A CHARACTERISTIC GALERKIN METHOD WITH ADAPTIVE
ERROR CONTROL FOR THE CONTINUOUS CASTING PROBLEM
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Abstract. The continuous casting problem is a convection-dominated nonlinearly degenerate
diffusion problem. It is discretized implicitly in time via the method of characteristics, and in space
via continuous piecewise linear finite elements. A posteriori error estimates are derived for the L' L'
norm of temperature which exhibit a mild explicit dependence on velocity. The analysis is based
on special properties of a linear dual problem in non-divergence form with vanishing diffusion and
strong advection. Several simulations with realistic physical parameters illustrate the reliability of
the estimators and the flexibility of the proposed adaptive method.
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1 Introduction

Let the ingot occupy a cylindrical domain 2 with large aspect ratio. Let 0 < L < 400 be the length
of the ingot and T' ¢ R? for d = 1 or 2 be its (polygonal) cross section. We show Q =T x (0, L) in
Figure 1, and hereafter write x = (y,2) € Q with y € I'and 0 < z < L.
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Figure : The domain €2
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We study the following convection-dominated nonlinearly degenerate diffusion problem

ou+v(t)o,u—A0=0 in Qr, (1.1)
0=pw in Qr, (1.2)

0=gp on Tyx(0,7), (1.3)

0,04+ p(0 —0ext) =0 on T'yx(0,T), (1.4)
u(z,0) =up(zr) in (1.5)

where
P():FX {0}, I'p=Tx {L}, FN:8FX (O,L), QT:QX (O,T), (16)

and 6 + 6, is the absolute temperature, 6. is the melting temperature, u is the enthalpy, v(t) > 0
is the extraction velocity of the ingot, v is the unit outer normal to 0f), and ey is the external
temperature. The mapping 8 : R — R is Lipschitz continuous and monotone increasing; since 3
is not strictly increasing, (1.1) is degenerate parabolic. The missing outflow boundary condition on
I'z is unclear because the ingot moves at the casting speed and is cut shorter from time to time. It
is thus evident that any standard boundary condition could only be an approximation. We impose
either a Neumann

00=gy <0 on T'px(0,T), (1.7)
or a Dirichlet outflow condition
0=9gp <0 on I'px(0,T). (1.8)

Enforcing (1.7) with gy = 0 is equivalent to assuming that the normal heat flux on I';, is entirely
due to advection, which turns out to be an excellent approximation. Both boundary conditions
lead to artificial boundary layers, with the second being more pronounced. In our simulations of
§7 with real physical parameters, we take gy = 0 and adjust gp to minimize this effect. It is
convenient to denote by I'p the Dirichlet part of 9, that is I'g for (1.7) and I'yUT'f, for (1.8). The
linear Robin condition (1.4) on that part of I'y in contact with air is just an approximation of the
actual nonlinear Stefan-Boltzmann radiation law condition (o > 0)

~0,0=0((0+0.)% —0sy) on Ty x(0,7). (1.9)

We see that linearizing (1.9) around a constant temperature leads to (1.4).

The importance of simulating and controlling the continuous casting process in the production
of steel, copper, and other metals is recognized in industry. The extraction velocity v(t) as well as
the cooling conditions on the mold and water spray region are known to be decisive in determining
material properties of the ingot. Avoiding excessive thermal stresses and material defects is an
essential, and rather empirical, aspect of the continuous casting process.

If the extraction velocity v(t) is assumed constant, and diffusion in the extraction direction z is
ignored, then the resulting steady-state problem can be reformulated as a standard Stefan problem
with a fictitious time ¢ = z/v [16], [23]. However, changes in the casting velocity v as well as in



the cooling conditions are not only expected during a cycle of several hours of operation but are
also desirable to handle late-arriving ladle, ladle or pouring problems, temporary malfunctions, etc.
The casting machine must adjust to these demands and maintain production without degrading
quality. The full non-stationary model (1.1)-(1.5) is thus more realistic than the steady state model
in practical simulations and online control of continuous casting processes.

The system (1.1)-(1.5) is a special case of general Stefan problems with prescribed convection
[25]. An outflow Dirichlet condition together with an inflow Neumann condition is assumed in [25]
to guarantee uniqueness of weak solutions; our more realistic boundary data (1.3) and (1.7)-(1.8)
violate this restriction. Under the additional assumption that the free boundary does not touch
the inflow boundary I'g, uniqueness of weak solutions to (1.1)-(1.5) and (1.8) is shown in [24].

A posteriori error estimates are computable quantities that measure the actual errors without
knowledge of the limit solution. They are instrumental in devising algorithms for mesh and time-
step modification which equidistribute the computational effort and so optimize the computations.
Ever since the seminal paper [1] on elliptic problems, adaptivity has become a central theme in
scientific and engineering computations. In particular, a posteriori error estimators have been
derived in [8], [9] for linear and mildly nonlinear parabolic problems, and in [20], [3] for degenerate
parabolic problems of Stefan type. Duality is the main tool in the analysis of [8],[9],[20], and so is
in the present paper. We stress that the techniques of [19],[3] circumvent duality and thus apply
to non-Lipschitz nonlinearities.

The purpose of this paper is twofold: we first introduce and analyze an adaptive method with
error control, and second we apply it to steel casting, a concrete engineering application. We
combine the method of characteristics for time discretization [7],[17],[22], with continuous piecewise
linear finite elements for space discretization [5]. We derive a posteriori error estimators which
provide the necessary information to modify the mesh and time step according to varying external
conditions and corresponding motion of the solid-liquid interface. Our estimates exhibit a mild
dependence on an upper bound V for the casting velocity v(t), depending on the outflow conditions
(1.7) and (1.8), which results from a novel and rather delicate analysis of a linearized dual problem
- a convection-dominated degenerate parabolic with non-divergence form and a Dirichlet outflow
condition. We stress that this mild as well as explicit dependence on V' is a major improvement
with respect to previous L?-based a priori analyses of [2] for the continuous casting problem and
of [7],[22] for parabolic PDE with large ratio advection/diffusion; they lead to an exponential
dependence on V, unless Q = R? or the characteristics do not intercept 9 [17], which is not the
case in Figure 1. We finally remark that convergence of a fully discrete finite element scheme for
(1.9) is proved [4]; error estimates cannot in general be expected due to lack of compactness except
on special cases [18].

The paper is organized as follows. In §2 we state the assumptions and set the problem. In §3 we
discuss the fully discrete scheme, which combines the method of characteristics and finite elements.
In §4 we introduce the concept of parabolic duality and prove several crucial stability estimates.
In §5 we prove the a posteriori error estimates. In §6 we discuss an example with exact solution
and document the method’s performance. We conclude in §7 with applications to casting of steel
with realistic physical parameters.



2 Setting

We start by stating the hypotheses concerning the data.

H1) B(s) =0 for s € [0,\] and 0 < 31 < '(s) < Bo for a.e. s € R\[0,A]; A > 0 is the latent heat.

H2) 0 < vV <o(t) <V for t € [0,T] and |[v/(t)] < vV a.e. t € [0,T], with vg,v; > 0 constants.

0
H3) 6y = B(ug) € WH(Q), and the initial interface Fy := {x € Q: fp(x) = 0} is Lipschitz.
p

H4) p € HY(0,T; Wh(I'y)); p > 0.

H6) gp € H'(0,T;C(T'p)); gp(x,0) = bo(z) on T'p.
H7) gnv € HY(0,T;C(TL)).

(H1)

(H2)

(H3)

(H4)

(H5) fext € H'(0,T;C(Tn)).
(H6)

(H7)

(H8) Uniqueness condition: 3 €p, pg > 0 such that § > pg a.e. in I" x [0,g9] x [0, 7.

