d ◦ (m · u) ◦ p = 1. By Lemma 2 Q
is a varietal generator. 2
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Leading Example (d) Let G be a varietal generator in BOOL , i.e., G ∼= P(m),
the powerset algebra of the set {0, 1 . . . , m−1}, m ≥ 2 (see (c)). One can represent!
P(m) as in (ii) of the Proposition above as follows:
Let F (m−1) be the free Boolean algebra on m−1 generators x1, . . . , xm−1, m ≥ 2.
Denote by u : F (m − 1) −→ F (m − 1) the Boolean homomorphism with u(x1) =
x1, u(xi) = x1 ∧ . . . ∧ xi (i = 2, . . . ,m − 1) and by r : F (m − 1) −→ P(m) the
Boolean homomorphism defined by r(xi) = {1, . . . ,m− i} for 1 ≤ i ≤ m− 1. Then

1. u is idempotent and

2. (r, P(m)) is a coequalizer of the pair (u, 1F (m−1)). 3

An abstract description of the theories S, Morita equivalent to a given one T,
can now be given. For this purpose it is convenient to introduce the following
constructions.

• For each Lawvere theory T and n = 1, 2, 3, . . ., denote by T[n] the following
theory:

– objects are the n-fold powers C̄k : = Ck × Ck × . . .× Ck of all Ck in T;
observe that, for n, k ∈ N, one has (Ck)n = (Cn)k.

– morphisms are all T–morphisms between them;

– composition and identities are as in T;

– distinguished products are the families

(π̄k
j : C̄k → C̄1)1≤j≤k =

(
(πk

j )n : (Ck)n → (C1)n = Cn

)
1≤j≤k

.

• For each Lawvere theory T and idempotent T–morphism u : C1 → C1 denote
by Tu the following theory:

– objects are all objects from T;

– morphisms Ck → Cj are those T–morphisms from Ck to Cj which can
be decomposed as

Ck
uk

−−−→ Ck
f−−→ Cj

uj

−−−→ Cj

with a T-morphism f ; !

– composition is as in T and uk is chosen as the identity of Ck;

– distinguished products are the families(
π̄k

j = uπk
j uk : Ck −→ C1

)
1≤j≤k

.
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Remarks 6 1. Observe that “rising to the n–th power” is a theory morphism

T (−)n

−−−→ T[n] while the embedding T[n] ↪→ T, though being product preserving
is not. Similarly the idempotent u determines a theory morphism ū by

ū(Ck
f−→ Cj) = Ck

ujfuk

−−−−→ Cj

though not from T into Tu (here this construction fails to be functorial) but
if restricted to the subtheory T[u] of T, where a morphism f ∈ T(Cn, Cm)
belongs to T[u] iff f ◦ un = um ◦ f (it is straightforward to check that T[u] is
a Lawvere theory, in fact a subtheory of T).

2. It is clear from the definitions that, for any theory T whose dual Top is a
theory again, one has for every n ∈ N and every idempotent u ∈ T (which
then is idempotent in Top, too):

(Top)[n] = (T[n])op and (Top)u = (Tu)op

Proposition 3 Let K be a category with finite colimits and G a K–object. Let
T = ThKG.

1. For each n ∈ N, n > 1 the Lawvere theory ThK(nG) is isomorphic to T[n].

2. For each retraction Q
s−→ G

r−→ Q = 1 the Lawvere theory ThKQ is isomor-
phic to Tu for the idempotent morphism u = sr.

Proof The proof of 1. is obvious by construction of T[n]. Concerning 2. we define
a functor Λ: ThKQ −→ Tu as follows:
Given a morphism τ : kQ −→ jQ in ThKQ, i.e., a morphism τ : jQ −→ kQ in K,
let t : jG −→ kG be the K–morphism

jG
j·r−−−→ jQ

τ−−−→ kQ
k·s−−−→ kG

Then (k · u) ◦ t ◦ (j · u) = t, i.e., t ∈ Tu(kG, jG) such that we can define Λ by

Λ(jQ τ−−−−→ kQ) = jG
(ks)◦τ◦(jr)−−−−−−−−→ kG.

