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Abstract

The Brunn–Minkowski inequality is known as one of the simplest geometric inequalities.
But despite its simplicity, its intrinsic motivation is given by several problems that not only
arise in geometry. One of these problems is the classical Minkowski problem, which asks
for existence and uniqueness conditions of convex bodies with given boundary.
While this problemhas been solved in the 19th century byMinkowski himself, an analogue

problem arose, the so-called logarithmicMinkowski problem. As an analogue of the classical
problem, it asks for existence and uniqueness of convex bodies with given cone volumes.
In this thesis we introduce the basics of convex geometry to establish the Brunn–Min-

kowski inequality and sketch the solution of the uniqueness problem for the classical
Minkowski problem. For that, we will present three well-known proofs of the Brunn–Min-
kowski inequality. Furthermore, we discuss the advances in the solution of the logarithmic
Minkowski problem and present an approach that works for the planar case. This includes
recent results about the logarithmic Brunn–Minkowski inequality, a logarithmic analogue
of the corresponding classical inequality.

Zusammenfassung

Die Brunn–Minkowski-Ungleichung ist bekannt als eine der einfachsten geometrischen
Ungleichungen. Aber abgesehen von ihrer Einfachkeit, wird sie durch verschiedene, teil-
weise nicht-geometrische, Probleme motiviert. Eines dieser Probleme ist das klassische
Minkowski-Problem, welches nach Bedingungen für die Existenz und Eindeutigkeit von
konvexen Körpern mit gegebenem Rand fragt.
Während dieses Problembereits durchMinkowski im 19. Jahrhundert gelöst wurde, ist das

sogenannte logarithmischeMinkowski-Problembislang ungelöst. Als analoges Problem zum
Minkowski-Problem fragt dieses nach Existenz und Eindeutigkeit von konvexen Körpern
mit gegebenem Kegelvolumen.
In dieser Arbeit führen wir die Grundlagen der konvexen Geometrie ein, um zunächst

die Brunn–Minkowski-Ungleichung zu zeigen, und skizzieren eine Lösung des Eindeutig-
keitsproblems des klassischen Minkowski-Problems. Dazu geben wir drei bekannte Beweise
der Brunn–Minkowski-Ungleichung. Weiter diskutieren wir die Fortschritte in der Lösung
des logarithmischen Minkowski-Problems und zeigen einen Ansatz, der für planare Körper
funktioniert. Dies beinhaltet aktuelle Resultate über die logarithmische Brunn–Minkowski-
Ungleichung, ein logarithmisches Analogon der klassischen Ungleichung.
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1 Preface

The field of convex geometry offers numerous valuable results. One of the most important
and defining results is the Brunn–Minkowski inequality, that is given by

V(𝐾)1/𝑛 + V(𝐿)1/𝑛 ≤ V(𝐾 + 𝐿)1/𝑛

for convex sets 𝐾, 𝐿 in 𝑛-dimensional Euclidean space. Here, V denotes the elementary
volume of geometric bodies, and the sum of two convex sets is built point-wise, i. e. 𝑥 + 𝑦 ∈
𝐾 + 𝐿 for all 𝑥 ∈ 𝐾, 𝑦 ∈ 𝐿.
This inequality has numerous applications and motivates its own theory, the Brunn–Min-

kowski theory. For example, the isoperimetric problem, which asks for conditions under
which a body with given volume has the maximum perimeter, can be solved by applying the
Brunn–Minkowski inequality to certain constructions.
Another problem, which is more natural, is the Minkowski problem: It asks for conditions

under which a certain convex body with given surface exists and is unique. While the
existence follows with elementary methods in geometry, the uniqueness question needs the
Brunn–Minkowski inequality, or equivalently Minkowski’s first inequality.
Other applications of the Brunn–Minkowski inequality are in numerical mathematics

and analysis, as the sets that appear in those fields are often convex, and thus subject to the
theory of convex bodies. Especially the latter field, and the field of functional analysis, the
theory of analytical properties of linear maps between vector spaces (so-called operators),
developed the theory further for infinite-dimensional vector spaces.
While the classical Brunn–Minkowski inequality gives a good lower bound for the vol-

ume of the sums of convex bodies, one is interested in a similar theory for other sums.
In contemporary convex geometry, one of those theory is the 𝐿𝑝-Brunn–Minkowski the-
ory, which was motivated by the work of Firey in [Fir62], and developed under the name
Brunn–Minkowski–Firey theory by Lutwak in [Lut93; Lut96].
This theory searches for similar inequalities for the 𝑝-sum, a sum of convex bodies that is

motivated by the representation of them through support functions.The𝐿𝑝-Brunn–Minkowski
inequality, the 𝐿𝑝-counterpart of the Brunn–Minkowski inequality, was established by Firey
in [Fir62] for the case 𝑝 > 1. Further, the case 𝑝 = 1 is just the classical Brunn–Minkowski
inequality. Hence, the only remaining case is 𝑝 < 1, where especially the case 𝑝 → 0, the so-
called log-Brunn–Minkowski inequality, is of special interest, since it solves a determination
problem of convex bodies.
In this thesis, we will start with an introduction to convex geometry. We will define

convexity, constructions of convex sets and introduce usual characterisations of convex
sets. Further, we will discuss the measurability question that arises in combination with
geometry and especially convex sets.
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1 Preface

In the next step, we will state and prove the Brunn–Minkowski inequality. We will discuss
three proof variants of the Brunn–Minkowski inequality, which use methods from various
areas of mathematics, namely analysis, geometry andmeasure theory. This gives us a basis to
mention applications of this inequality, in our case theMinkowski problem andMinkowski’s
first inequality.
As an generalisation of the classical Brunn–Minkowski theory, wewill discuss themost ba-

sic ideas of 𝐿𝑝-Brunn–Minkowski theory.Those ideas leads us to the logarithmicBrunn–Minkowski
inequality, which we introduce in Chapter 5. After proving the trivial case for ℝ and dis-
cussing some technical results, we will state the established cases for 𝑛 = 2, 3 and discuss
the application of the log-Brunn–Minkowski inequality, namely the log-Minkowski problem
as an analogue of the classical Minkowski problem.
In this thesis, all vector spaces are real. Furthermore, convex sets are denoted by symbols

𝐾, 𝐿, etc. Functions with the real numbers as domain are denoted by the usual characters
𝑓, 𝑔, ℎ. Further, we will denote the (𝑛 − 1)-dimensional unit sphere, i. e. the boundary of
an 𝑛-dimensional unit ball, by 𝑆𝑛−1. That balls are denoted by 𝐵, whenever the dimension
of them will be clear from context. For a complete overview of notation, see the section
“Notation” on page 55.
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2 An introduction to convex geometry

Convex geometry and its results are tightly coupled with results from measure theory,
analysis, linear algebra and topology. In this chapter we will introduce the foundations of
convex geometry, which are necessary to state and prove the Brunn–Minkowski theorem
and its generalisations.
In the first section of this chapter wewill discuss themost basic notion in convex geometry,

the notion of convexity as a property of sets. Further, we will explore some special cases of
convex sets, in our case polytopes and convex bodies. This part of the theory depends on the
notion of convex (and concave, resp.) functions, and we will discuss the properties that hold
for that class of functions.
In Section 2.2, we will introduce a more systematic way to understand the space of convex

bodies: We endow this set with a metric, the so-called Hausdorff metric. This metric behaves
good with regard to several functionals that appear in the characterisation of convex bodies,
especially with the support functions. Further, it even motivates the characterisation of
convex bodies with supporting hyperplanes and the resulting support functions.
The results of that section are an useful approximation theorem for convex bodies and the

characterisation of convex bodies by hyperplanes. Especially, we will give a proof that this
characterisation is correct, and discuss a generalisation from functional analysis and describe
the alternative method of functional analysis, which even holds for infinite-dimensional
spaces.

2.1 Basic definitions and properties

The most basic concept (and definition) in convex geometry is that of the convex set. Con-
vexity appears in many settings in mathematics. For example, it is a important concept in
analysis, where many spaces with desirable properties are convex. Further, they appear in
applied settings, for example in numerical mathematics, where the convexity of certain sets
is crucial.
The following definition of convexity is one of the standard definitions, and can be found

in several textbooks about the topic (e. g. [Sch14]). It states that a set 𝐴 is convex, if any
straight line between two points, say 𝑥, 𝑦 ∈ 𝐴, is contained in 𝐴.

Definition 2.1 (Convexity). A set 𝐴 ⊆ ℝ𝑛 in 𝑛-dimensional Euclidean space is said to be
convex, if, for 𝑥, 𝑦 ∈ 𝐴, 0 ≤ 𝜆 ≤ 1, 𝜆 ⋅ 𝑥 + (1 − 𝜆) ⋅ 𝑦 ∈ 𝐴, i. e. the point 𝜆 ⋅ 𝑥 + (1 − 𝜆) ⋅ 𝑦 is
an element of the set 𝐴.
More generally, a subset𝐴 of anℝ-vector space (𝑉,+, ⋅) is called convex, if 𝜆⋅𝑥+(1−𝜆)⋅𝑦 ∈

𝐴 for all 𝑥, 𝑦 ∈ 𝐴, 0 ≤ 𝜆 ≤ 1.
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2 An introduction to convex geometry

Before we give examples of convex sets, we are discussing the usual used vector space,
in our case the Euclidean space. We identify the 𝑛-dimensional Euclidean space with the
Hilbert space ℝ𝑛 with usual addition, scalar multiplication and inner product

⟨𝑣, 𝑤⟩ =
𝑛
∑
𝑖=1

𝑣𝑖𝑤𝑖 for all 𝑣, 𝑤 ∈ ℝ𝑛.