(H9) Solidification condition: 3 £1,p1 > 0 such that § < —p; a.e. in I' X [L — &1, L] x [0,T] and

B'(s) = a >0 for B(s) < —pr1.

(H10) V > 1.

We remark that (H8) is reasonable since it is satisfied for Stefan problems with v = 0 due to the
continuity of 6 and positivity of 0|p,; heuristically the larger v, and so V, the larger the width .
The condition (H9) is an implicit assumption on data which corresponds to the ingot being solid
in the vicinity of 'z, where it is to be cut, as well as having a constant conductivity 4. (H9) is
only needed to handle (1.7). In addition, (H10) is not restrictive in that we are interested in the
convection-dominated case. In view of (H4)-(H7) we may consider p, Oext, 9p, gn extended to €2 in
such a way that Oey, gp, gy € H'(0,T;C(Q)), p € HY(0,T; WH>(Q)).

Let Vo ={v € HY(Q):v=0o0nTp} and V* the dual space of V. The weak formulation of
(1.1)-(1.8) then reads as follows.

Continuous Problem. Find v and 6 such that
0 € L*(0,T; H'(Q)), wue L>®(0,T;L®(Q)) N HY0,T;V*),

O(x,t) = B(u(x,t)) ae. (x,t) € Qp,
O(xz,t) =gp(x,t) a.e. (x,t) €Tp x(0,7T),

u(+,0) = uo,
and for a.e. t € (0,T) and all ¢ € Vg the following equation holds
(Oru, @) +0(t)(0:zu, @) + (VO,VO) + (pd, O)ry = (Pbext, P)ry + (9N, dhr. - (2.1)

Hereafter, (-,-) stands for either the inner product in L?(€2) or the duality pairing between V*
and Vg, and (-,-)r denotes the inner product in L?(E) with E C 0€; if E = 952 we omit the
subscript. We stress that the last term in (2.1) is absent when (1.8) is imposed. Existence and
uniqueness of solutions (u, #) to this problem satisfying § € C(Q7) are known [24].



3 Discretization

We now introduce the fully discrete problem, which combines continuous piecewise linear finite
elements in space with characteristic finite differences in time. In fact, we use the method of
characteristics to discretize the convection [7],[17],[22]. We denote by 7,, the n-th time step and set

t" = Zln, O () == (-, ")

for any function ¢ continuous in (t"~1,#"]. Let N be the total number of time steps, that is
tN > T. If e, denotes the unit vector in R? in the z-direction, then ‘fl—f = v(t)e, defines the forward
characteristics, and U (t) = u(x(t),t) satisfies

dau

— = Ju + vo,u. 3.1
The characteristic finite difference method is based on writing
=g — 0" e, @ Hax) = (@Y,

for n > 1 and discretizing (3.1) by means of backward differences as follows:

dum Un — Un—l u™ — ,an—l
~ = O +v"0u" ~x ——.
dt Tn Tn

Therefore the discretization in time of (1.1)-(1.2) reads

u® — ,an—l

—AB(u") =0 in Q. (3.2)

Tn
As @~ 1(x) is well defined only for z"~! € ), one has to either restrict the time step size 7, (at
least locally) or extend u"~! beyond the inflow boundary I'g.

We denote by M™ a uniformly regular partition of € into simplexes [5]. The mesh M" is
obtained by refinement/coarsening of M" ™!, and thus M"™ and M"~! are compatible. Given a
triangle S € M™, hg stands for its diameter and pg for its sphericity and they satisfy hg <
2ps/ sin(as/2), where g is the minimum angle of S; h denotes the mesh density function hlg = hg
for all § € M". Uniform regularity of the family of triangulations is equivalent to ag > a* > 0,
with o independent of n. We also denote by B" the collection of boundaries or sides e of M" in
Q; he stands for the size of e € B".

Let V" indicate the usual space of C° piecewise linear finite elements over M" and V{§ =
V"N Vo Let {a7}K" denote the interior nodes of M™. Let I" : C(€2) — V" be the usual
Lagrange interpolation operator, namely (I"¢)(z}) = ¢(z}) for all 1 < k < K™. Finally, let the
discrete inner products (-, )" and (-, -))%, be the sum over S € M" of the element scalar products

(o) = /S I (px)de, (o) = /S " (px)do,

nE

for any piecewise uniformly continuous functions ¢, x. It is known that for all ¢, x € V" [20]

1
| [oxde— [ Pexds| < g1 Ve s I Txlizgs) VS €M™ (33)

1
(/saxda— /I"(sox)dff‘ < gh%||v90||L2(e)‘|VXHLQ(e) Ve € B". (3.4)

5



for any S € M" and e € B".
The discrete initial enthalpy U° € V? is defined at nodes xg of M% = M" to be

U%(2)) :=ug(z) Val e Q\Fy), U%:D):=0 ValeF.

Hence, U? is easy to evaluate in practice.

Discrete Problem. Given U 1,071 € V"1 then M™ ! and ! are modified as described

below to get M™ and 1, and thereafter U™, ©™ € V" computed according to the following prescription

on = In,B(Un), or — Ing% c Vg, Un—l — Un—l(jn—l)’

%(U" — U™ )" + (VO™ Vo) + (p"(0" = 00), o)t = (9 ©)F, Yo € VG (3.5)
We stress that the right-hand side of (3.5) vanishes in case I'p = To U 'z, and p, Oext, gv need only
be piecewise smooth. In view of the constitutive relation ©" = I"B(U™) being enforced only at
the nodes, and the use of mass lumping, the discrete problem yields a monotone operator in RX"
which is easy to implement and solve via either nonlinear SOR [20] or monotone multigrid [12].
We conclude this section with some notation. Let the jump of VO™ across e € B™ be

(VO] = (VO — VOy,) - ve. (3.6)

Note that with the convention that the unit normal vector v, to e points from S5 to Sy, the jump
[VO™]. is well defined. Let U and U denote the piecewise constant and piecewise linear extensions

of {U™}, that is U(-,0) = U(-,0) = U°(:) and, for all "' <t < ",

. n—t t—tn1
U, 1) :=U") e V", U(t):= ——U"() +

Tn Tn

un().
Finally, for any v > 0,k > 0 and w C 2 we introduce the mesh dependent norms

1/2 1/2
Dl = (D B20elne) s Il =( > el -
eCw,e€B™ SCw,SeM™

4 Parabolic Duality

In this section we study a linear backward parabolic problem in non-divergence form, which can
be viewed as the adjoint formal derivative of (1.1). For any U € BV (0,T; L*(Q)), we define

Bu) —BU) .
bz, 1) = U it u#U,

51 otherwise.

(4.1)

It is clear from (H1) that 0 < b(z,t) < Bs, for a.e. (x,t) € Qr. Let bs € C%(Q7) be a regularization
of b satisfying

bs>6>0, 0<bs—b<d ae. inQr, (4.2)



where 0 < § < 1 is a parameter to be chosen later. For arbitrary t, € (0,7] and x € L>®(Qr), let
1) be the solution of the following linear backward parabolic problem

L) = 0p +v(t)0.0 + bsAy = —b2x  in Qx(0,t,), (4.3)
=0 on Ipx(0,t), (4.4)
Yy +pYp=0  on TI'yx(0t), (4.5)
Y(x,t) =0 in  Q, (4.6)
and
oY + @¢ =0 on I'px(0,t) (4.7)

bs

provided (1.7) is enforced; we set Q. = Q x (0,t,). Existence of a unique solution ¢ € Wq2 1(Q,)
for any g > 2 of (4.3)-(4.6) follows from the theory of nonlinear strictly parabolic problems [13].
Note that we impose a Dirichlet outflow boundary condition on I'g, which yields a boundary layer
for 1.