Λ then is a functor, which obviously is bijective on objects. (ks) ◦ τ ◦ (jr) =
(ks) ◦ τ ′ ◦ (jr) implies τ = τ ′ since jr is epic and ks monic; hence Λ is faithful.
Given any t : jG −→ kG, one has (k · u) ◦ t ◦ (j · u) = Λ

(
(k · r) ◦ t ◦ (j · s)

)
; thus Λ

is full, hence an isomorphism. (All compositions and calculations were done in K!)
Also, Λ preserves the distinguished products by definition of those in Tu. 2

As a corollary we obtain the following theorem which is basically the main result
of [10], here however presented in a form closer related to the results of [22].
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Theorem 1 The Lawvere theories S, Morita equivalent to a given theory T are, up
to isomorphism, precisely the theories (T[n])u for n ∈ N, n ≥ 1 and u an idempotent
and invertible morphism in T[n](Cn, Cn). 2

Note that this theorem can be stated equivalently in the following way:

Theorem 2 The Lawvere theories S, Morita equivalent to a given theory T are,
up to isomorphism, precisely the theories ThVQ, where V = VT is the variety
determined by T and Q is a varietal generator in V.

In fact this result will be more useful in the latter form at least for the following
reasons:

• It will be easier in general to determine all varietal generators in a given
variety than all pairs (n, u) under discussion (see e.g. the following examples).

• For each pair (n, u) as in the first version of the theorem there are infinitely
many different pairs (m, v) of the same kind with T[n]

u ' T[m]
v (e.g. (n ·k, u×

1Ck
)).

Leading Example (e) Let TBOOL denote the theory of the variety BOOL. As
observed before the varietal generators of BOOL are the Boolean algebras P(m)
for m ≥ 2, where, for each m, the idempotent morphism u : F (m−1) −→ F (m−1)
specified in (d) splits over P(m). Thus
The varieties equivalent to BOOL are the varieties with Lawvere theories(

T[m−1]
BOOL

)
u

∼= ThBOOLP(m).

We will identify the varieties determined by these theories in the next section. 3

For further use we add the global characterization of Morita equivalent theories
from [10] identifying, in addition, the Cauchy completion11 in question. To this
end we denote, for any variety V, by ProjfpV the full subcategory of V spanned by
its finitely presentable projective objects.

Theorem 3 1. The Cauchy completion of any Lawvere theory T is given by the
embedding T ↪→

(
ProjfpV

)op, where V = VT is the variety determined by T.

2. Every variety V is equivalent to the category of all set–valued functors on
(ProjfpV)op which preserve finite products.

11The Cauchy completion of a small category K is a full embedding E : K −→ K̄ into a Cauchy
complete category K̄ (i.e. a category K̄ where every idempotent morphism u splits as u = sr with
rs = 1), universal with this property. See [6] for an explanation of the term “Cauchy completion”.
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3. Lawvere theories S and T are Morita equivalent if and only if S and T have
equivalent Cauchy completions.

Proof By Lemma 2 every idempotent morphism from T splits in
(
ProjfpV

)op, and
so does any idempotent u : Q −→ Q in V, if there is a retraction Fn

r−→ Q: u splits
in V as u = pq with a retraction q : Q −→ P , and qr : Fn −→ P is a retraction.
Hence (ProjfpV)op is Cauchy complete.

Every functor S : T −→ D into a Cauchy complete categoryD can be (essentially
uniquely) extended to Ŝ : (ProjfpV)op −→ D . This is an easy exercise making use

of the fact that for every morphism P
f−→ Q in V and retractions Fn

p−→ P ,

Fm
q−→ Q there exists some Fn

f̄−→ Fm with qf̄ = fp (use here specifically
f̄ = sfp where s : Q→ Fm satisfies qs = 1).

Statement 2. now follows easily: if S : ThV −→ SET is a ThV-model, i. e.
preserves finite products, its (essentially unique) extension Ŝ (note that clearly
SET is Cauchy complete) will preserve finite products as well (easy exercise). Thus
the assignment S 7→ Ŝ defines an equivalence between ModThV (hence V) and the
category of all set–valued functors on (ProjfpV)op which preserve finite products.