Angles are defined in the usual way as follows: Let 𝑣, 𝑤 ∈ ℝ𝑛 be two vectors. Then, the
angle 𝜃 between 𝑥 and 𝑦 is determined by the relation

cos(𝜃) = ⟨𝑣, 𝑤⟩
|𝑣| ⋅ |𝑤| ,

where |𝑣| is a shorthand for |𝑣| = (⟨𝑣, 𝑣⟩)1/2.
The distance of two points 𝑥, 𝑦 ∈ ℝ𝑛 is given by the induced metric, that is

𝑑(𝑥, 𝑦) = |𝑥 − 𝑦| = (⟨𝑥 − 𝑦, 𝑥 − 𝑦⟩)1/2.

For the Euclidean space, this reduces to

𝑑(𝑥, 𝑦) = (
𝑛
∑
𝑖=1
(𝑥𝑖 − 𝑦𝑖)2)

1/2

for points 𝑥, 𝑦 ∈ ℝ𝑛.

Now, the first examples for convex sets are the trivial choices that arise from algebraic
deliberations.

Example 2.2. The trivial convex sets on a vector space (𝑉,+, ⋅) are the whole set and the
zero subspace, i. e. the vector space {0} ⊂ 𝑉.
That the whole space 𝑉 is a convex set follows directly from the fact, that the product and

the sum are maps ⋅∶ 𝐾 × 𝑉 → 𝑉 and +∶ 𝑉 × 𝑉 → 𝑉: For 0 ≤ 𝜆 ≤ 1 and 𝑥, 𝑦 ∈ 𝑉 we have
𝜆𝑥 ∈ 𝑉 and (1 − 𝜆)𝑦 ∈ 𝑉, and furthermore

𝜆𝑥 + (1 − 𝜆)𝑦 ∈ 𝑉.

Further, {0} is a subspace of 𝑉, hence a vector space. Therefore, the same argument applies.

With this result in mind, it follows directly that also the translates of a convex sets are
convex: Let 𝐾 ⊆ 𝑉 be a convex subset, 𝑣 ∈ 𝑉. Then, the translate 𝑣 + 𝐾 ∶= {𝑣 + 𝑥 ∣ 𝑥 ∈ 𝐾}
is a convex subset too, since

(1 − 𝜆)(𝑣 + 𝑥) + 𝜆(𝑣 + 𝑦) = 𝑣 + (1 − 𝜆)𝑥 + 𝜆𝑦 for all 𝑥, 𝑦 ∈ 𝐾 and 𝜆 ∈ [0, 1].

In fact, a much stronger statement holds. Let 𝐾, 𝐿 ⊆ 𝑉 be two convex subsets. Further,
let 𝐾 + 𝐿 ∶= {𝑥 + 𝑦 ∣ 𝑥 ∈ 𝐾, 𝑦 ∈ 𝐿}, the Minkowski sum of 𝐴 and 𝐵. For 𝜆 ∈ [0, 1],
𝑥1 + 𝑦1, 𝑥2 + 𝑦2 ∈ 𝐾 + 𝐿 with associated 𝑥1, 𝑥2 ∈ 𝐾, 𝑦1, 𝑦2 ∈ 𝐿, we have

(1 − 𝜆)(𝑥1 + 𝑦1) + 𝜆(𝑥2 + 𝑦2) = (1 − 𝜆)𝑥1 + 𝜆𝑥2 + (1 − 𝜆)𝑦1 + 𝜆𝑦2 ∈ 𝐾 + 𝐿.
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2.1 Basic definitions and properties

This holds, since the summands (1 − 𝜆)𝑥1 + 𝜆𝑥2 and (1 − 𝜆)𝑦2 + 𝜆𝑦2 are elements of 𝐾 and
𝐿, respectively, by convexity of 𝐾 and 𝐿. Thus, the Minkowski sum of two convex sets is a
convex set, too.
By convexity of a single point subspace {𝑥} ⊆ 𝑉 for 𝑥 ∈ 𝑉, the former statement that

translates of convex sets are convex sets follows directly by this result.
Furthermore, a dilate, i. e. 𝜆 ⋅ 𝐾 ∶= 𝜆𝐾 ∶= {𝜆 ⋅ 𝑥 ∣ 𝑥 ∈ 𝐾} for 𝜆 ∈ ℝ ⧵ {0}, is also a convex

body by similar reasoning. Sometimes, we will extend this definition to arbitrary subsets of
ℝ𝑛 in an analogous way.

Example 2.3. One is interested in the least convex set that contains certain points𝑥1, … , 𝑥𝑘 ∈
𝑉.
The convex combinations are given by the following formula: Let 𝜆1, … , 𝜆𝑘 ∈ [0, 1] such

that∑𝑘
𝑖=1 𝜆𝑖 = 1. Then the corresponding convex combination of 𝑥1, … , 𝑥𝑘 is the point

𝑘
∑
𝑖=1

𝜆𝑖𝑥𝑖 = 𝜆1𝑥1 +⋯+ 𝜆𝑘𝑥𝑘.

We denote the set of all such convex combinations by conv(𝑥1, … , 𝑥𝑘) and call it the convex
hull of 𝑥1, … , 𝑥𝑘. It is evident that conv(𝑥1, … , 𝑥𝑘) is convex.
This gives us an infinite amount of examples for convex sets. For example, in ℝ𝑛 with

standard basis 𝑒1, … , 𝑒𝑛, the convex hull conv(0, 𝑒1, … , 𝑒𝑛) is called 𝑛-dimensional standard
simplex. More generally, a convex hull conv(𝑎1, … , 𝑎𝑛+1) of points 𝑎1, … , 𝑎𝑛+1 ∈ ℝ𝑛 is called
a simplex if 𝑎1, … , 𝑎𝑛+1 are affine-independent, i. e. they do not lie in a single proper subspace
of ℝ𝑛.

This motivates a general operator, namely the convex hull operator. Let 𝐴 ⊆ ℝ𝑛. Further,
let

𝒳 ∶= {𝐾 ⊆ ℝ𝑛 ∣ 𝐾 convex, 𝐴 ⊆ 𝐾}

the set of convex sets that contain 𝐴. Then the intersection

conv(𝐴) ∶= ⋂
𝐾∈𝒳

𝑋

is a convex set: Let 𝑥, 𝑦 ∈ conv(𝐴), 𝜆 ∈ [0, 1]. Then 𝑥, 𝑦 ∈ 𝐾 for all 𝐾 ∈ 𝒳, hence

(1 − 𝜆)𝑥 + 𝜆𝑦 ∈ 𝐾 for all 𝐾 ∈ 𝒳

by convexity. Therefore, the set conv(𝐴) is convex.
This defines the convex hull operator conv∶ 𝒫(ℝ𝑛) → 𝒫(ℝ𝑛), which assigns to each subset

of ℝ𝑛 its convex hull. We call conv(𝐴) the convex hull of 𝐴 ⊆ ℝ𝑛.
It is simple to show that these two definitions for finite 𝐴 coincide, and we are referring

to [Sch14] for a proof of this statement.
A subset 𝐾 ⊆ ℝ𝑛 is bounded precisely when there exists a 𝜀 > 0 such that 𝐾 ⊆ 𝐵(0, 𝜀), i. e.

the set is contained in a norm ball of radius 𝜀 and centre 0. It is clear that the convex hull of
a bounded set is bounded, again.
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2 An introduction to convex geometry

Theorem 2.4 (Heine–Borel, cf. [Mun00, Theorem 27.3]). Let 𝐾 ⊆ ℝ𝑛. Then, 𝐾 is compact if
and only if 𝐾 is closed and bounded.

The Heine–Borel theorem is a characterisation of compact sets in the Euclidean space,
and therefore of topological nature. Its proof gives deep insights into the topology of metrical
spaces, but would distract our path through the basics of convex geometry. Therefore, we
are referring to [Mun00, Theorem 27.3] for a proof of that theorem.
We are mostly interested in compact convex sets, since they have finite volume by the

Heine–Borel theorem.

Definition 2.5 (Convex body). Aconvex subset𝐾 ⊆ ℝ𝑛 is called convex body, if 𝐾 is compact
and has non-empty interior, i. e. there exist 𝑥 ∈ 𝐾, 𝜀 > 0 such that 𝐵(𝑥, 𝜀) ⊆ 𝐾.
The set of all 𝑛-dimensional convex bodies is denoted by𝒦𝑛.

The case that 0 ∈ 𝐾 is in most statements a valid restriction that occurs with loss of
generality, since most statements are invariant of translation. Therefore, we will denote the
set of 𝑛-dimensional convex bodies that contain the origin 0 in their interior by𝒦𝑛

0 . That is,
𝐾 ∈ 𝒦𝑛

0 if 𝐾 is a convex body and 0 ∈ ∫𝐾.

Definition 2.6. A convex body 𝐾 ∈ 𝒦𝑛 is called origin-symmetric if 𝐾 = −𝐾.

Definition 2.7 (Polytope). Let 𝑣1, … , 𝑣𝑘 ∈ ℝ𝑛. A (convex) polytope 𝑃 with vertices 𝑣1, … , 𝑣𝑘
is the convex hull of these vertices 𝑣1, … , 𝑣𝑘.