We now embark in the derivation of a priori estimates for the regularity of . It turns out
that such a technical endeavor depends on the boundary condition on I';, which becomes inflow
for (4.3). Consequently we distinguish the two cases on I'z, x (0, %)

v(t)

o + b—l/) =0 Robin inflow condition, (4.8)
1)

P =0 Dirichlet inflow condition, (4.9)

corresponding to (1.7) and (1.8): the former is more realistic but leads to worse stability bounds.
We start with a simple, but essential, non-degeneracy property first proved in [2, Lemma 3.2].

Lemma 4.1 Let &, p € R satisfy |(€)| > p > 0. Then we have

€l < (5 + )18 - Bl YneR. (410)

Proof. We only show the case 5(£§) > p because the other 5(§) < —p is similar. In view of (H1)
we see that £ > A since B(§) > 0. If n > X the assertion follows directly from ' > ;. For any
n € [0, A], we have 3(n) =0 and

E-nl<lE-A+A < élﬁ(@—ﬁ(k)Hép
1
< FBOI+2 Iﬁ( )
1
= (5+ —) )= Bl

Finally, if n < 0, we use the previous inequality with n = 0 together with 5(£), —5(n) > 0, to get

1 A 1
=nl<le=ol+0—ul < (5 +3)I8O1+ 5150

1 A
< (g +50)18© — sl



This completes the proof of (4.11). W

The following result is a trivial consequence of (4.1) and Lemma 4.1.
Corollary 4.1 There exists v > 0 depending on py of (H8) and p1 of (H9) such that
b(z,t) >r inT x ([0,e0] U[L —e1,L]) x [0,T]. (4.11)

We observe that Corollary 4.1 only guarantees non-degeneracy of b but not its differentiability. If,
in addition, B(U) < —p; on I x [L — &1, L] x [0,T], which can be verified a posteriori, then (H9)
leads to

b(a,t) =a >0 inT x [L— e, L] x [0,T]. (4.12)

This property will also be assumed for bs whenever it is valid for b.

4.1 RoBIN INFLOW CONDITION

Throughout this section we assume that (4.8) is enforced. To motivate the estimates below consider
the simplified PDE obtained from (4.3) by setting bs = 0,v(t) = V and by = 1, namely,

DA+ VA =1, (4.13)

with terminal condition (4.6). If the inflow condition were d,A = 0 then the method of character-
istics would yield the solution A(z,t) = t, — t for the resulting transport problem. Such a A is an
upper bound for the actual solution ¥ > 0 of (4.13) satisfying 0,70 < 0 on I'r,. We then see that 1
is bounded uniformly in V', and expect a boundary layer of size 1/V due to the outflow Dirichlet
condition on I'g and the presence of non-vanishing diffusion (4.11) near I'g; so |09 < CV on T'.
We now set A = || x ||~ (q@.), and proceed to justify these heuristic arguments.

Lemma 4.2 The following a priori bound is valid
% | Lo (@, < ﬁ;/zt*H X 2o (@.)-
Proof. Consider the barrier function A(t) = ;/ 2A(t* —t). In view of (H1), we easily get
Ls(A+v) = —B2AF b2 < 0.
Since A =1 >0 on T’y x (0,¢,) and Q x {t.}, along with
(A E+¢)+q(A+¢) =qgA >0,

where ¢ = % on I'y, x (0,tx) and ¢ = p on I'y x (0,t,), the strong maximum principle yields the
desired estimate

Af9>0 inQ, N

To obtain a bound for 0,1 on I'y we modify a barrier technique in [24] to allow for variable
velocity v(t). We also explicitly trace the dependence on V' and t,.



Lemma 4.3 There exists C independent of V and T such that the following a priori bound is valid
forall0<t, <T

10, < OVt X [lLe(q@,) onTox (0,ts). (4.14)

Proof. For k > 0 to be chosen later consider the barrier function
1/2 4
o(z) = k:(l - efvz/”) — <2—V)z, 0<z<eyp.

Vo

Since (4.2) and (4.11) imply r < b < by, and (H2) thus leads to v(t) —bs L < 0, a simple calculation
yields

1/2 4 v v
L) = —o(®) (257 ) + ke (v(e) — s ) < -4

Hence
Ls(o£1) <0 inT x(0,e0) x (0,%s).

Upon takin
’ : . 21/214(1)0‘/15* + EQ)
= UOV(l _ 67‘/50/7‘) )

and using Lemma 4.2, we deduce the boundary conditions

o+ >0 onTlyx(0,t)UQ x {t.},

By Aey B
U()V
O(c£Y)+plcxy)=po >0 onTy x(0,t,).

o> k(1 —eVeo/ry - VA, A=0 on (T x {eo}) x (0,t,),
Now the strong maximum principle implies that

o+ >0 inT x[0,e] x [0,t,].
Since ¢(0) = 0, we immediately obtain the asserted estimate

Vk_ 524 _VE 5 Vi +e)

<d'(0) =
|az¢| >0 (0) r wV o7 Uo’l“(l _ erz-:o/r)

A onTyx(0,t). N

It turns out that we also need a bound on the tangential derivative 9,1 on I'r,, which cannot
be derived with a barrier technique. To this end we first prove a local gradient estimate in the
vicinity of I'z,, namely on the sets wy :=T x (L —¢e1,L),wp :==T x (L —e1/2,L). Let ( € C°(R)
be a cut-off function satisfying

0<¢<1, ((s)=0 V —co<s<L—e¢y, C(s)=1 VL—%§S<OO.

Lemma 4.4 Let (4.12) hold for both b and bs. We then have the gradient estimate

Ty tae
VY2 + vY? < O x ||3 0 (0.)- (4.15)
(@)
0 w1 0 Iy



Proof. Multiply (4.3) by the admissible test function —(%) and integrate in space and time. In
light of (4.12), integration by parts leads to

1 T
5wt 4 [ 5ouct 4 Jutac £ al VU + 20090 uvg

/t*/awlacwayw //wlbmxcw

The second term can be rewritten as

/tt* Al_gaz<<2w2)=/tt* /FL—gc%zﬂ

whereas the third term is non-negative. Applying Cauchy-Schwarz inequality, the fifth term is
bounded above by

za/tt* /wlqwuqu < %/j /w Cz‘w,um/j* /w BV,

In view of (4.5) and (4.7), the boundary term becomes

/t* /awlac PO = /t* /F Cont / /F ey

Collecting all these estimates, and discarding some non-negative terms, we end up with the asserted

result

T tx tx
o / / IV + 2 / / w22 < / / 20 |VCP + B2 |2 < CP A%, m
2 t w1 2 t 'y t w1

Lemma 4.5 Let (4.12) hold for both b and bs. Then there exists C > 0 independent of V' and t,
such that the following a priori bounds are valid for oll 0 < t, <T

max | V(1) [ + [ / b o+ [ / ol VylRdodt < OV X 2o
ry

0<t<t«

Proof. We multiply (4.3) by At and integrate over Q x (t,t.) to get

/;/Q 3t¢A¢+AZvazwAw+AtZ) bs| A|? = /j/Q AN

The rest of the proof consists of estimating each term separately. We examine them in turn.
1. Integrating by parts and using the boundary conditions (4.4), (4.5), and (4.7), as well as the
terminal condition (4.6), we obtain

/ / 0wy = S V(1) 20 / /F o - / v,
//Fpratw—— [t //FNWatp,

10
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and

Ty 1 ty
- / Yo = oo [ w00 o / / W,
FL 20 IN3 2 tJI',

according to (H2), (H4), and Lemma 4.2 we readily arrive at

t* 1
[ [ s 2 51900 e, - cEV A2
tJa 2

2. Integrating again by parts and using (4.5) and (4.7), we have

/tt*/ﬂvamwz—/tx gaZ|vw|2‘AZN”pw8Z¢‘/tt* /Fov@‘ﬁ'”/tt]mv'w'%

Making use of (4.4) and (4.7), the first term on the right-hand side gives rise to

T v 5 1 T 5 9 1 T 9
=[] sever =5 [ vy +oioup+5 [ [ oo
t Qz 2 tJI'g, 2 t To

whereas, in view of (H4), the second term of the right-hand side yields

/ /F oppd,1) = / /F ¢262p> —CVt3 A2,

These estimates, together with Lemma 4.3, lead to the expression

s 1 s 1 [ 1 ts
[ [vownv = —cviar—3 [7 [ wowp -3 [ vour+3 [ v
tJQ 2 t o 2 tJI'g 2 tJI'
1 tx 1 ty
—CV3ti’A2——/ / vyayw\2+—// |0, )2
2 t Iy 2 tJI',

To proceed any further we thus must bound the tangential derivative |0yt| on I'f.