Statement 3. now follows from this and the fact that the classes ProjfpV are
stable under equivalence of categories. 2

On the level of model categories of theories, i.e., varieties, Theorem 3 has the
following interpretation — generalizing a familiar fact from module categories (e.
g. [4, §22]) — which has been put into a broader perspective recently by Adámek,
Lawvere and Rosický (see [2]).

Theorem 4 ([11, §11]) Varieties V and W are equivalent iff their respective sub-
categories ProjfpV and ProjfpW are equivalent. 2

The varieties determined by T[n] and Tu

This section aims at two results. By identifying the varieties determined by T[n]

and Tu respectively we can, by means of Theorem 1, describe all varieties equiva-
lent to VT, the variety determined by T. Along this way the status of the algebraic
constructions V [n] and V(σ) as described in [22] is clarified and certain proper-
ties of these constructions are obtained categorically. We start by recalling these
constructions.

For any algebra A in a given variety V and any n ∈ N the n–th matrix power
A[n] of A is the following algebra:

• the underlying set of A[n] is |A|n;
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• the r–ary operations |A[n]|r = |A|nr −→ |A|n = |A[n]| are those maps m,
whose composition with the projections πi : |A|n −→ |A| yield (derived) nr–
ary V–operations tAi (i = 1, . . . , n) on A, i.e., m = 〈tAi 〉.

For a subcategory K of V the category of all algebras isomorphic to some A[n]

with A in K is denoted by K[n].
Let K be a class of similar algebras and V the variety generated by K. A unary

V–term ε is called idempotent and invertible respectively in K if the corresponding
morphism ε̄ : F1 −→ F1 is idempotent (respectively invertible) in ThV. These
notions are clearly equivalent to the corresponding ones in [22].

For any algebra A contained in a class of similar algebras K and any idempotent
unary term ε in K the ε–modification A(ε) of A is the following algebra:

• the underlying set of A(ε) is εA[|A|] ⊂ |A|, i.e., the image of the A–
interpretation of ε;

• the r–ary operations (εA[|A|])r −→ εA[|A|] are those maps tAε which arise as

restrictions to (εA[|A|])r of maps |A|r tA

−−−→ |A| εA

−−−→ ε[|A|] where tA is the
A–interpretation of an r–ary operation in the similarity type of K.

K(ε) denotes the category of all algebras isomorphic to some A(ε) with A in K.

Proposition 4 Let V be any variety and T its Lawvere theory. Then V [n] is the
variety determined by T[n]. V and V [n] are equivalent.

Proof By Proposition 3 we may assume T = ThV(F1) and T[n] = ThV(Fn).
Since Fn is a varietal generator of the exact category V we know by Fact 8 that

the Yoneda map YFn :
(
V,homV(Fn,−)

)
−→

(
ModThV(Fn), evFn) is a concrete

equivalence. With notation as in Fact 2 and the remarks preceding it, this means
in particular that the algebras of the variety W determined by T[n] are, up to iso-
morphism, the algebras ΦYFnV = YFnV =

(
homV(Fn, V ), (σYF nV

)
σ̄∈T[n]

)
where

for σ̄ ∈ T[n](C̄r, C̄1) = T(F (nr), Fn) the operation σYF nV is uniquely determined
by the condition to make the diagram

homV(Fn, V )r ∼

σYF nV

��

homV(F (nr), V )

homV(σ̄,V )

��
homV(Fn, V ) homV(Fn, V )

commute, where the top row is the canonical bijection. Now, by definition of T[n],
there exist t1, . . . , tn ∈ T

(
F (nr), F1

)
such that σ̄ = 〈ti〉 in T. Since homV(−, V )

preserves products in T it follows

homV(σ̄, V ) = 〈homV(ti, V )〉.
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This translates into
σ̄YF nV = 〈tYF1V

i 〉

which identifies YFnV as the n–th matrix power YF1V
[n]

of YF1V . Since, up to
isomorphism, all V–algebras are of the form YF1V , W and V [n] are concretely
isomorphic. 2

The proof shows in particular that the equivalence of V and V [n] is given by
sending an algebra to its n–th matrix power.