From the previous definition of a convex polytope 𝑃 it is evident, that 𝑃 is bounded.
Thereto, consider the maximum 𝑚 ∶= max{|𝑣1|, … , |𝑣𝑘|} of vertices 𝑣1, … , 𝑣𝑘. Then, 𝑃 is
contained in the unit ball with radius𝑚.
Furthermore, a convex polytope 𝑃 has non-empty interior, if the vertices do not lie in a

proper subspace of ℝ𝑛.
A usual decomposition of 𝑃 is into its faces of dimensions 0, 1, … , 𝑛. This decomposition is

not necessary for us, but we restrict to the facets of 𝑃. A facet is an (𝑛 − 1)-dimensional face
of 𝑃, i. e. the intersection of the boundary of 𝑃 and an hyperplane such that this intersection
is locally homeomorphic to ℝ𝑛−1.
We denote the set of the outer unit normals of these facets by 𝐹(𝑃), and the facet with

outer unit normal 𝑢 ∈ 𝑆𝑛−1 by 𝐹(𝑃, 𝑢). With this notation, 𝐹(𝑃, 𝑢) is an (𝑛−1)-dimensional
polytope.

Definition 2.8 (Homothetic bodies). Two convex bodies𝐾, 𝐿 ∈ 𝒦𝑛 are said to be homothetic,
if there are a translation vector 𝑣 ∈ ℝ𝑛 and a dilation factor 𝛼 > 0 such that 𝐾 = 𝑣 + 𝛼𝐿.

Definition 2.9 (Convex and concave functions). Let 𝑉 be a ℝ-vector space, 𝑋 ⊆ 𝑉 convex
and let 𝑓∶ 𝑋 → ℝ be a function. Then, the function 𝑓 is said to be convex, if it satisfies

𝑓(𝜆 + (1 − 𝜆)𝑏) ≤ 𝜆𝑓(𝑎) + (1 − 𝜆)𝑓(𝑏)

for all 𝜆 ∈ [0, 1], 𝑎, 𝑏 ∈ 𝑋.
Furthermore, a function 𝑓 is called concave, if −𝑓 is convex.
If the above inequality is proper, 𝑓 is called strictly convex and strictly concave, respectively.

6



2.1 Basic definitions and properties

Example 2.10. The identity function and constant function on any subset 𝐴 ⊆ ℝ𝑛 are
convex.
More generally, any vector space homomorphism 𝑓∶ 𝑉 → ℝ is convex and concave.

Especially, a vector space homomorphism is bijective if, and only if, it is strictly convex and
strictly concave.

Lemma 2.11 (Jensen’s inequality). If 𝑓∶ is a convex function, then

𝑓(
𝑘
∑
𝑖=1

𝜆𝑖𝑥𝑖) ≤
𝑘
∑
𝑖=1

𝜆𝑖𝑓(𝑥𝑖)

for 𝑥1, … , 𝑥𝑘 ∈ ℝ𝑘 and 𝜆1, … , 𝜆𝑛 ∈ [0, 1] that satisfy∑𝑘
𝑖=1 𝜆𝑖 = 1.

Proof. The inequality holds for 𝑘 = 1 and 𝑘 = 2 trivially by the hypothesis that 𝑓 is a convex
function.
Therefore, let 𝑘 ≥ 2 such that the inequality holds. Then, let 𝑥1, … , 𝑥𝑘+1 ∈ ℝ𝑘, 𝜆1, … , 𝜆𝑘+1

with∑𝑘+1
𝑖=1 𝜆𝑖 = 1. We may assume without loss of generality, that one of the 𝜆1, … , 𝜆𝑘+1 is

not 0, since otherwise
𝑘+1
∑
𝑖=1

𝜆𝑖 = 0 ≠ 1.

Since this is contrary to the hypothesis, we may assume that 𝜆𝑖 > 0 for some 𝑖 ∈ {1, … , 𝑛}.
With an appropriate renaming of 𝑥1, … , 𝑥𝑘+1, we may assume that 𝜆1 > 0.
Then,

𝑓(
𝑘
∑
𝑖=1

𝜆𝑖𝑥𝑖) = 𝑓(𝜆1𝑥1 + (1 − 𝜆1)
𝑘+1
∑
𝑖=2

𝜆𝑖
1 − 𝜆1

𝑥𝑖)

≤ 𝜆1𝑓(𝑥1) + (1 − 𝜆1)𝑓(
𝑘+1
∑
𝑖=2

𝜆𝑖
1 − 𝜆1

𝑥𝑖)

by the convexity of 𝑓. Further,

𝑘+1
∑
𝑖=2

𝜆𝑖
1 − 𝜆1

=
∑𝑘+1

𝑖=2
1 − 𝜆1

= 1,

since 1 − 𝜆1 = ∑𝑘+1
𝑖=2 𝜆𝑖.

Therefore, we can apply the induction hypothesis and we have

𝜆1𝑓(𝑥1) + (1 − 𝜆1)𝑓(
𝑘+1
∑
𝑖=2

𝜆𝑖
1 − 𝜆1

𝑥𝑖) ≤ 𝜆1𝑓(𝑥1) + (1 − 𝜆1)
𝑘+1
∑
𝑖=2

𝜆𝑖
1 − 𝜆1

𝑓(𝑥𝑖)

=
𝑘+1
∑
𝑖=1

𝜆𝑖𝑓(𝑥𝑖).

7



2 An introduction to convex geometry

The same argument gives rise to a similar statement for convex sets. Let𝐾 ⊆ ℝ𝑛 be convex.
Further, let 𝑥1, … , 𝑥𝑘 ∈ 𝐾, 𝜆1, … , 𝜆𝑘 ∈ [0, 1] with∑𝑘

𝑖=1 𝜆𝑖 = 1. Then,

𝑘
∑
𝑖=1

𝜆𝑖𝑥𝑖 = 𝜆1𝑥1 + (1 − 𝜆1)
𝑘
∑
𝑖=2

𝜆𝑖
1 − 𝜆1

𝑥𝑖,

and by the same argument as in the preceding proof,

𝑘
∑
𝑖=2

𝜆𝑖
1 − 𝜆1

𝑥𝑖 ∈ 𝐾

by induction hypothesis. This clearly implies, by convexity of 𝐾,

𝑘
∑
𝑖=1

𝜆𝑖𝑥𝑖 ∈ 𝐾.

Now, suppose that 𝐾 is a set that satisfies∑𝑘0
𝑖=1 𝜆𝑖𝑥𝑖 ∈ 𝐾 for 𝑥𝑖 ∈ 𝐾, 𝜆𝑖 ∈ [0, 1] with a

constant 𝑘0 ≥ 2. With this property, clearly a convexity property holds for all 2 ≤ 𝑘 ≤ 𝑘0,
since we can set 𝜆𝑘 = ⋯ = 𝜆𝑘0 = 0. This motivates these two theorems, where the latter is a
result for convex functions that is obtained in a similar manner.

Theorem 2.12. A set 𝐾 ⊆ 𝑉 is convex, if and only if

𝑘
∑
𝑖=1

𝜆𝑖𝑥𝑖 ∈ 𝐾 for 𝑥𝑖 ∈ 𝐾, 𝜆𝑖 ∈ [0, 1], 𝑖 ∈ {1, … , 𝑘}

for a constant 𝑘 ∈ ℕ, 𝑘 ≥ 2.

Theorem 2.13. A function 𝑓∶ 𝑈 → ℝ is convex, if and only if

𝑓(
𝑘
∑
𝑖=1

𝜆𝑖𝑥𝑖) ≤
𝑘
∑
𝑖=1

𝜆𝑖𝑓(𝑥𝑖).

2.2 Support functions

Wheneverwemention topological terms, thesewill be in linewith the definitions of [Mun00].
The following definition is taken from [Sch14, p. 60] and is one variant of several equivalent
definitions.
We start with the following definition, which endows the set of convex bodies with a

topology.

Definition 2.14 (Hausdorff distance). The Hausdorff distance 𝛿∶ 𝒦𝑛 × 𝒦𝑛 → [0,∞) is
given by

𝛿(𝐾, 𝐿) = max { sup
𝑥∈𝐾

inf
𝑦∈𝐿

|𝑥 − 𝑦|, sup
𝑥∈𝐿

inf
𝑦∈𝐾

|𝑥 − 𝑦|},

where 𝐾, 𝐿 ∈ 𝒦𝑛 are 𝑛-dimensional convex bodies.
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2.2 Support functions

Since all the sets are compact, we may replace the suprema by maxima and the infima by
minima. Hence, we have

𝛿(𝐾, 𝐿) = max {max
𝑥∈𝐾

min
𝑦∈𝐿

|𝑥 − 𝑦|,max
𝑥∈𝐿

min
𝑦∈𝐾

|𝑥 − 𝑦|}.

This distance function is a metric on the set of convex bodies.

Lemma 2.15. The set of compact subsets𝒦𝑛 together with the Hausdorff distance 𝛿∶ 𝒦𝑛 ×
𝒦𝑛 → [0,∞) is a metric space.

Proof. Let 𝐾, 𝐿,𝑀 ∈ 𝒦𝑛. That the Hausdorff distance is symmetric, is evident from its
definition:

𝛿(𝐾, 𝐿) = max { sup
𝑥∈𝐾

inf
𝑦∈𝐿

|𝑥 − 𝑦|, sup
𝑥∈𝐿

inf
𝑦∈𝐾

|𝑥 − 𝑦|} = 𝛿(𝐿, 𝐾).

Further, 𝛿 is positive-definite; when 𝛿(𝐾, 𝐿) = 0, we also have

inf
𝑦∈𝐿

|𝑥 − 𝑦| ≤ 0 for all 𝑥 ∈ 𝐾,

inf
𝑦∈𝐾

|𝑥 − 𝑦| ≤ 0 for all 𝑦 ∈ 𝐾.

Therefore, we can find a 𝑦 ∈ 𝐿 for a 𝑥 ∈ 𝐾 such that |𝑥 − 𝑦| = 0, i. e. 𝑥 = 𝑦, or in other
words 𝑦 ∈ 𝐾. By symmetry, we also find a 𝑦 ∈ 𝐾 for which 𝑦 ∈ 𝐿 holds.
To prove the triangle inequality, we suppose that

𝛿(𝐾,𝑀) = max
𝑥∈𝐾

min
𝑧∈𝑀

‖𝑥 − 𝑧‖.