Y

v

3. We now invoke the well known trace inequality
196 220y < CUT9 o (1 9 ooy + 1 Do) WO <<t
To estimate || D24 || 2 (wo) We resort to elliptic regularity theory. Since (%) satisfies in wy

A(CP) = CCAY +4CVYVE + PAL?, (4.16)
together with non-homogeneous boundary conditions
2 U2 2 2 2
0:(CY) = ——(¢) onlp,  CP=0 onlrey,  8(CY)+p(C7P) =0 only,
computing the right-hand side of (4.16) in L?(Q) and £¢% in H' (), we deduce for all 0 < ¢ < ¢,

I D% [l 22wo) < I D) 12(01) < ClAY T2y + CVICVY 2y + OV 20y

11



If we next integrate in time and use Lemmas 4.2 and 4.4 in conjunction with the Cauchy-Schwarz
inequality, we thus obtain

tx
/t 0y 220,

IN

ts C ts

IN

C b
t
whence

/t*/va T,Z)AT,Z)>—CV2(V+1>t3A2—QV/t* 1 AP 1720
i Ja - n/ " 2 i L)

4. We finally collect all previous estimates to arrive at

[ [
Vol + [ [ oslaup+ [ ] oo
t Jao tJTp
< CV2(V+1>t;°:A2+nV/t* ||A¢||i2(w)+/t*/ M
n t ! t Ja

We see that choosing 7 = 57, and using the crucial fact (4.12), we infer all the asserted estimates
except for that of the tangential derivative on I'z,. This estimate follows from (4.17). W

Corollary 4.2 Let (4.12) hold for both b and bs. Then there exists C > 0 independent of V' and
t, such that the following a priori bounds are valid for all 0 <t, <T

t*
/0 /Q 006 + 0() 01 Pdadt < OV x |2y
Proof. This is a direct consequence of Lemma 4.5 and (4.3). W

Corollary 4.3 Let (4.12) hold for both b and bs. Then there exists C > 0 independent of V' and
t, such that the following a priori bounds are valid for all 0 <t, <T

ts
/0 8 D2 |20yt < CVPE X 20 -

Proof. Since bs > §, we deduce from Lemma 4.5 that

t*
/0 8 A 22y dt < OV3E X 3o -

We use again the argument of step 3 in Lemma 4.5, but now in Q. Since 2 is a rectangle and ¢
v

satisfies the Dirichlet condition ¢ = 0 on I'g, together with the Neumann conditions d,¢ = —2

«

on I'y, and 0,1 = —pp on I'y, elliptic regularity theory [10], [11] yields
I D4 |72y < Cll AY [[720) + CVII VY [[72(0)-
Consequently, with the aid of the interpolation estimates [10, p.173]

1
IV 1720y < 1l D> 720 + 0_77H U I72(0)

we realize that choosing n = ﬁ leads to the desired bound. W
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4.2 DIRICHLET INFLOW CONDITION

Throughout this section we assume that (1.8) is enforced. As in §4.1, we first examine the behavior
of the simplified PDE (4.13) with inflow boundary condition ¢ = 0 on I';. If we allow ¢, = oo,
then the method of characteristics gives the solution ¢ (z,t) = (L — z)/V. Due to the effect of the
terminal condition ¥ = 0 at ¢ = ¢, < o0, such a solution is larger than the actual one, and both
exhibit an outflow boundary layer of size 1/V near I'y. Since the size of the solution is also about
1/V, we expect 0,1 to be bounded uniformly in V' on I'y. This heuristic reasoning is made rigorous
below. We set again A = || x || (q@.)-

Lemma 4.6 The following a priori bound is valid for allz € Q and 0 <t <t, <T
1/2

L
V0] < 2 i .y

Proof. We consider the barrier function A(z) = ( 21/2A/UOV)(L —z) for 0 < z < L. A simple

calculation using (H2) implies

1/2
Lah ) = o) (P 2) £ (02 < —plPax 02y <o

vV
With respect to boundary conditions, we see that (4.4) and (4.6) yield
A+ >0 onTpx(0,t,)UQ x {t.},
and (4.5) gives
O(AEY)+p(A£¢)=pA>0 on 'y x(0,t).
Therefore, applying the strong maximum principle results in the desired bound
A+ >0 inQx[0,t] N (4.18)

A direct consequence of (4.18) and A =0 on I';, x (0,t,) is that

L2
|8,ﬂ/)| < —A’(L) = vs—VH X HLOO(Q*) onI'y % (O,t*). (4.19)

We now prove a similar bound on the outflow boundary I'g.
Lemma 4.7 There exists C' > 0 independent of V and t, such that for all0 <t, <T
|8,,1,Z)| < CH X HLOO(Q*) on Fo X (0, t*). (420)

BY2 A(L+e0) -

Proof. We proceed as in Lemma 4.3, with the same barrier function o(z) and k = oV (I_e—V=0/m"

Lemma 4.8 There exists C' > 0 independent of V and t, such that for all0 <t, <T

t*
2 2 2
oA V(1) 720 "‘/0 /Qbé\AW dzdt < OVt x |7 (0.)-

13



Proof. We proceed as in Lemma 4.5, that is we first multiply (4.3) by At and integrate by parts

over (0. The only difference arises in treating the convection term, which now reads

[ 1 ts 1 [ ts v
[ [eowao=3 [7 [ wipar -5 [T [ vl - [ T
tJQ t I'p t T'o t I'n

The first term on the right-hand side, which was problematic before, can now be eliminated because
it is > 0. The proof concludes as in Lemma 4.5. .

Corollary 4.4 There exists C' > 0 independent of V and t, such that for all 0 <t, <T
s
/0 /Q (1900 + v(D0.0 + 8|07 )ddt < CVE| X e

4.3 DISCONTINUOUS p

We investigate the effect in 2d of a finite number of discontinuities of p along I'y; this corresponds
to abrupt changes in the cooling conditions as in the examples of §7. The estimates above remain
all valid except for those in Corollaries 4.3 and 4.4, which involve second derivatives of .

Using the intrinsic definition of fractional Sobolev spaces, together with the fact that p is
piecewise W1 over I'y, results in 9,0 = —ptip € H'/27€ in a vicinity of such discontinuities for
e > 0. Elliptic regularity theory implies [15, p.188], [11]

t*
| St < CVH M x gy V>0 (421)

where k = 3,1 for the Neumann and Dirichlet conditions, respectively. There is thus a slight loss
of regularity with respect to the smooth case for both boundary conditions.

4.4 ERROR REPRESENTATION FORMULA

We now derive an explicit representation formula for the error || 8(u) — B(U) [[11(q.) based on the
linear backward parabolic problem (4.3)-(4.7). We only assume that U(-,¢) is piecewise constant,
so the derivation below applies to the solution U of (3.5).