Using Example 2.2 in connection with Theorem 2 and Proposition 3 one obtains
the following sharpening of [22, Theorem 6.4] (see also [17]):

Corollary 1 For a variety V the following are equivalent:

(i) The only varieties equivalent to V are (up to concrete isomorphism) the va-
rieties V [n], n ∈ N.

(ii) Each finitely generated projective V-algebra is free.

Remark 7 As observed before, “rising to the n–th power” is a theory morphism
T −→ T[n]. By Fact 5 there results a concrete (hence faithful) functor ModT[n] −→
ModT or, in view of Proposition 4, V [n] −→ V. This functor assigns to a matrix
power A[n] in V [n] the n–th (cartesian) power of A in V. Note that this is also clear
from the very definition of A[n]: among its r–ary operations are clearly the r–ary
V–operations of An. Thus the V–operations induce V [n]–operations satisfying the
same equations as in V.

Moreover, the V [n]–algebras automatically have n unary operations
D1, . . . , Dn satisfying the equations DjDi = Di. This is a consequence of the
fact that in the theory T[n] the object C̄1 = Cn

1 has, for each i ∈ {1, . . . , n}, an
endomorphism Di induced by the constant family (πi, . . . , πi), i.e., πj ◦ Di = πi

for all j = 1, . . . , n. Note that all other unary operations induced by families of
projections can be obtained from the Di’s by clone–composition.

Other choices of (basic) unary operations for V [n]–algebras might be suitable
as well. In order to describe SET [2] as a variety of semigroups (see e.g. [22,
Example 2]) one uses e.g. s = 〈π2, π1〉.

Proposition 5 Let V be a variety and T its theory. Let ε be an idempotent unary
term in the language of V and u = ε̄ the corresponding idempotent morphism in
T(C1, C1) = homV(F1, F1). Then the following hold:

1. V(ε) is the variety determined by Tu.

2. V(ε) and V are equivalent iff ε is invertible in V.
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Proof We use the same notation as in Proposition 3 and its proof. Similarly as
in the proof of Proposition 4 we now consider the Yoneda functor YQ. By Fact 8
and Proposition 2 YQ is an equivalence iff ε is invertible. Thus 2. is a consequence
of 1.

For proving statement 1. of the proposition we first show that, for any V–
algebra V , V (ε) and YQ(V ) are isomorphic. Up to a bijection we may assume
|V | = homV(F1, V ). Then εV = homV(u, V ) factors as

εV = homV(F1, V )
homV(s,V )−−−−−−−−→ homV(Q,V )

homV(r,V )−−−−−−−−→ homV(F1, V ).

Since rs = 1, homV(r, V ) is, up to a unique bijection

iV : homV(Q, V ) ∼−→ Im εV ,

the embedding of the subset Im εV = |V (ε)|, and we have, for each k ∈ N, the
commutative diagram

homV(kQ, V )

homV(kr,V )

��

∼ homV(Q,V )k

homV(r,V )k

��

∼ |V (ε)|k� _

��
homV(Fk, V ) ∼ homV(F1, V )k |V |k

Up to these natural bijections the operations of V (ε) are, by definition, the maps

homV(kQ, V )
homV(kr,V ) // homV(Fk, V )

homV(t,V )

��
homV(F1, V )

homV(s,V ) // homV(Q,V ).

Since by the proof of Proposition 3 the maps kQ −→ Q in ThVQ are precisely the
maps kQ

kr−−−→ Fk
t−→ F1 s−→ Q with Fk

t−→ F1 in ThV, we see that, up to
isomorphism, V (ε) is just YQ(V ).