Since 𝐾 and𝑀 are compact, we can choose 𝑥 ∈ 𝐾, 𝑧 ∈ 𝑀 such that 𝛿(𝐾,𝑀) = ‖𝑥 − 𝑧‖.
Now, we have

𝛿(𝐾,𝑀) = ‖𝑥 − 𝑧‖ ≤ ‖𝑥 − 𝑦‖ + ‖𝑦 − 𝑧‖

for all 𝑦 ∈ 𝐿 by the triangle inequality for the norm. Hence,

𝛿(𝐾,𝑀) ≤ max
𝑥∈𝐾

min
𝑧∈𝑀

‖𝑥 − 𝑦‖ +max
𝑥∈𝐾

min
𝑧∈𝑀

‖𝑦 − 𝑧‖

for all 𝑦 ∈ 𝐿.
Since the minimised terms do not depend on 𝑧 and 𝑥, respectively, we obtain

𝛿(𝐾,𝑀) ≤ max
𝑥∈𝐾

‖𝑥 − 𝑦‖ +min
𝑧∈𝑀

‖𝑦 − 𝑧‖.

Therefore, we obtain the triangle inequality

𝛿(𝐾,𝑀) ≤ max
𝑥∈𝐾

min
𝑦∈𝐿

‖𝑥 − 𝑦‖ +max
𝑦∈𝐿

min
𝑧∈𝑀

‖𝑦 − 𝑧‖ ≤ 𝛿(𝐾, 𝐿) + 𝛿(𝐿,𝑀).

Let (𝐾𝑛)𝑛∈ℕ be a sequence of convex bodies. Then, this sequence is said to be convergent,
if 𝐾𝑛 → 𝐾 for 𝑛 → ∞ with respect to the Hausdorff distance.
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2 An introduction to convex geometry

Lemma 2.16. The metric space (𝒦𝑛, 𝛿) is complete, i. e. every Cauchy sequence (𝐾𝑛)𝑛∈ℕ in
𝒦𝑛 has a limit 𝐾 ∈ 𝒦𝑛 such that 𝐾𝑛 → 𝐾 for 𝑛 → ∞ w. r. t. the Hausdorff distance 𝛿.

Proof. See [Sch14, Theorem 1.8.3] and [Sch14, Theorem 1.8.6] in combination with standard
topological results.

Definition 2.17 (Support function). For a convex body 𝐾 ∈ 𝒦𝑛, its support function
ℎ𝐾∶ 𝑆𝑛−1 → ℝ is given by

ℎ𝐾∶ 𝑢⟼ max{⟨𝑢, 𝑥⟩ ∣ 𝑥 ∈ 𝐾}.

The idea of the support function is as follows: Choose some boundary point 𝑥 ∈ 𝜕𝐾 of a
convex body 𝐾. Then, there is a hyperplane 𝐻 that intersects at 𝑥 such that its associated
negative half-space 𝐻− contains 𝐾, since otherwise, the point 𝑥 is cannot be a boundary
point of 𝐾 by convexity of 𝐾.
Such hyperplane is formally given by (𝑛 − 1) vectors that span the hyperplane and an

affine vector 𝑣. In finite real vector spaces, we can replace this identification by an outer
unit normal vector 𝑢 ∈ 𝑆𝑛−1 of the hyperplane an distance ℎ ∈ ℝ in direction of 𝑢. This
distance is given bymax𝑥∈𝐾⟨𝑢, 𝑥⟩, which motivates the definition of the support function.

Remark. We can extend the support function ℎ𝐾∶ 𝑆𝑛−1 → ℝ of a convex set 𝐾 ⊆ ℝ𝑛

uniquely to a function ̃ℎ𝐾∶ ℝ𝑛 → ℝ by

̃ℎ𝐾(𝑣) = ‖𝑣‖ℎ𝐾(
1
‖𝑣‖𝑣).

Furthermore, we have

̃ℎ𝐾(𝑣) = ‖𝑣‖max{⟨ 1
‖𝑣‖𝑣, 𝑥⟩ ∣ 𝑥 ∈ 𝐾} = max{⟨𝑣, 𝑥⟩ ∣ 𝑥 ∈ 𝐾}.

Hence, we could extend the definition of the support function to all vectors inℝ𝑛 and obtain
the same function.
Thus, the support function is uniquely determined by its values on the unit sphere 𝑆𝑛−1.

Since this argument does not depend on the choice of the norm, we could choose any norm
for the definition of the support function.
In this sense, the geometry, which we develop, does not directly depend up to this point

not on the choice of norm.

Example 2.18. Let 𝑄 = [−1, 1]𝑛 be the 𝑛-dimensional unit hypercube. Further, let 𝑢 =
(𝑢1, … , 𝑢𝑛) ∈ 𝑆𝑛−1. Then, the vector (sgn(𝑢1), … , sgn(𝑢𝑛)) is an element of 𝑄, and further
an element of the boundary of 𝑄, i. e. (sgn(𝑢1), … , sgn(𝑢𝑛))𝜕𝑄.
Thus, the support function ℎ𝑄∶ 𝑆𝑛−1 → ℝ of 𝑄 is given by

ℎ𝑄(𝑢) =
𝑛
∑
𝑖=1

|𝑢𝑖|,

the 1-norm function restricted to 𝑆𝑛−1.
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2.2 Support functions

Example 2.19. Let𝐵 be the𝑛-dimensional unit disc. Then, the support functionℎ𝐵∶ 𝑆𝑛−1 →
ℝ is given by ℎ𝐵(𝑢) = 1 for 𝑢 ∈ 𝑆𝑛−1.
Generally, for 𝜆 > 0, the 𝑛-dimensional ball 𝜆𝐵 with radius 𝜆 has the support function

ℎ𝜆𝐵(𝑢) = 𝜆.

Lemma 2.20 (Monotonicity of support functions). Let 𝐾, 𝐿 ∈ 𝒦𝑛 be two convex bodies that
satisfy 𝐾 ⊆ 𝐿, i. e. 𝐾 is a subbody of 𝐿. Then for their support functions ℎ𝐾, ℎ𝐿∶ 𝑆𝑛−1 → ℝ+ it
holds the inequality

ℎ𝐾(𝑢) ≤ ℎ𝐿(𝑢) for all 𝑢 ∈ 𝑆𝑛−1.

Furthermore, if ℎ𝐾(𝑢) ≤ ℎ𝐿(𝑢) for all 𝑢 ∈ 𝑆𝑛−1, then 𝐾 ⊆ 𝐿.

Proof. Let 𝐾, 𝐿 ∈ 𝒦𝑛
0 and 𝑢 ∈ 𝑆𝑛−1. Consider the sets

𝐴 ∶= {⟨𝑢, 𝑥⟩ ∣ 𝑥 ∈ 𝐾},
𝐵 ∶= {⟨𝑢, 𝑦⟩ ∣ 𝑦 ∈ 𝐿}.

Then 𝐴 ⊆ 𝐵, since 𝐾 ⊆ 𝐿. Therefore, we have

ℎ𝐾(𝑢) = max𝐴 ≤ max𝐵 = ℎ𝐿(𝑢).

A surprising but useful characterisation of the Hausdorff distance is given by the support
function.

Lemma 2.21. Let 𝐾, 𝐿 ∈ 𝒦𝑛 convex bodies with support functions ℎ𝐾, ℎ𝐿∶ 𝑆𝑛−1 → ℝ. Then,
their Hausdorff distance is given by

𝛿(𝐾, 𝐿) = ‖ℎ𝐾 − ℎ𝐿‖∞,

where ‖⋅‖∞ denotes the supremumnorm on𝐶(𝑆𝑛−1), the set of continuous functions 𝑆𝑛−1 → ℝ.

Proof. [Sch14, Lemma 1.8.14].

Theorem 2.22. Let 𝐾 ∈ 𝒦𝑛. Then, there is a sequence of bounded, convex polytopes (𝑃𝑛)𝑛∈ℕ
that converges to 𝐾.

Proof. [Sch14, Theorem 1.8.16].

The support function clearly contains all information that are necessary to reconstruct
the convex body. Since it is a map ℎ𝐾∶ 𝑆𝑛−1 → ℝ, we can construct all hyperplanes that
support 𝐾 by choosing

𝐻ᵆ = {𝑥 ∈ 𝕣𝑛 ∣ ⟨𝑥, 𝑢⟩ = ℎ(𝑢)}

in direction 𝑢 ∈ 𝑆𝑛−1.
Furthermore, 𝐾 ∈ 𝐻−

ᵆ , where𝐻−
ᵆ is the negative half-space of 𝐻ᵆ, for any 𝑢 ∈ 𝑓𝑛−1. This

gives rise to the definition of the Aleksandrov body.
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2 An introduction to convex geometry

Definition 2.23 (Aleksandrov body). Let ℎ∶ 𝑆𝑛−1 → ℝ+ be a positive function defined on
the 𝑛 − 1-dimensional unit sphere. Then, the set defined by

𝑄ℎ ∶= {𝑥 ∈ ℝ𝑛 ∣ ⟨𝑥, 𝑢⟩ ≤ ℎ(𝑢) for all 𝑢 ∈ 𝑆𝑛−1}

is called the Aleksandrov body orWulff shape of ℎ.