We first multiply (4.3) by —(u — U), and integrate in space and time from 0 to ¢, = t™. We
examine the various contributions in turn. Since U is piecewise constant in time, we have

tm

- [ owa-v) = [ (.00 =0 + @0 = 0))de+ (000~ V).

tm

Integrating by parts we get

- /0 (0(t), 0 — U)) = /0 o(6) (1, B — 1)) — /0 o(®)(,u— U,
and using (4.1) we also obtain
[ wava-oy = [ wn v - s
0 0 .
- / (@i Blu) — BTY) + / (b — bg) Apu — ).
0 0

14



Since
02w —U| = |B(u) — B2 u — UV? > 65 15(u) — BU)],

collecting these estimates, and making use of (2.1), we easily end up with

R

_ U (4.22)
xere=(@m) IX[lzee (@m)

1/2
| 8(u) = BOU) l12@m) < B
where R, the parabolic residual, is the following distribution

tm tm

(U —U,opp)dt + / (u—U, (b— bs)A)dt
0

R() = wo — 00 + |
g
¥

We conclude that an estimate of the error solely depending on discrete quantities and data may be

) (@U +0(1)0.U,¢) + <V5(U),V¢>>dt

tm

(0(BW) = Oex), W)y + (D090 = BOYrs — (g, ), ).

obtained upon evaluating R in suitable negative Sobolev norms. The latter are dictated by the a
priori bounds of §§4.1 and 4.2. This program is carry out in §5.1 for the fully discrete solution U
of (3.5).

5 A Posteriori Error Analysis

We first introduce the interior residual R™ and boundary residual B™:

R" .=

Tn

ur —mgnt Bn . 0,0" + I"p"(O" — I"0L,) on 'y,
’ ’ 0,0" — I"gx onI'r.

Theorem 5.1 (NEUMANN OUTFLOW) Let (1.7) be enforced and O™ < —py in T' x [L — &1, L] for
any n > 1. Then there exists a constant C > 0 independent of V. and t™ such that the following a
posteriori error estimate holds for all t™ € [0,T],

10 4

tm
/0 | 8(u) — BU) | ps@ydt < COVEMY2 (€9 + 3 &+ (Am Y 5,)1/2), (5.1)
=5 =1
where
< n |12 1/2
A = (Zm(umm\e HLQ(Q))> (5.2)
n=1

15



and the error indicators &; are given by

& = (V3tm)—1/2” Uy — UY HLl(Q) initial error,
m 1/2
& = (X mll B 2ve ] I3 jump residual,
n=1
m 1/2
E = (Z Tl h2R" H%Q(Q)> interior residual,
n=1
m 1/2
E = (Z ol B3/2gn H]%Q (BQ\FD)) boundary residual,
n=1
& n n ny (|2 1/2 . . .
&y = (ZT”H U™y —1"pU™) ||L2(Q)> constitutive relation,
n=1
& = (Y mllU" = U g
n=1
N To e meem 1/2 . .
+ Z WH ur —mynt Hig(FL)) time residual,

& = (ZTnHUn L_ myn— 1HL2

1/2
+ Z H Un 1 InUnfl HL2(FL)> coarsenmg,
& = (V3m)~1/2 Z Tl R* — (8,U + v(t)8.U) (PR characteristic residual,
n=1

&g = Z Tl AV R™ || 12(Q) interior quadrature,
& = ZT Il 220" = 1"0%) 11 v )

m n 2 n_ n 2 1/2

+(Z V\H h*0,(I"gx) H\LQ(FL)> boundary quadrature,
n=1

£ = (V3m)~1/2 Zm: /t:: [ Oext — 1" O 121 (0 )
n=1
V3 [ P )]0 o iy
=1
VORGP g
n=1
+ (V)2 i /t:nl 90 = I"gp |1 (1) boundary discretization.
=1

Theorem 5.2 (DIRICHLET OUTFLOW) Let (1.8) be satisfied. Then there exists a constant C > 0
independent of V' and t™ such that the following a posteriori error estimate holds for all t"™ € [0,T],

J

tm

10
| B(u) = B(U) g1 (ydt < C(Vim)L/2 (50 + Z&' + < ZE >1/2> (5.3)
i=5
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where Ay, is defined in (5.2) and the error indicators &; are given by

€ = V") ug - U° L1 (@) initial error,

m 1/2 ] )
g = <ZTHH| B3/2 [ve"] |||%2(Q)) Jump residual,

n=1

m 1/2
E = <Z Tull h2R"™ H%Q(Q)) interior residual,

n=1

m 1/2
E = <Z 7ol n3/2gn |||%2(6Q\FD)) boundary residual,

n=1

- n n ny |12 1/2 . . .
&y = <ZTHH pu™) =1"pU™) HLQ(Q)) constitutive relation,

n=1

m 1/2
& = <ZTnH Un _ el ”%Q(Q)> time residual,

n=1

m 1/2

& = <ZTnH e ||%2(Q)> coarsening,

n=1
& = (V3m)~1/2 Z Tl R™ — (8,U + v(t)8.U) 210 characteristic residual,

n=1
E = Z TnH h2V R™ HLQ(Q) interior quadrature,
n=1
E = Z |l K32 (0" — 167, £ () boundary quadrature,
n=1

m tn
o = (Vgtm)_l/Q Z/ ) ” Oext — Inagxt ”Ll(FN)
n=1 tn=
m tm
S [ P )10 o
n=1
m tn
SO O TR T S
n=1

m tn
+(Viem)~L/2 Z/ ) 9D = I"gp I (o) boundary discretization.
n=17t""

Remark 5.1. We note that the quantity A,, in the estimates involves the L? norm of the discrete
temperature which is difficult to localize in practical computations. This bound, clearly achieved
experimentally, can be proved by an a priori stability analysis which incorporates mesh changes.

Remark 5.2. If the meshes M™ are of weakly acute type, or equivalently the stiffness matrix
(V¢i, V)i is an M-matrix, then the discrete maximum principle holds and guarantees the uni-
form boundedness of ©"; thus A,, < Cv/t™. If for all interelement sides e and corresponding pair
of adjacent simplexes, the sum of angles opposite to e does not exceed 7, then M™ is weakly acute
in 2D. Such a condition is not very restrictive in practice since it can be enforced with automatic
mesh generators as long as the initial mesh exhibits this property.
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5.1 RESIDUALS

The error analysis hinges on the crucial estimate (4.22). To express the oscillatory character of R
n (4.4), we resort to Galerkin orthogonality. This replaces the evaluation of R in negative Sobolev
spaces by that on positive spaces plus weights depending on the mesh size h and the regularity of
. We first rewrite the discrete problem (3.5), for t"~1 <t <t" ¢ € Vg, and ¢ € V§, as follows:
<atU + v(t)@ZU, ¢> + <V®, v¢> + «p(® - Hext)a ¢>>FN - <<gN, ¢>>FL
— (O +v(®)0.0 - 7, (U" = I"T" ), )

+v(t)(0.(U - U), )

<Rn’ gb - 90>
v@t( »+«W”@” I"634),6 = $)ry = ("6 = ), 5.4
R", Q)" )

+

+(

+ ({1 (0" = I024), Phry — (I"™(O" = "0, &), )

+ (41" gk D2, — (" gk oDr, )

+ -1 "><@" fexe) + 1D (1" — Oest), D)y + (170 — 9, D),

This is the so-called Galerkin orthogonality, and reflects the essential property that the left-hand

(
(I
(I

side is small in average. We next take ¢ = 1 and realize that to define ¢ we need to interpolate
1 under minimal regularity assumptions. We thus resort to the Clément interpolation operator
" : L2(Q2) — V2, which satisfies the following local approximation properties [6], for k = 1,2,