It remains to show that every K in ModTu is isomorphic to some YQV, V in
V. Recall from Fact 7 that YQ has a left adjoint T and satisfies YQ(X ·Q) = FX
where FX is free in ModTu over the finite set X. Since clearly TFX ' X ·Q (by
composition of adjoints) we get YQTFX ' YQ(X ·Q) ' FX. Now each K in the
variety ModTu is a directed colimit of FXλ’s with each Xλ finite. Since T (as a
left adjoint) and YQ (by Fact 7) preserve directed colimits YQTFX ' FX implies
YQTK ' K for each K. 2

Remark 8 As observed (see Remark 6.1) before the idempotent u determines a
theory morphism ū : T[u] −→ Tu, thus a concrete functor ModTu −→ ModT[u] or,



24 Hans–E. Porst

in view of Proposition 5, V(ε) −→ ModT[u] where the operations of the variety
determined by T[u] have precisely those V–operations which commute with u. In
view of the previous discussion this is equivalent to saying: it has precisely those
V–operations with respect to which all embeddings A(ε) ↪→ A are homomorphic.

As a corollary to Propositions 4 and 5 we get in view of Theorem 1:

Theorem 5 ([22]) The varieties equivalent to a given variety V are, up to con-
crete isomorphism, precisely the varieties V [n](ε) for some n ∈ N, n ≥ 1, and some
idempotent and invertible term ε for V [n]. 2

Remark 9 In view of the presentation in [22] it might be worth noticing that the
equivalence V ∼−−→ V [n](ε) in the theorem above (modulo the concrete equivalence
ModThVQ ' V [n](ε)) is given by the Yoneda functor YQ : V −→ ModThVQ where

Q is a coequalizer of the pair Fn
ε̄ //
1

// Fn in V.

Leading Example (f) We now determine the varieties equivalent to BOOL. What
remains to be done is—in view of (e) and (d)—the identification of

P ′m : = BOOL[m−1](ε) ' ModThBOOLP(m)

with ε = (x1, x1 ∧ x2, . . . , x1 ∧ . . . ∧ xm−1).
Thus the P ′m–algebras are up to isomorphism given as the subsets

ε̄B[m−1]
[Bm−1] ⊂ Bm−1 with a Boolean algebra B and

ε̄B[m−1]
(b1, . . . , bm−1) = (b1, b1 ∧ b2, . . . , b1 ∧ . . . ∧ bm−1), i.e. as

C(Bm−1) : = {(b1, . . . , bm−1) ∈ Bm−1 | bm−1 ≤ . . . ≤ b1}.

Using Remarks 7 and 8 one checks first that there is a concrete functor P ′m −→ D01

from P ′m to the category D01 of bounded distributive lattices. Since the lattice
operations (including 0 and 1) commute with the idempotent, the P ′m–algebras are
first of all distributive lattices (see Remark 8). Moreover, also the unary operations
Di on B[m−1] (see Remark 7) clearly commute with u and thus are unary operations
acting as

Di(b1, . . . , bm−1) = (bi, . . . , bi).

In addition the P ′m–algebras inherit from Bm−1 at least

• the nullary operations

ci = ε̄ (0, . . . , 0, 1, . . . , 1)
↑

i-th component

for i = 1, . . . ,m (in particular c0 = 0, cm = 1),
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• the unary operation

C = ε̄ ◦ ¬ (¬ the complementation in Bm−1)

which then acts as !

C(b1, . . . , bm−1) = (¬b1, (¬b1) ∧ (¬b2), . . . , (¬b1) ∧ . . . ∧ (¬bm−1))
= (¬b1, . . . ,¬b1)

It is now easy to verify that this way each P ′m–algebra is a Post algebra of order
m with equational presentation as in [5]. It is implicit in [24] that any Post algebra
of order m is isomorphic to a P ′m–algebra. If one doesn’t want to refer to [24] one
alternatively might check that the operations described above generate the theory
ThBOOLP(m), or that every P ′m–algebra is a coproduct of a Boolean algebra and
the m-chain in the category D01. Thus we obtain

Theorem 6 The varieties equivalent to the variety BOOL of Boolean algebras are
(up to concrete isomorphism) precisely the varieties Pm of Post algebras of order
m for some m ∈ N.

As a corollary one might translate Hu’s result on varieties generated by primal
algebras (see [14]) as follows (a proof of this can also be given without using Hu’s
result).