Remark. Let 𝐾 ∈ 𝒦𝑛 be a convex body with support function ℎ𝐾∶ 𝑆𝑛−1 → ℝ. Now,
consider the Aleksandrov body of ℎ𝐾, which we denote by 𝑄𝐾.
Our assertion is that 𝑄𝐾 = 𝐾. For this, let 𝑥 ∈ 𝐾. Then, ⟨𝑥, 𝑢⟩ ≤ ℎ𝐾(𝑢) for all 𝑢 ∈ 𝑆𝑛−1 by

definition of the support function. Thus, 𝑥 ∈ 𝑄𝐾.
For the reverse direction, suppose that 𝑥 ∈ 𝑄𝐾, i. e. we have ⟨𝑥, 𝑢⟩ ≤ ℎ𝐾(𝑢) for all

𝑢 ∈ 𝑆𝑛−1. To obtain a contradiction, suppose that 𝑥 ∉ 𝐾. But then ⟨𝑥, 𝑢⟩ > ℎ𝐾(𝑢) for some
𝑢 ∈ 𝑆𝑛−1, since otherwise 𝑥 lies in the interior of 𝐾. Hence, 𝑥 ∈ 𝐾.
Thus, the Aleksandrov body of the support function of 𝐾 is the body 𝐾. In this sense, the

Aleskandrov body construction is an inverse operation to the support function.
Another proof can be obtained by considering the Hausdorff distance 𝛿(𝐾,𝑄𝐾).

Onemight expect that the reverse holds, i. e., for a functionℎ∶ 𝑆𝑛−1 → ℝ, theAleskandrov
body 𝑄ℎ has support function ℎ. While this follows indeed for functions ℎ∶ 𝑆𝑛−1 → ℝ
that are support functions of convex bodies, this does not hold in general, as the following
example will demonstrate.

Example 2.24. Consider the function

ℎ∶ 𝑆1 ⟶ℝ,
(𝑢1, 𝑢2)⟼ |𝑢1| + |𝑢2|.

Then, the Aleskandrov body 𝑄ℎ is the unit square 𝑄 ∶= [−1, 1]2, since ℎ𝑄(𝑢) = ℎ(𝑢) for all
𝑢 ∈ 𝑆1.
Now, we modify this function at a few points, resulting in a new function ̃ℎ ∶ 𝑆1 → ℝ. Let

𝐶 = 2−1/2{(1, 0), (0, 1), (−1, 0), (0, −1)}. Then, let that function be given by ̃ℎ(𝑢) = ℎ(𝑢) for
all 𝑢 ∈ 𝑆1 ⧵ 𝐶 and by ̃ℎ(𝑢) = √2 for 𝑢 ∈ 𝐶.
Then, the Aleksandrov body of the function ̃ℎ is the unit ball with respect to the 1-norm on

ℝ2, which is depicted in Figure 2.1. This holds, since for all 𝑆1 ⧵ 𝐶, the function ̃ℎ describes
the given square 𝑄, but its values on 𝐶 cuts the resulting body by appropriate hyperplanes.

Thus, the connection between the support function of an Aleksandrov body and its
generating function is non-trivial.

Definition 2.25 (Gauss map). Let 𝐾 ∈ 𝒦𝑛 be a convex body.
A boundary point 𝑥 ∈ 𝜕𝐾 is called regular if the supporting hyperplane at 𝑥 is unique,

i. e. the boundary 𝜕𝐾 has an unique outer unit normal vector at 𝑥. The set of regular points
is denoted by 𝜕′𝐾.
The map 𝜈𝐾∶ 𝜕′𝐾 → 𝑆𝑛−1 that assigns the outer unit normal 𝜈𝐾(𝑥) of the supporting

hyperplane at 𝑥 ∈ 𝜕𝐾′ to a regular boundary point 𝑥 ∈ 𝜕′𝐾 is called the Gauss map of 𝐾.
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0

Figure 2.1: Unit ball with respect to the 1-norm on ℝ2.

0 𝜈𝑄((1, 0))

𝜈𝑄((0, 1))

𝜈𝑄((−1, 0))

𝜈𝑄((0, −1))

Figure 2.2: Outer unit normals of the unit square in ℝ2
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Example 2.26. Let 𝑄 = [−1, 1] × [−1, 1] ⊆ ℝ2 be a square in Euclidean plane, which is
depicted in Figure 2.2. Its boundary is given by

𝜕𝑄 = ({−1, 1} × [−1, 1]) ∪ ([−1, 1] × {1, −1}).

Now, the corners of 𝑄 are (1, 1), (−1, 1), (−1, −1), (1, −1) and these elements do not have
an unique outer unit normal. It is easy to see that the remaining boundary points are regular.
Thus, the set of regular boundary points of 𝑄 is given by

𝜕′𝑄 = ({−1, 1}) × (−1, 1) ∪ ((−1, 1) × {1, −1}).

Thus, the Gauss map of 𝑄 is given by

𝜈𝑄∶ 𝜕′𝑄⟶ 𝑆1,

𝑥⟼

⎧
⎪

⎨
⎪
⎩

(1, 0) for 𝑥 ∈ {1} × (−1, 1),
(0, 1) for 𝑥 ∈ (−1, 1) × {1},
(−1, 0) for 𝑥 ∈ {−1} × (−1, 1),
(0, −1) for 𝑥 ∈ (−1, 1) × {−1}.

For example, 𝜈𝑄(1, 1/2) = (1, 0).

2.3 Measurability of convex sets

Before talking about the volume of convex sets, we have to talk about their measurability.
While one might expect that convex sets behave well with respect to the usual measures, i. e.
Borel measures onℝ𝑛, pathological examples in measure theory, e. g. the Vitali construction
or even the Cantor set, give rise to a proof that convex sets are, in fact, measurable.
For this procedure, we will not rely on the usual Lebesgue measure, but replace it by the

so-called Hausdorff measure. The Hausdorff measure usually appears in fractal geometry
as an ingredient for the fractal dimension of sets, but in our treatment, this will be of no
interest.
We choose the Hausdorff measure, since it allows us, in contrast to the usual construc-

tion of the Lebesgue measure, to get a meaningful measure on subsets that have a lower
dimension than their surrounding space.
For example, awell-known theorem (cf. [Els18]) states that, for an injective curve 𝛾∶ [0, 1] →

ℝ𝑛, its length is the 1-dimensional Hausdorff measure of its image 𝛾([0, 1]). A similar result
holds for the boundary or surface of convex bodies.
Since proving deep theorems about measure theory is not our aim, we define the outer

Hausdorff measure in an effective way. For that, we denote the diameter of a subset 𝐴 ⊆ ℝ𝑛

by diam(𝐴), and define it as follows:

diam(𝐴) ∶= sup{𝑑(𝑥, 𝑦) ∣ 𝑥, 𝑦 ∈ 𝐴} for all 𝐴 ⊆ ℝ𝑛.

14



2.3 Measurability of convex sets

Definition 2.27 (Hausdorff measure). Let (𝑀, 𝑑) be a metric space, 𝑝 ∈ [0,∞). The 𝑝-
dimensional outer Hausdorff measure is given by

ℋ𝑝(𝐴) = lim
𝛿→0+

ℋ𝑝
𝛿 (𝐴),

where

ℋ𝑝
𝛿 = inf {

∞
∑
𝑖=1
(diam(𝐴𝑖))𝑝 ∣ (𝐴𝑖)𝑖∈ℕ ⊆ 𝐵(𝑀),𝐴 ⊆

∞

⋃
𝑖=1

𝐴𝑖, diam(𝐴𝑖) < 𝛿}.

That this is ametric outermeasure follows from general theory and is elaborated in [Els18].
To obtain a Borel measure from this definition, the usual path is to choose the Carathéodory
construction. We shall sketch this construction here, but for technical details, we refer to
[Els18] again.

Definition 2.28 (Measurable set). Let 𝜇 be an outer measure onℝ𝑛. A set 𝐴 ⊆ ℝ𝑛 is called
measurable if 𝜇(𝐵) = 𝜇(𝐴 ∩ 𝐵) + 𝜇(𝐴𝐶 ∩ 𝐵) for all 𝐵 ⊆ ℝ𝑛.

This definition of a measurable set is due to Carathéodory and the essential component
of the Carathéodory construction.
One can show that the set of all measurable subsets is a 𝜎-algebra, and that an outer

measure 𝜇 on ℝ𝑛 restricted to the subset of all measurable sets is a measure, cf. [Els18,
Satz II.4.4].
By applying the Carathéodory construction to the outer Hausdorff measure, we obtain

theHausdorff measure. By general theory it follows that this measure is a Borel measure, i. e.
it is defined on the Borel 𝜎-algebra on ℝ. We denote the 𝑛-dimensional Hausdorff measure
in this section byℋ𝑛.

Theorem 2.29. The 𝑛-dimensional Hausdorff measure satisfies the following properties:

(i) ℋ𝑛 is translation-invariant, i. e. for a measurable set 𝐴 ⊆ ℝ𝑛 and 𝑥 ∈ ℝ𝑛, it holds
ℋ𝑛(𝐴 + 𝑥) = ℋ𝑛(𝐴).

(ii) ℋ𝑛 is positive homogeneous, i. e. for a measurable set 𝐴 ⊆ ℝ𝑛 and a positive constant
𝛼 > 0, it holdsℋ𝑛(𝛼𝐴) = 𝛼𝑛ℋ𝑛(𝐴).

(iii) ℋ𝑛 is monotonic, i. e. for measurable sets 𝐴, 𝐵 ⊆ ℝ𝑛, 𝐴 ⊆ 𝐵, it holdsℋ𝑛(𝐴) ≤ ℋ𝑛(𝐵).

Proof. These properties follow directly from the respective properties of the Hausdorff outer
measure, cf. [Els18, p. 78].