[ ="l 2(s) + hs | V(& = T1"9) || L2(5) < C*REND sy, (5.5)
[ = T 2oy < CRET?[[l] v g (5.6)

where S is the union of all elements surrounding S € M™ or e € B The constant C* depends
solely on the minimum angle of the mesh M™. An important by-product of shape regularity of M™
is that the number of adjacent simplexes to a given one is bounded by a constant A independent
of n, mesh-sizes and time-steps. Hence

S €120 < Al V€ € LA,

Semn

This, in conjunction with (5.6) for k = 1, yields the H!-stability bound
IV (-, ) 20y < (1 + C*AY2) V(- )] 220 (5.7)
Consequently, we select ¢ in (5.4) to be

(-, t) = I"p((-, 1) V"t <t <t"

18



Since S(U™) = aU™ = I"B(U™) on I'y, we then obtain an explicit expression for the residual
R(y) = Zzlio Ri(1)) of (4.4), where

Ro (1) = (ug — Up, ¥°),

m

Ri) =Y [ (vervary -y

t"

Ro() =Y [ (R"TI"¢ —y)dt

2 fs
R(v) = fj " - aenry - v

Ra(1) = i / (V" BW™) = BU™), Vi) = (I"BU™) = BU™), D) ) b

R (1) = fjl / " (= 0.80) @0 - 0).0) )t

Re(t) = f: [ (o NO = 1T — 8,0 — v(0)8,0, 58)

Re(w) =3 [ (e — 1wy as

(
Re(w) =3 / (O — PR, — (IO — ) T, )i
(

n=1 nt
m tn
Ro() = [ ({aR e, — (g3 00, )
n=1
m tn
Rio) =3 [ (00" = D)0 — o) + I8 s — ) Wy
n=1
Ru(v) = Z/t {gn = I"gR, ), + <<I"9E—9D,5u1/f>>ro)dta

Rus(t) = /0 (w— U, (b — bs)Ag)dt.

The rest of the argument consists of estimating each term R;(1)) separately. We rely on the
regularity results of §4.1.

We decompose the integral (VO™ V(II"y) — 1)) over all elements S € M"™ and next integrate
by parts to obtain the equivalent expression

(VI"O", V(" — ) = > ([VO"]e, ¢ = TT"). + (0,0, " — ), (5.9)

ecBn

where (-, ). denotes the L2-scalar product on e € B", and [VO"]. is defined in (3.6). In view of
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(5.6), we obtain

> [ Y avert -, <cz T s | D7
n=1"t"

ecBn

Since the last term in (5.9) cancels out with a similar one in R3(%), adding R1(¢)) and R3(¢)) and
using (5.6) with k& = 2 again, in conjunction with Corollary 4.3, we get

Ra(®) + Ra()] < COVE™ 2572 x 1 (gmy (&2 + €3)-

For Ra(1)) we employ (5.5) with £ = 2 and Corollary 4.3 to arrive at
m tn
Ra(¥)] < CZ/ i W2R™ || 20y | D*¥ (|2 (@) < CVE™P2672 | x| oo (o) Ea-
n=17t""
To estimate R4(v)), we integrate by parts and then use Lemma 4.5. We have

[Ra(d)] < Z/ [ 1"B(U™) = BU") [ L2@ll AY [ 2 (0) < C(Vem) 2512 | oo (@m)Ea-

1/2

These are all the terms involving 6"/, The remaining terms require lower regularity of 1 and are

thus independent of §, except for Rq2 which is also of different character.
If I(t) is the piecewise linear function I(t) := 7, 1(t" — t), then U — U = I(t)(U" — U1).
Consequently, integration by parts and the fact that ¢» = 0 on I'y yield

~v(t)(0:(U = U), %) = (t){U" = U1 0(t):9) — UO(U™ = U™ o(t)y)r, -

Coupling the first term on the right-hand side with the remaining one in Rj5(¢)), and writing
Ur —unt=(U" - 1mU™ ) + (I"U™ ! — U™ 1), we obtain with the aid of Corollary 4.2

m ng
S [ 0w = U g+ o000
n—1 tn—l

" 2 1/2 m\3/2
<&+ &)( [ 10w+ 0000 Bae) " < CO iy €5 + )

This is an essential step because neither 0;1) nor 9,1 are smooth alone, but rather their special
combination above. In light of Lemma 4.4, the remaining boundary term in R5(¢)) gives rise to

m "

-3 [ v,
T _ / e /
< (Z AT 72 rL))l 2(/0 [ v"/?4) H%Q(I‘L)>1 2
n=1

< C(VEmy>32|| x | oo (@) (E5 + E6)-
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The term Rg(v)) is easy to handle by Lemma 4.2, namely,

m n
[Re(¥)] < Z/tnl I (U™ = 1"U" ™) = 00 = 0(t)0U || 1) | ¥ (o)
n=1
< C(VE™P2 || x| oo (gmyEr-

The next three terms R7(1)) to Rg(¢)) represent the effect of quadrature, and can be treated
via (3.3) and (3.4). Hence, (5.7) and Lemma 4.5 imply

m tn
[Re(@) <C ) /t | P2V R (|20 [| VO 120) < COE™) 2| X [l () s,
n=1

m tn
[Rg(1)| < CZ /tnl 119" oo o) Il B3/2(0™ = 1702 ) it (o || ¥ a1 (2
n=1
< C(VE™P2|| x| pos (gmyEo-

Moreover, if we modify the boundary values of 11"t by using the L? local projection over the sets
supp(px) N 0N instead of supp(¢py), where {¢y}r is the canonical basis of V", we achieve optimal

approximability over Jf). If we now use Lemma 4.5, we obtain

m tn
Ra()| < V23 [ IR0 GR) sz 10720, Lo,y < OOV x lmiomo
n=1

In addition, Lemma 4.2 yields

m n
Rao()| < 10 lamiom X [ (178" = p i 17 = b Inr
n=1
F [ "™ || Loo (0 ) | Oext — 1™ O HLl(FN)>dt < C(VE™P2| x| oo (@myEios
and
m tm
Rar()] < /tn_1 <H N = I"gn o)l leory) + 19D — 19D 1) | B0t HLoo(ro))df
n=1
< C(VE™P2|| x || oo (gmyEro-
The last residual R12(¢) is of different nature from those above. We notice that (H1) and the
a priori bound || € || z2(gmy < C imply
lu=U" oy < C(NQA+ 16" = 01320 ) < C (14220 + 0" [Fa(q ) =: C=2,

whence Lemma 4.5 yields

m

_ 1/2 ™ 1/2 m
Rus()| < cs2 (S nz2) /0 15280 2 qyt) < COVAVEH2Al| X l1oe(m)-

n=1
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5.2 PROOF OF THEOREM 5.1

Collecting the above estimates for R;(¢), and inserting them back into (4.22), we obtain

J

tm

10
| 8(u) = B @yt < CVE2 (8 + 7 & +a(9)).
=5
where
4
q(8) =612 &+ 6 Ay
i=1

The asserted estimate follows from optimizing ¢(§), namely from choosing § = A} 2?21 &i.

5.3 PROOF OF THEOREM 5.2

We first notice that the residual R(¢) of (4.4) remains unaltered provided we remove (gn,¥)r,
and change I'g by I'p = T'gNT'z. The equality (5.4), expressing Galerkin orthogonality, is also valid
provided all terms containing gy are eliminated. We proceed as in §§5.1 and (5.1), but now using
the regularity results of §4.2. The assertion follows immediately.