Theorem 7 For each m ∈ N the variety Pm of Post algebras of order m is (up to
concrete isomorphism) the only variety generated by an m–element primal algebra.

As a final example let us describe classical Morita theory by the methods de-
veloped above:

Example 3 Morita theory for module categories is concerned with the problem of
characterizing — for a given unital ring R — all unital rings S (then called Morita
equivalent to R) such that the varieties RMOD and SMOD are equivalent. This
is a special case of the general problem dealt with here since characterizing all
varieties equivalent to RMOD only seems to be less specific: in fact, any variety
equivalent to RMOD is necessarily of the form SMOD since module categories
can be characterized as those varieties V which are Abelian categories12 (see e.g.
[13, Theorem 41.16]) and this property is preserved by equivalences.

This leads to a first result: RMOD ' SMOD if and only ifMODR 'MODS .
Simply apply Theorem 1 and Remark 6.2 with a suitable pair (n, u): RMOD '
SMOD iff TS

l = (TR
l )[n]

u iff TS
r = (TS

l )op = ((TR
l )[n]

u )op = ((TR
l )op)[n]

u = (TR
r )[n]

u iff
MODR 'MODS .

12In our context this simply means that the hom–sets of V are Abelian groups such that
composition is a group homomorphism in each variable (see [6]).
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Now in view of Example 1.2 and statement 1. of Proposition 3 it is clear that
for the theory TR

l of RMOD the theory (TR
l )[n] is just TMn(R)

l , the theory of the
variety Mn(R)MOD of left modules over Mn(R). Thus Mn(R) is Morita equivalent
to R and moreover, in case R is a PID, these matrix rings are the only rings with
this property by Corollary 1.

In the general case S will be of the form eMn(R)e with an idempotent matrix
e ∈ Mn(R) by statement 2. of Proposition 3 and the definition of Tu, again in view
of the discussion in Example 1.2. Invertibility of e can be expressed by saying that
the ideal generated by e is Mn(R).

A categorical description of the functors establishing the equivalence RMOD '
SMOD for Morita equivalent rings R and S is given in [7]. For a classical presen-
tation of these results see e.g. [4] or [16].

Equivalence for subcategories of varieties

In this section we will discuss equivalences between categories K of similar algebras
which are not necessarily varieties. By VK we here denote the variety generated
by K.

To relate our results to the corresponding ones of [22] it is useful to recall the
following notation of [22] : If K is a class of similar algebras and Q an algebra from
K having all its finite copowers in K, the full subcategory of ModThKQ spanned
by the images YQK, K ∈ K, of the Yoneda functor YQ is denoted by KQ while

hom(Q,−) : K → KQ

denotes the corresponding (co-)restriction of YQ to its image. Now in this context
the following holds.

Proposition 6 Let K be any category of similar algebras admitting all finite copow-
ers of some K–object Q. Then the variety VKQ generated by KQ is concretely
equivalent to ModThKQ.

Proof By definition VKQ is a concrete subcategory of ModThKQ. Hence YQ

factors as follows
K -

HH
HHH

HHj

KQ -⊂ VKQ -⊂ ModThKQ

J
J
Ĵ







�

��
���

���
homK(Q,−) evQ

SET
where all triangles commute and the unlabeled underlying functors are restrictions
of evQ.

By Fact 7 we know that YQ(nQ) is free in ModThKQ on n generators; in par-
ticular evQ (and its restrictions to VKQ and KQ, respectively) are represented
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by YQ(Q). In fact, by classical Yoneda Lemma, YQ fully embeds (ThKQ)op into
ModThKQ, hence into VKQ . Consequently ThKQ is the Lawvere theory of VKQ

which proves the claim. 2

In order to generalize the results obtained in the previous section we now con-
sider classes K of similar algebras suitably embedded in the variety VK generated
by K. The methods used until now suggest that “suitably embedded” should be
understood as containing the subcategory ProjfpVK and satisfying the condition
that an algebra K in K is compact in K iff it is compact in VK. We therefore
introduce the following notion:

Definition 9 A class K of similar algebras is called varietally closed provided that
it satisfies the following conditions:

I. ProjfpVK ⊂ K

II. Every extremal episink (Kt
et−−→ K)t∈R in K is an extremal episink in VK.

Every varietally closed class K then contains the varietal generators of VK. It
is easy to see that every SF–class in the sense of [22] is varietally closed; therefore
also all SP–classes and quasivarieties (= SP–classes closed under directed colimits)
are varietally closed.