Theorem 2.30 (Equivalence of Hausdorff and Lebesgue measure). Let 𝐴 ⊆ ℝ𝑛 be a Borel
set. Then, the 𝑛-dimensional Hausdorff measure and 𝑛-dimensional Lebesgue measure are
equivalent, such that

𝜆𝑛(𝐴) = 𝛼𝑛ℋ𝑛(𝐴),

holds, where 𝛼𝑛 > 0 depends solely on the dimension 𝑛.

Proof. See [Els18, Satz III.2.9].
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2 An introduction to convex geometry

The actual constant 𝛼𝑛 is of no further interest for us, since most of the properties, which
we prove, do not depend on the actual measure of some body. Thus, the Hausdorff measure
and the Lebesgue measure coincide on Borel sets.

Theorem 2.31. Let 𝐾 be a convex set. Then, the boundary 𝜕𝐾 is aℋ𝑛-null set.

Proof. See [Els18, Satz II.7.7] and [Lan86].

Since we can partition a convex set 𝐾 ⊆ ℝ𝑛 into its interior int𝐾 and its boundary 𝐾 ∩𝜕𝐾,
the measurability of 𝐾 is equivalent with the measurability of 𝐾∩𝜕𝐾. Now,𝐾∩𝜕𝐾 ⊆ 𝜕𝐾 is a
subset of a null set. Thus, 𝐾 ∩𝜕𝐾 is measurable w.r.t.ℋ𝑛. Hence, a convex set is measurable.

Remark. Let 𝐾 ⊆ ℝ𝑛 be a convex set. Now, consider the boundary of 𝐾 that belongs to 𝐾,
which is given by the set 𝐿′ = 𝜕𝐾 ∩ 𝐾.
Then, 𝐿′ ⊆ 𝜕𝐾, and further, 𝐿′ is a null set, since 𝜕𝐾 is a null set by the preceding theorem.
Since 𝐾 is convex, we can partition 𝐾 as follows: 𝐾 = ∫(𝐾) ∪ 𝐿′. Now, 𝐾 is the union of

twoℋ𝑛-measurable sets. Hence, a convex set isℋ𝑛-measurable.

Definition 2.32 (Volume functional). Let 𝑛 ∈ ℕ, 𝑛 ≥ 1. Further, let 𝑘 ∈ ℕ, 1 ≤ 𝑘 ≤ 𝑛 and
let 𝐵 ⊆ 𝒫(ℝ𝑛)) the set ofℋ𝑘-measurable sets in ℝ𝑛.
The 𝑘-dimensional volume functional V𝑘∶ 𝐵 → [0,∞] is given by

V𝑘(𝐴) = 𝛼𝑛ℋ𝑛(𝐴) for all 𝐴 ∈ 𝐵.

We denote the 𝑛-dimensional volume functional on ℝ𝑛 by V ∶= V𝑛.

Remark. Let 𝑃 ∈ 𝒦𝑛 be a polytope with unit normals 𝑢1, … , 𝑢𝑘. Then, the volume of 𝑃 is
given by the formula

V(𝑃) = 1
𝑛

𝑛
∑
𝑖=1

V𝑛−1(𝐹(𝑃, 𝑢𝑖))ℎ𝑃(𝑢𝑖),

where V𝑛−1 denotes the (𝑛 − 1)-dimensional Hausdorff measure.
This can be seen as follows: For a polytope 𝑃, we can always assume that 0 ∈ 𝑃, i. e. we

can translate 𝑃 such that 0 lies in the polytope. Since the Hausdorff measure is translation-
invariant, the volume of 𝑃 will not change.
Then, the polytope 𝑃 is the union of 𝑘 cones of their facets, i. e. the cones

𝑃𝑖 ∶= conv({0}, 𝐹(𝑃, 𝑢𝑖)) for 𝑖 = 1, … , 𝑘.

By general properties of the support function ℎ𝑃∶ 𝑆𝑛−1 → ℝ, the cone 𝑃𝑖 has height ℎ𝑃(𝑢𝑖),
and therefore V(𝑃𝑖) = 1/𝑛V𝑛−1(𝐹(𝑃, 𝑢𝑖))ℎ𝑃(𝑢𝑖). In this formula, 𝐹(𝑃, 𝑢𝑖) denotes the facet
with outer unit normal 𝑢𝑖 of 𝑃, which is the base of the cone 𝑃𝑖. The volume formula for
cones follows from Cavalieri’s principle.
Since the boundaries of the cones are null sets, their finite union is also a null set, yielding

the general formula for convex polytopes.

When one has a convex body, there are several measures that one can construct. One of
such measures is the surface area measure of a convex body.
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2.3 Measurability of convex sets

Definition 2.33 (Surface area measure of convex bodies). Let 𝐾 ∈ 𝒦𝑛
0 be a convex body

and let 𝜈𝐾∶ 𝜕𝐾 → 𝑆𝑛−1 be the associated generalised Gauss map. Then, the surface-area
measure of 𝐾 is defined by

𝑆𝐾(𝜔) = ℋ𝑛−1(𝜈−1𝐾 (𝜔))

for each Borel set 𝜔 ⊆ 𝑆𝑛−1.

The surface areameasure 𝑆𝐾measures the area of the surfacewith given outer unit normal
vectors. Let 𝜔 ⊆ 𝕊𝑛−1 be a Borel set of outer unit normal vectors. Then 𝑆𝐾(𝜔)measures the
set of all points 𝑥 ∈ 𝜕𝐾 that have an outer unit normal vector in 𝜔.

Example 2.34. Let 𝐵 be an two-dimensional unit ball, i. e. the set 𝐵[0, 1]with respect to the
Euclidean norm onℝ2. Then, the surface area measure of 𝐵 is given by 𝑆𝐾(𝜔) = ℋ1(𝜈−1𝐾 (𝜔))
for all Borel sets 𝜔 ⊆ 𝑆1.
For 𝑥 ∈ 𝜕𝐵 = 𝑆1, we have 𝜈𝐾(𝑥) = 𝑥, i. e. the outer unit normal at 𝑥 is given by 𝑥 ∈ 𝑆1.

Thus, the Gauss map 𝜈𝐾∶ 𝜕𝐵 → 𝑆1 is the identity map.
Hence,

𝑆𝐾(𝜔) = ℋ1(𝜔) for all Borel sets 𝜔 ⊆ 𝑆1.

By the same argument, this holds for higher dimensions too.

One problem that is associated with this measure is the so-called Minkowski problem,
which we shall treat in Section 3.3.
Another measure is given by the cone-volume measure.

Definition 2.35 (Cone-volumemeasure, cf. [Bör+12]). The cone-volumemeasure of a convex
body 𝐾 ∈ 𝒦𝑛

0 is defined by

𝑉𝐾(𝜔) =
1
𝑛 ∫𝜈−1𝐾 (𝜔)

⟨𝑥, 𝜈𝐾(𝑥)⟩ 𝑑ℋ𝑛−1(𝑥)

for a Borel set 𝜔 ∈ ℬ(𝑆𝑛−1).

By this definition, the cone-volume measure 𝑉𝐾 measures the (not necessarily convex)
cone whose base is the set 𝜈−1𝐾 (𝜔) to the origin of the Euclidean space, thus measuring the
amount of volume of 𝐾 with respect to a given set of outer unit normal vectors.

Example 2.36. Let 𝑃 ∈ 𝒦𝑛 be a convex polytope with unit normals 𝑢1, … , 𝑢𝑘. Then, for a
unit normal 𝑢𝑖, 𝑖 ∈ {1, … , 𝑘}, we have 𝑉𝑃({𝑢𝑖}) =

1
𝑛
V𝑛−1(𝑢𝑖)ℎ𝑃(𝑢𝑖).

Thus, the cone-volume measure 𝑉𝑃 is given by

𝑉𝑃 = ℎ𝑃(𝑢1)𝛿1 +⋯+ ℎ𝑃(𝑢𝑘)𝛿𝑖,

where 𝛿𝑖 is the discrete measure concentrated on {𝑢𝑖}, for 𝑖 = 1, … , 𝑘.
With the polygon 𝑃 given in Figure 2.3, it follows that the measure 𝑉𝑃 is concentrated on

{𝜗1, … , 𝜗5}.

With the preceding example, the equality 𝑉𝑃 = V(𝑃) directly follows for polytopes, and
by approximation for all convex bodies, i. e. 𝑉𝐾 = V(𝐾) for all 𝐾 ∈ 𝒦𝑛

0 .
Thus, one denotes by �̄�𝐾 the normalised cone-volumemeasure, which is given by �̄�𝐾(𝜔) =

V(𝐾)−1𝑉𝐾(𝜔) for all Borel sets 𝜔 ⊆ 𝑆𝑛−1. Hence, �̄�𝐾 is a probability measure.
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𝜗1

𝜗2

𝜗3

𝜗4

𝜗5

0

Figure 2.3: A polygon in 2-dimensional Euclidean space and its outer unit normals.
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3 The Brunn–Minkowski theory

The Brunn–Minkowski theory is motivated by the work of Brunn and Minkowski on the
Brunn–Minkowski inequality in the 19th century, and is a large branch of convex geometry.
One of its most famous results, the Brunn–Minkowski inequality for convex bodies, gives
a grasp what the theory is about. The most basic objects in the theory are convex bodies,
whose general theory we developed in the previous chapter.
The volume functional V∶ 𝒦𝑛 → [0,∞) that assigns a positive measure to each convex

body is of interest: It is used to characterise several subtypes of convex bodies and the
connections between them. For example, the result of the Brunn–Minkowski theorem,
which we shall prove in Theorem 3.3, states that two convex bodies 𝐾 and 𝐿 are homothetic
if and only if equality in the Brunn–Minkowski inequality holds.
Nowadays the Brunn–Minkowski theory is a large area of geometry, which offers amassive

amount of results about convex bodies. Therefore, we cannot provide a complete survey
through the topic, but we refer to [Sch14] as a standard work on Brunn–Minkowski theory.
Instead of this, we focus on the development of the Brunn–Minkowski inequality and the
necessary theory to state and answer the Minkowski problem, which is one of the most
important motivations of the Brunn–Minkowski inequality.