5.4 DISCONTINUOUS p

We examine now the case where p is piecewise Lipschitz as in §§4.3 and 7. In view of (4.21), the
estimators in Theorems 5.1 and 5.2 which depend on second derivatives of ¢ change as follows:

m /
& = (me WP [ver] !!\iz(m>1 "
n=1
m /
&= (Dl h*R" llim))1 2’
n=1

m . 1/2
&= (Yl B" IBaoonry))
n=1

for all € > 0. Moreover, the constants C' > 0 in Theorems 5.1 and 5.2 depend also on €, whereas
the other estimators do not change.

6 Performance

In this section we explain how the estimators from §5 can be used for mesh and time-step modifi-
cation, and document the performance of the resulting adaptive method.

6.1 LOCALIZATION AND ADAPTION

For parabolic problems the aim of adaptivity is twofold: equidistribution of local errors in both
space and time. We refer to [8],]9] for strictly parabolic problems and to [20],[21] for degenerate
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parabolic problems. On the basis of the a posteriori error estimates of §5, we can now design an
adaptive method that meets these two goals and also keeps the error below a given tolerance.

The error estimators & of both Theorems 5.1 and 5.2 can be split into contributions E}*(S) for
each element S and time t", and collected together to give rise to element indicators; see [20] for
details. This way the error estimate is rewritten as

err ::/
0

where 77 includes all error indicators of time discretization (from &, &7,&19) and 7¢ is the local

m

I6) 60 it < 3 ot mas (s (0 o)),

SemMo SemMn

indicator on element S of space discretization errors. We use them to equidistribute the space
contributions by refinement/coarsening of the mesh M" and the time contributions by modifying
the time step 7". Given a tolerance tol for the error err, the adaptive method adjusts time step
sizes 7,, and adapts the meshes M™ so as to achieve

Ty tol
nd < #O—Ajo, e <Totol, ni<

Iy, tol

vt (6.1)

where I'g + 'y + I', < 1 are given parameters for the adaptive method. The mesh adaption in
each time step is performed by local refinement and coarsening: all elements S violating (6.1)
must be refined and those S with local indicators much smaller than the local tolerance may be
coarsened. The time step may be enlarged in the latter case. The implementation uses local mesh
refinement by bisectioning of elements; local mesh coarsening is the inverse operation of a previous
local refinement (see Figure 1). As meshes are nested, the interpolation of discrete functions such as
U™ ! and U™ ! between consecutive meshes during local refinement or coarsening is a very simple
operation. One new degree of freedom at the midpoint of the bisected edge is inserted during each
local refinement, while one degree of freedom is deleted during a local coarsening. No other degrees
of freedom are involved in such local operations.

refine
R —
-

coarsen

V

Figure 1: Refinement by bisection and coarsening of a pair of triangles. Refinement edges of
triangles are marked.

6.2 EXAMPLE: TRAVELLING WAVE

An explicit solution for the nonlinearity §(u) = min(u,0) + max(u — 1,0) is given by the travelling
wave

(I —exp(s)) if s <0 (liquid),

Blu(z,y,t)) = { 51— exp(s)) if s > 0 (solid), where s = (v-v—=V)(v - (z,y) — Vi),

with v = (cos(«), sin(«)) and parameters v = (2,0), V = 0.4, « = 7/6; V is the interface velocity
in the normal direction v. We solve the problem in the domain © = (0.0,1.0) x (0.0,0.2) for time
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Figure 2: Example 6.2. Macro triangulations with aspect ratios 1 and 5.

\‘/ \‘I \

\ Il\ Il\ /l\ ¢

Figure 3: Example 6.2. Meshes with aspect ratios 1

and 5 for tol = 0.5 at t = 1.1.

Figure 4: Example 6.2. Isothermal lines at f(u) = k/8, k = —16...3, at t = 1.1.

e/ IN/ING/ T\ NG NG T

VI

Figure 5: Example 6.2. Meshes with aspect ratios 1 and 5 for tol = 0.25 at t = 1.1.

- tol=10 er P R
=05 5 =05
2 =025 "~ 10l=025 ~
................................ 2
1e-04
1804 —F=—~===s9soo .2
1 N — N
''''' time time
1.00 1.50 2.00 1.00 1.50 2.00

Figure 6: Example 6.2. ||eg(,)(t)|[11(q) for meshes with aspect ratios 1 (left) and 5 (right).
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Figure 7: Example 6.2. Triangle counts for meshes with aspect ratios 1 (left) and 5 (right).

e x 106

600.00 e & O

400.00 A

200.00 7

0.00

tol
0.00 0.50 1.00

Figure 8: Example 6.2. ||eg(,)(t)||1(z1) for meshes with aspect ratios R = 1, 5.

t € (1,2) with Dirichlet boundary condition on 9f2. To avoid any mesh effects, the interface normal
v is rotated from the horizontal direction by «. This way v is never parallel to any mesh edge. As
the domain in the applications of Section 7 has a very large aspect ratio, we explore here the use of
elongated elements. We thus compare simulations with meshes of aspect ratios 1 and 5 originated
from the macro triangulations of Figure 2, for the explicit travelling wave solution.

Figures 3 and 5 show adaptive meshes at time ¢ = 1.1, generated with error tolerances tol = 0.5
and tol = 0.25, while Figure 4 depicts isothermal lines at the same time; the latter look the same for
all simulations. Figure 6 displays the error ||eg(,)(t)||11(q) and Figure 7 the mesh element counts
for simulations with both aspect ratios. Finally, Figure 8 shows the total error for different given
tolerances and mesh aspect ratios. Even though the triangle counts are larger for simulations with
larger aspect ratio, the estimators and the adaptive method behave well. It is thus reasonable to
use elongated elements in the following application. In any event, we do not employ specialized
estimators or adaptive methods for anisotropic meshes such as [26]. The application of such methods
to degenerate parabolic equations is still to be investigated.

7 Applications to Casting of Steel

We study the casting of a slab in 2D. This problem was proposed in [14], and a similar problem
with time dependent parameters was studied in [16]. In order to derive non-dimensional equations
(1.1)-(1.8), we first rescale the physical equations with the material parameters.

7.1 SCALING

In this section, we mark all physical quantities by a tilde. The original equations with physical
coefficients for temperature 6 (in units [°K]) and energy density (or enthalpy) @ (in units [kg/ms?])
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read

Ot +90zu = V- (kV6) in Q x (0,7),
@ = pEd + XN in Q % (0,7),
6 = gp on Ty x (0,7),
l%(?,;é%—ﬁ(é— éext) =0 on [y x ( ,T),
a(-,0) = g in Q,
koz0 = Gn on 'y x (O,T)
or 0 = gp on Ty, x (0,7).

The physical coefficients and their units are: casting speed @ [m/s], heat conductivity k [kg m /s> °K],
density p[kg/m?], specific heat ¢[m?/s?°K], latent heat A [m?/s%], melting temperature 6, [°K],
heat transfer coefficient p [kg/s? °K], and external cooling temperature fey [°K]. Here y stands for
the characteristic function of the liquid phase. In the remainder of this section, subscripts s and [
indicate the corresponding coefficients for the solid and liquid phase.

The simulations are done over a slab of length L = 25m and height 0.21m. We use material
parameters for steel with 0.09% carbon content. Temperature-dependent data provided in [14]
are approximated by piecewise constant data for the liquid and solid phase: ks = 30 kgm/s®°K,
k= 180 kgm/s®°K, é& = 660m?/s>°K, & = 830m?/s*°K, p = 7400 kg/m?, X\ = 276000 m? /s>,
and 6, = 1733 °K.

The boundary condition on Iy depends on the position along the slab; the model has a mold
cooling zone (1.15m) and three water spray zones which include radiation. The (nonlinear) radiation
condition (1.9) is linearized by using

(6" = 024) = (0 = Oex) (B + Oese) (07, + O2t)-

ext

The (linear) Robin conditions on T'y in the mold and spray regions are then

[ B0 = o) if 7 < 1.15m,
—k050 = L 3 S
P(0 — Om20) + 5€(0 — Oraa) (Om + Oraa) (02, + 6% )  if 2> 1.15m.