Let now K be any class of similar algebras. By Proposition 4 and Proposition
5 respectively there are equivalences

YFn : VK −→ (VK)[n]

YQ : VK −→ VK(ε)

sending V to V [n] and V (ε) respectively, for any n ∈ N, n ≥ 1, and any idempotent
invertible unary term ε in the language of VK. Clearly K[n] and K(ε) respectively
are the isomorphism closed full subcategories of (VK)[n] and VK(ε), respectively,
spanned by the images under YFn and YQ respectively of the objects of K. These
equivalences Y preserve and reflect subobjects, products, and directed colimits,
and, in addition, free objects by Fact 8. We then immediately have as corollaries the
following results of [22] characterizing, in particular, the quasivarietiesW equivalent
to a given quasivariety V:

Corollary 2 Let K be any category of similar algebras, ε an idempotent invertible
unary term in the language of K, and n ∈ N. Then the following holds:

1. The following are equivalent:

(i) K is varietally closed (is an SF–class, SP–class, quasivariety, variety).
(ii) K[n] is varietally closed (is an SF–class, SP–class, quasivariety, variety).
(iii) K(ε) is varietally closed (is an SF–class, SP–class, quasivariety, vari-

ety).
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2. K is equivalent to both K[n], and K(ε). 2

Corollary 3 The varietally closed classes equivalent to a given varietally closed
class K are, up to concrete isomorphism, precisely the classes K[n](ε), for some
n ∈ N, n ≥ 1, and some idempotent invertible unary term ε in K[n].

Proof Let K and L be varietally closed. Then every equivalence K ' L restricts to
an equivalence ProjfpVK ' ProjfpVL by Lemma 1 since in a varietally closed class
K an object K is extremally projective and compact iff K has these properties with
respect to VK. By Theorem 4 we get an equivalence VL ' VK. Theorem 5 yields a
concrete isomorphism YQ : VL ∼−−→ (VK)[n](ε) for suitable n and ε. Restriction to
L proves the claim. 2

Corollary 4 ([22, Thm 6.2]) The following statements are equivalent for an ob-
ject Q of a varietally closed class K admitting all finite copowers of Q:

(i) YQ is an equivalence between K and a varietally closed class in ModThKQ.

(ii) Q is a varietal generator in VK.

Proof YQ(Q) is the free ModThKQ–object on one generator by Fact 7, hence a
varietal generator; using Proposition 6 condition (i) implies that Q is a varietal
generator, too. The converse is only a reformulation of parts of Corollary 2 (ii). 2

Finally we are going to study the question to what extent interesting properties
of the class K are stable under ε–modification, even if ε fails to be invertible. We
already know from Proposition 5 that also in this case K(ε) is a variety provided K
is — though not equivalent to K. The following proposition strengthens conclusions
of Corollary 2 and extends results of [22].

Proposition 7 Let K be any category of similar algebras and ε an idempotent
unary term in the language of K. Then K(ε) is an SF–class (SP–class, quasivariety,
variety) whenever K is.

Proof The statement for varieties is clear by Proposition 5. Hence it remains to
show that K(ε) has the closure properties defining the respective classes mentioned
in the proposition in VK(ε), provided K has these properties in VK. Since up to
isomorphism of algebras the objects of K(ε) are the objects YQK, K ∈ K, this is a
question of preservation properties of YQ with Q determined by ε as above.