3.1 Brunn–Minkowski inequality

The Brunn–Minkowski inequality is the central inequality of the Brunn–Minkowski theory.
It states that, for convex bodies 𝐾, 𝐿 ∈ 𝒦𝑛, the volumes of 𝐾, 𝐿 and their Minkowski sum
𝐾 + 𝐿 satisfy the condition

V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅ V(𝐾)1/𝑛 + 𝜆 ⋅ V(𝐿)1/𝑛 for all 𝜆 ∈ [0, 1].

In the literature, there are many different variants of the Brunn–Minkowski inequality,
which are mostly equivalent. In this chapter, we will develop both the classical and general
Brunn–Minkowski inequality, where the former is the variant that was established by Brunn
in the 19th century.
Apart from that, the so-called general Brunn–Minkowski inequality is an extension of the

classical inequality to all convex or even measurable set. This inequality is of our interest,
since it allows us to prove the classical inequality by analytical and measure theoretic
arguments, an approach that is popular among the proofs
The proof techniques used to prove these inequalities are of special interest, since they

show a special connection of analysis, convex geometry and measure theory. The obtained
result of the general inequality will hold for all ℋ𝑛-measurable sets, i. e. sets that are
measurable with respect to the 𝑛-dimensional Hausdorff measure. Thus, the general variant
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3 The Brunn–Minkowski theory

will include the classical Brunn–Minkowski inequality as a special case, whereas convex
bodies are measurable by Lemma 2.31.
The following statement of the general Brunn–Minkowski inequality is that from [Gar02,

Theorem 4.1], which is a popular survey article on the Brunn–Minkowski inequality and
applications.

Theorem 3.1 (General Brunn–Minkowski inequality). Let 𝐾, 𝐿 be two measurable sets, and
𝜆 ∈ [0, 1] such that (1 − 𝜆)𝐾 + 𝜆𝐿 is measurable w. r. t. the 𝑛-dimensional Hausdorff measure.
Then, the Brunn–Minkowski inequality

V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅ V(𝐾)1/𝑛 + 𝜆V(𝐿)1/𝑛

holds.

This form of the inequality, which we also gave in the introduction to the section, is also
called the standard form. Another form of this inequality is the so-called multiplicative
form, where the dimension-dependent exponents disappear and the sum on the right side
transforms to a product of powers.

Theorem3.2 (General Brunn–Minkowski inequality,multiplicative form). Let𝐾, 𝐿 ⊆ ℝ𝑛 be
two measurable sets, 𝜆 ∈ [0, 1] such that (1−𝜆)𝐾 +𝜆𝐿 is measurable w. r. t. the 𝑛-dimensional
Lebesgue measure. Then

V((1 − 𝜆)𝐾 + 𝜆𝐿) ≥ V(𝐾)1−𝜆 V(𝐿)𝜆

The classical form of the Brunn–Minkowski inequality is given as follows:

Theorem 3.3 (Classical Brunn–Minkowski inequality). Let 𝐾, 𝐿 ⊆ ℝ𝑛 be two convex bodies
and 𝜆 ∈ [0, 1]. Then

V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅ (V(𝐾))1/𝑛 + 𝜆 ⋅ V(𝐿)1/𝑛.

Before applying the general Brunn–Minkowski inequality to the proof of the classic
variant, we have to discuss the measurability of the Minkowski sum 𝐾 +𝐿 for convex bodies
𝐾, 𝐿 ∈ 𝒦𝑛. It turns out, that with the restriction to convex bodies the result is almost trivial.
The following lemma and proof use solely topological results.

Lemma 3.4. Let 𝐾, 𝐿 ∈ 𝒦𝑛. Then the Minkowski sum 𝐾 + 𝐿 is measurable.

Proof. Consider the map

𝑓∶ 𝐾 × 𝐿⟶ 𝐾 + 𝐿,
(𝑥, 𝑦)⟼ 𝑥 + 𝑦.

This map is continuous, since ℝ𝑛 is a topological vector space. Since 𝐾 and 𝐿 are compact,
their Cartesian product 𝐾 × 𝐿 is compact. Then the image 𝑓(𝐾 × 𝐿)must be compact, cf.
[Mun00]. The map 𝑓 is onto by definition, hence 𝑓(𝐾 × 𝐿) = 𝐾 + 𝐿 is compact, a Borel-set,
and therefore measurable.
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3.1 Brunn–Minkowski inequality

Although the same result holds also for Borel sets 𝐾, 𝐿 ⊆ ℝ𝑛, the Minkowski sum of two
measurable sets 𝐾, 𝐿 ⊆ ℝ𝑛 is not measurable again.

Example 3.5. Let 𝐴 ⊆ [0, 1] be a non-measurable subset. For example, we can obtain such
set by the well-known Vitali construction, cf. [Els18].
now, consider the sets

𝐾 ∶= 𝐴 × {0},𝐿 ∶= {0} × [0, 1],

which are subsets of [0, 1] × [0, 1]. These sets are measurable, since 𝐾 and 𝐿 are null sets
with respect to the usual measure on [0, 1]2.
Our aim is to show that their Minkowski sum 𝑆 ∶= 𝐾 + 𝐿 is not measurable. Indeed, this

sum is given by 𝑆 = 𝐴 × {0} + {0} × [0, 1] = 𝐴 × [0, 1]. Now, suppose that 𝑆 is measurable.
Then, by Fubini’s theorem, we would have

V(𝑆) = ∫
1

0
∫

1

0
1𝑆(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 = ∫

1

0
1[0, 1](𝑦)∫

1

0
1𝐾(𝑥) 𝑑𝑥 𝑑𝑦.

But since the inner integral is not defined by assumption, the set 𝑆 cannot be measurable.
Thus, there exist sums of measurable spaces that are not measurable.

Despite the measurability of sums does not hold in general, it holds for all Borel sets
𝐾, 𝐿 ⊆ ℝ𝑛. This follows from the decomposition

𝐾 + 𝐿 = ⋃
𝑥∈𝐾

𝑥 + 𝐿.

With the general Brunn–Minkowski inequality it is almost trivial to prove its classical
version. Certainly, the equality cases need another treatment, which does not directly follow
from the general variant. Accordingly, we defer the proof of the classical Brunn–Minkowski
inequality including its equality cases to the end of this section.
Now, we will present two proofs of the general Brunn–Minkowski inequality. The first

proof will use an analytic inequality that is called the Prékopa–Leindler inequality. In the
second proof, we choose a measure-theoretic approach.
In the following procedure, the term “measurable” in conjunction with a subset 𝐴 ⊆ ℝ𝑛

means themeasurable with respect to the 𝑛-dimensional Hausdorffmeasure. In other words,
𝐴 is called measurable, if 𝐴 isℋ𝑛-measurable. The same holds for the term “integrable”.

Theorem 3.6 (Prékopa–Leindler inequality, cf. [Gar02, Theorem 7.1]). Let 𝑓, 𝑔, ℎ∶ ℝ𝑛 → ℝ
be integrable maps that satisfy

ℎ((1 − 𝜆)𝑥 + 𝜆𝑦) ≥ 𝑓(𝑥)1−𝜆𝑔(𝑥)𝜆

for all 𝜆 ∈ [0, 1], 𝑥, 𝑦 ∈ ℝ𝑛.
Then

∫
ℝ𝑛
ℎ(𝑥) 𝑑𝑥 ≥ (∫

ℝ𝑛
𝑓(𝑥) 𝑑𝑥)

1−𝜆

(∫
ℝ𝑛
𝑔(𝑥) 𝑑𝑥)

𝜆

.
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3 The Brunn–Minkowski theory

In the proof of the Prékopa–Leindler inequality, we will use the inequality of arithmetic
and geometric means. This inequality is a standard result from analysis, and is obtained by
induction or as an application of the concavity of the logarithm function log∶ (0,∞) → ℝ.

Lemma 3.7 (Inequality of the arithmetic and geometric means). For non-negative real
numbers 𝑥1, … , 𝑥𝑛 ∈ ℝ𝑛 it holds

∑𝑛
𝑖=1 𝑥𝑖
𝑛 ≥ (

𝑛
∏
𝑖=1

𝑥𝑖)
1/𝑛

where equality holds precisely when 𝑥1 = ⋯ = 𝑥𝑛.

The following proof of the Prékopa–Leindler inequality (Theorem 3.6) is due to [Sch14,
p. 374f], and is by induction.

Proof of Theorem 3.6. The proof of the Prékopa–Leindler inequality is by induction over 𝑛,
although the base case 𝑛 = 1 is not even trivial.
Let 𝑛 = 1 and 𝐹 ∶= ∫𝑓(𝑥) 𝑑𝑥, 𝐺 ∶= ∫𝑔(𝑥) 𝑑𝑥. Further, we suppose that 𝐹 ≥ 0, 𝐺 ≥ 0.

Then, define the functions 𝑢, 𝑣∶ (0, 1) → ℝ by the fixed-point problem

1
𝐹 ∫

ᵆ(𝑡)

−∞
𝑓(𝑥) 𝑑𝑥 = 1

𝐺 ∫
𝑣(𝑡)

−∞
𝑔(𝑥) 𝑑𝑥 = 𝑡.