Casting and boundary parameters are given in Table 1. In this model, the quantities p and fext
exhibit discontinuities along I'y, which results in hypotheses (H4) and (H5) not being satisfied.
But, as stated in §5.4, the estimators can be adjusted to the case of piecewise smooth boundary
data. On the other hand, a refined model might include some mollifying effect of water spraying,
which removes these discontinuities.

Using a length scale X [m] and a time scale T [s], the physical quantities can be transformed

into dimensionless ones as follows:

i 7 i &l &(0 = Om) if 0 <0,
xTr .= =, t = = u .= 7 — = 5 = F ~ ~ . ~ ~
X T p)\ A jl(a—em) if 0> 0,
v_g ko= kT pT _é(~ — ) _M
= X s [36)22, [36)?’ gp ‘= 5\ gD m)s gN = ﬁS\X
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Quantity Value Unit | Description

v 0.0225 . casting speed

Jp 1818 °K | on I'g: inflow temperature

Jp 1250 °K | on I'y: outflow temperature

JnN 0 l;—g on T'z: outflow temperature flux

D 1500 SgkogK on L'y, Z € (0,1.15)m: heat transfer in mold
O mold 353 °K | mold external temperature

D 700 SgkogK on ]Z’N, Z € (1.15,4.4)m: heat transfer in first spray region

D 350 SgkogK on I:N, Z € (4.4,14.6)m: heat transfer in second spray region

D 50 Sf—gK on I'y, Z € (14.6,25)m: heat transfer in third spray region
0120 300 °K cooling water temperature

o 5.67 E—8 % Stefan—Boltzmann constant

€ 0.8 emission factor

Orad 370 °K | Z € (1.15,14.6)m: air temperature

érad 710 °K Z € (14.6,25)m: air temperature in third spray region

Table 1: Casting and boundary parameters.

Using these new quantities, the dimensionless equation reads

ksu if u <0,
u+v0,u—ABu) = 0 inQx(0,7), withg(u)=1¢ 0 if v € [0, 1],
kyf(u—1) ifu>1.

Dirichlet boundary conditions are transformed into
B(u) = kgp on I’y x (0,7),
and the scaled Robin and Neumann conditions are

k0,0 +p0 — o) = 0 < 6,,B(u)+%(ﬁ(u)—k:96xt) — 0 onlyx(0,7),
OB(u) = gn onT'p x(0,7).

After scaling with X = 10m, T = 10° s =~ 28 h, the non-dimensional domain is of size 0.021 x 2.5
and the slopes of 8 are ks = 0.006, k; = 0.029. A temperature range 0 € (1000, 1800) °K leads to
scaled values |3(u)| = O(1072), while the scaled latent heat is A = 1. The scaled convection speed
is v = 225, so convection is dominant. The simulations run for ¢ € (0,0.1), which is equivalent to
a final time 7' = 10000s = Q%h. Initial conditions are chosen piecewise linear in z direction, with a
prescribed initial position of the interface at z = L/10. This is a convenient but totally unphysical
initial condition: there is liquid in contact to water/air. The long—time behavior does not depend
on the actual choice of initial conditions though.

Figure 9: Domain aspect ratio.

The actual aspect ratio of the domain is depicted in Figure 9; so for visualization purposes, the
height of all subsequent domains is scaled by a factor 16. The numerical simulations start from
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Figure 10: Adapted mesh for stationary solution, Dirichlet (top) and Neumann (bottom) outflow;
vertical scale = 16.

i
» ‘2‘1{\\“

T,

\,,.,1

Figure 11: Graph of temperature for stationary solution with Dirichlet (top) and Neumann (bot-

o

tom) outflow.

a macro triangulation of € into 20 triangles with aspect ratio ~ 12. Figures 10 and 11 compare
adapted meshes and graphs of the temperature for Dirichlet and Neumann outflow conditions with
error tolerances tol = 2 and tol = 45, respectively. It can be easily seen that the Dirichlet outflow
condition generates a sharp boundary layer at I'; but no oscillations elsewhere; both solutions
are indeed very similar away from I'z,. To avoid this unphysical boundary layer, the following
simulations were all done with a vanishing Neumann outflow condition. We conclude this paper
with two simulations with time-dependent parameters.

7.2 EXAMPLE: OSCILLATING VELOCITY

First, we prescribe a variable casting speed

0(t) = 0.0175 + 0.005 * sin(0.00175¢) [m/s],

which has a strong influence on the length of the liquid pool inside the slab. The largest velocity
is chosen equal to the constant velocity in the problem with stationary casting speed; all other
parameters are left unchanged. This guarantees that the liquid pool will not reach the outflow
boundary. The variable velocity is shown in Figure 12, together with the number of elements in the
adapted meshes M (t") = #(M"™) and time step sizes. Due to a longer liquid pool (and interface),
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there are more mesh elements when the velocity is larger and a smaller time step size is needed.
Figures 13 and 14 display adaptive meshes and temperature graphs for ¢ = 0.05 and ¢t = 0.07,
corresponding to large and small velocity values. Some spurious oscillations can be seen in the
temperature graphs near jumps of Robin boundary conditions. They are created by the method of
characteristics which transport such cusps in the z direction. Therefore, an upper bound of 0.00025
(= 25s) is imposed in this simulation.

velocity M x 103 taux 10°6

NIAYAVA AW AR

0.01 5.00 N = 100.00 r._.

0.00 time 000 time 0.00 time
0.00 0.05 0.10 0.00 0.05 0.10 0.00 0.05 0.10

Figure 12: Variable casting speed. Velocity ©(t), element count, and time step sizes.

MY

Figure 13: Variable casting speed. Adaptive meshes for ¢t = 0.05 (top) and ¢ = 0.07 (bottom).

Figure 14: Variable casting speed. Temperature graphs for t = 0.05 (top) and ¢ = 0.07 (bottom).
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7.3 EXAMPLE: OSCILLATING COOLING

For constant casting velocity © = 0.0225m/s, we model a varying cooling water flow rate in the
second spray region by a time dependent heat transfer coefficient:

p(t) = 550 + 200sin(0.00175¢) [kg/s>°K] on Ty, Z € (4.4,14.6) m.

Again, this has an influence on the length of the liquid pool inside the slab, which gets longer when
the cooling coefficient is smaller, thereby representing a reduced water flow.

Figure 15 shows the varying parameter p(¢) and the corresponding mesh element counts. Adap-
tive meshes and temperature graphs for ¢ = 0.05 and ¢ = 0.07 are displayed in Figures 16 and 17.
As the liquid pool length does not depend so strongly on p(t) as it did on ©(¢), the mesh element
count changes only slightly in this example; the larger changes for ¢ < 0.02 are due to the given
initial conditions. The time step size is not shown but equals the given upper bound 0.00025 for
t > 0.02. The oscillations in Figure 17 near jumps of Robin boundary conditions along I' y uncover
the undesirable condition v7 > h for the method of characteristics. We show the beneficial effect
of reducing the time step in the botton picture of Figure 17. This graph corresponds to ¢ = 0.05
for a simulation with smaller tolerance for the time error estimate, which leads to a time step size
7 =0.00006 (= 6s) for t > 0.025: v7 < h holds and the oscillations are removed.

heat transfer M x 103
15.00
500.00 /\\//\ \//\\ 10.00 A DU
5.00
0.00 time 0.00 time
0.00 0.05 0.10 0.00 0.05 0.10

Figure 15: Variable cooling. Heat transfer coefficient p(t) and element counts.
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