YQ preserves products (since it has a left adjoint) and directed colimits (by Fact
7), hence K(ε) — being spanned (up to isomorphism) by the objects YQK, K ∈ K
— is closed under products and directed colimits. Also by Fact 7 for any free
object F in VK the object YQ(F ) is free in VK(ε) on the same set of generators as
F . Hence it only remains to prove that K(ε) is an S–class, provided K is.
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To show this, we first observe that in any variety V with underlying functor
| − |, a subalgebra S of an algebra V is generated by a set X iff S is the image
of the homomorphic extension i] : FX −→ V of the embedding i : X −→ |V | with
FX the free algebra over X.

Let now S be a subalgebra of YQK in ModTu with K ∈ K. Consider the
free VK–algebra FS generated by the underlying set |S|ε of S (with respect to the
underlying functor | − |ε : VK(ε) −→ SET ). By definition of YQ we have |YQK|ε =
homV(Q, K) and by (the proof of) Proposition 5 we have homV(Q,K) ⊂ |K|.
Hence |S|ε ⊂ |K| and this embedding admits a homomorphic extension FS −→
K, which factors over its image as, say, FS

s−→ L
m
↪→ K. Applying YQ gives

YQFS = F ε
S

YQs−−−−→ YQL
YQm−−−−→ YQK with F ε

S the free V(ε)–algebra over |S|ε.
Now YQs is surjective (since Q is projective) and YQm is injective (since right
adjoints preserve monomorphisms)13. Hence YQL ' S, and K(ε) is closed under
subalgebras provided K is. 2

Some related questions and results

In this final section we will address the following problems posed by McKenzie
[22, Problem 1] concerning the full subcategory KQ of ModThKQ spanned by the
objects YQ(K), K in K for any (varietally closed) class K and an object Q in K
having all its finite copowers.

1. What can be said about Q if

1.1 KQ contains its (i.e. those of VKQ) finitely generated free algebras?
1.2 KQ is closed under subalgebras?

2. What can be said about Q if YQ : K −→ KQ is an equivalence (but KQ isn’t
necessarily varietally closed as in Corollary 4)?

The answer to Question 1.1 follows immediately from Fact 7 and Proposition 6: !

Corollary 5 KQ always contains its finitely generated free algebras. 2

A partial answer to 1.2 is already contained in the proof of Proposition 7: it was
projectivity of Q which made KQ S–closed. It is easy to see that projectivity of Q
is in fact necessary for this property in case where YQ is a full embedding. Now YQ

is a full embedding iff YQ : K −→ KQ is an equivalence (see Question 2). By Fact
7 this is equivalent to the fact that the full category 〈nQ | n ∈ N〉 of K spanned by
the finite copowers of Q is dense in K. This condition on Q is closely related to Q
being a regular generator, a property however, which can be expressed easily only
provided that all copowers of Q exist. In detail:

13In varieties the injective homomorphisms are precisely the monomorphisms.
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Proposition 8 Let K be a category and Q a K–object having all copowers. Then
the following hold:

1. If ThKQ is dense in K then Q is a regular generator14.

2. If Q is a regular generator and finitely presentable then ThKQ is dense in K.

Proof For 1. see [11, §3] or [9, Theorem 3.5]; for 2. see (the proof of) [11, Satz
7.5]. 2

By the remarks preceeding Proposition 8 we get the following (partial) answers
to Questions 1.2 and 2 as corollaries:

Corollary 6 Let K be any class of similar algebras and Q in K having all finite
copowers. Then the following hold provided Q is finitely presentable:

1. YQ : K −→ KQ is an equivalence iff Q is a regular generator.

2. KQ is S-closed provided Q is projective; S-closedness of KQ implies projec-
tivity of Q whenever Q is a regular generator.

When applying these results one can relate the above conditions on Q in K to
the corresponding conditions in VK provided the copowers of Q in K are copowers
in VK. This very restrictive condition is satisfied, if the finite copowers of Q are
copowers in VK and if K is closed in VK against directed colimits as, e.g., in case
of a quasivariety. One then should be aware of the following facts:

1. Q is a regular generator in K iff Q is a regular generator in VK provided K
is varietally closed;

2. Finite presentability in K will be different from finite presentability in VK in
general. Both notions coincide, however, provided K is a quasivariety.
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