Since 𝑓, 𝑔 are integrable and positive and therefore ∫𝑓 < ∞, ∫𝑔 < ∞, these functions exist.
Further, the derivatives of 𝑢, 𝑣 are determined by

𝑓(𝑢(𝑡))𝑢′(𝑡)
𝐹 =

𝑔(𝑣(𝑡))𝑣′(𝑡)
𝐺 = 1 for all 𝑡 ∈ (0, 1)

by the fundamental theorem of calculus and differentiation rules. Now, we consider the
linear combination

𝑤∶ (0, 1)⟶ ℝ,
𝑡⟼ (1 − 𝜆)𝑢(𝑡) + 𝜆𝑣(𝑡).

This function is differentiable, and by the arithmetic-geometric inequality (Lemma 3.7), we
have

𝑤′(𝑡) = (1 − 𝜆)𝑢′(𝑡) + 𝜆𝑣′(𝑡)
≥ (𝑢′(𝑡))1−𝜆(𝑣′(𝑡))𝜆

= ( 𝐹
𝑓(𝑢(𝑡)))

1−𝜆

( 𝐺
𝑔(𝑣(𝑡)))

𝜆

.
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3.1 Brunn–Minkowski inequality

By plugging the preceding formulas together, we obtain the estimate

∫
ℝ
ℎ(𝑥) 𝑑𝑥 ≥ ∫

1

0
ℎ(𝑤(𝑡))𝑤′(𝑡) 𝑑𝑡

≥ ∫
1

0
𝑓(𝑢(𝑡))1−𝜆𝑔(𝑣(𝑡))𝜆( 𝐹

𝑓(𝑢(𝑡)))
1−𝜆

( 𝐺
𝑔(𝑣(𝑡)))

𝜆

= 𝐹1−𝜆𝐺𝜆.

When we have non-positive functions 𝑓, 𝑔, we consider the functions 𝑓+, 𝑔+, 𝑓−, 𝑔−∶ ℝ →
ℝ that are positive and negative, respectively, such that 𝑓 = 𝑓+ + 𝑓− and 𝑔 = 𝑔+ + 𝑔−.
Since the Prékopa–Leindler inequality holds for 𝑓+, 𝑔+, 𝑓−, 𝑔−, it also holds for the linear
combinations. Thus, the Prékopa–Leindler inequality holds for the one-dimensional case
Now, let 𝑛 ≥ 1 such that the Prékopa–Leindler inequality holds for appropriate functions

ℝ𝑛 → ℝ. Let 𝑓, 𝑔, ℎ∶ ℝ𝑛+1 → ℝ be functions that satisfy the precondition, i. e.

ℎ((1 − 𝜆)𝑥 + 𝜆𝑦) ≥ 𝑓(𝑥)1−𝜆𝑔(𝑦)𝜆 for all 𝑥, 𝑦 ∈ ℝ𝑛+1, 𝜆 ∈ [0, 1].

Further, let 𝑥 = (𝑥1, … , 𝑥𝑛, 𝑥𝑛+1), 𝑦 = (𝑦1, … , 𝑦𝑛, 𝑦𝑛+1) ∈ ℝ𝑛+1. Then, we have

ℎ((1 − 𝜆)𝑥 + 𝜆𝑦) ≥ 𝑓(𝑥)1−𝜆𝑔(𝑦)1−𝜆,

and with the notation 𝑧 ∶= (1 − 𝜆)𝑥𝑛+1 + 𝜆𝑦𝑛+1, we have

ℎ((1 − 𝜆) ⋅ (𝑥1, … , 𝑥𝑛) + 𝜆 ⋅ (𝑦1, … , 𝑦𝑛), 𝑧) ≥ 𝑓(𝑥)1−𝜆𝑔(𝑦)1−𝜆.

But this is the precondition for the 𝑛-dimensional case, thus we obtain

∫
ℝ𝑛
ℎ( ̂𝑥, 𝑧) 𝑑 ̂𝑥 ≥ (∫

ℝ𝑛
𝑓( ̂𝑥, 𝑥𝑛+1) 𝑑 ̂𝑥)

1−𝜆

(∫
ℝ𝑛
𝑔( ̂𝑥, 𝑥𝑛+1) 𝑑 ̂𝑥)

𝜆

.

Now, consider the functions

𝐹∶ ℝ⟶ℝ, 𝐺∶ ℝ⟶ℝ, 𝐻∶ ℝ⟶ℝ,

𝑦⟼∫
ℝ𝑛
𝑓( ̂𝑥, 𝑦) 𝑑 ̂𝑥, 𝑦⟼∫

ℝ𝑛
𝑔( ̂𝑥, 𝑦) 𝑑 ̂𝑥, 𝑦⟼∫

ℝ𝑛
ℎ( ̂𝑥, 𝑦) 𝑑 ̂𝑥.

With this naming, the preceding condition says thatwehave𝐻((1−𝜆)𝑎+𝜆𝑏) ≥ 𝐹(𝑎)1−𝜆𝐺(𝑏)1−𝜆
for all 𝑎, 𝑏 ∈ ℝ, 𝜆 > 0.
This is the precondition of the one-dimensional Prékopa–Leindler inequality. Therefore,

we obtain by application of the one-dimensional, established case the inequality

∫
ℝ
𝐻(𝑥) 𝑑𝑥 ≥ (∫

ℝ
𝐹(𝑥) 𝑑𝑥)

1−𝜆

(∫
ℝ
𝐺(𝑥) 𝑑𝑥)

𝜆

.

By Fubini’s theorem, the left side is the integral ∫ℎ(𝑥) 𝑑𝑥) and on the right sides, there
are the integrals ∫𝑓(𝑥) 𝑑𝑥 and ∫𝑔(𝑥) 𝑑𝑥. Hence, the Prékopa–Leindler inequality holds in
(𝑛 + 1)-dimensional space.
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3 The Brunn–Minkowski theory

We continue with the proof of the general Brunn–Minkowski inequality (Theorem 3.1)
by using the Prékopa–Leindler inequality (Theorem 3.6).

First proof of the general Brunn–Minkowski inequality (Theorem 3.1). Let𝑀 ∶= (1 − 𝜆)𝐾 +
𝜆𝐿. Further, let 1𝐴∶ ℝ𝑛 → {0, 1} denote the characteristic function of the set 𝐴 ⊆ ℝ𝑛.
Now, consider the characteristic functions 1𝐾, 1𝐿, 1𝑀∶ ℝ𝑛 of 𝐾, 𝐿 and 𝑀, respectively.

Then the precondition of the Prékopa–Leindler inequality (Theorem 3.6) is

1𝑀((1 − 𝜆)𝑥 + 𝜆𝑦) ≥ 1𝐾(𝑥)1−𝜆1𝐿(𝑦)𝜆

for all 𝑥, 𝑦 ∈ ℝ𝑛. Suppose that 1𝐾(𝑥)1−𝜆1𝐿(𝑦)𝜆 = 1 holds. Then, 𝑥 ∈ 𝐾 and 𝑦 ∈ 𝐾, and
therefore also (1 − 𝜆)𝑥 + 𝜆𝑦 ∈ 𝑀.
Then

V((1 − 𝜆)𝐾 + 𝜆𝐿) = ∫
ℝ𝑛
1𝑀 𝑑𝑥

≥ (∫
ℝ𝑛
1𝐾 𝑑𝑥)

1−𝜆

(∫
ℝ𝑛
1𝐿 𝑑𝑥)

𝜆

= (V(𝐾))1−𝜆(V(𝐿))𝜆

by the Prékopa–Leindler inequality. That this is the Brunn–Minkowski inequality follows
from Theorem 3.11.

The second proof approach of the general Brunn–Minkowski inequality is by approxi-
mation. This method first arose in [HO56], where the arguments that have been used were
mostly elementary. We follow mostly the proof that is given in [Gar02], with amendments
from [BZ88].
Suppose that 𝐴 ⊆ ℝ𝑛 is a measurable set. Then, by the inner regularity of the Lebesgue

measure, and thus of the volume functional𝑉𝑛, we can approximate𝐴 by countably compact
sets (𝐴𝑘)𝑘∈ℕ, 𝐴𝑘 ⊆ 𝐴 for 𝑘 ∈ ℕ. Thus, we can assume that 𝐴 is compact.

Definition 3.8 (Cuboids and elementary sets). A cuboid 𝐶inℝ𝑛 is the product of 𝑛 compact
intervals in ℝ, i. e. there are 𝑎1, … , 𝑎𝑛, 𝑏1, … , 𝑏𝑛 ∈ ℝ that satisfy 𝑎𝑖 < 𝑏𝑖 for 𝑖 = 1, … , 𝑛 such
that

𝐶 =
𝑛
∏
𝑖=1

[𝑎𝑖, 𝑏𝑖].

A set 𝐴 ⊆ ℝ𝑛 is called elementary, if it is the union of finitely many cuboids.

Furthermore, we can approximate such compact set𝐴 by cuboids, as the following lemma
states.

Lemma 3.9. Let 𝐾 ⊆ ℝ𝑛 be a compact set. Then, there exists a sequence of elementary sets
(𝐾𝑖)𝑖∈ℕ such that

V(𝐾𝑖) → V(𝐾) for 𝑖 → ∞.
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3.1 Brunn–Minkowski inequality

Proof. Let 𝜀 > 0. Then, consider the set 𝐾 + 𝐵∞[0, 𝜀] ⊃ 𝐾, which is compact since the sum
of two compact sets is compact.
Further, 𝐾 + 𝐵∞[0, 𝜀] → 𝐾 for 𝜀 → 0. Especially, this convergence is monotonically when

𝜀 → 0monotonically. Thus,

𝜆𝑛(𝐾 + 𝐵∞[0, 𝜀]) → 𝜆𝑛(𝐾)

monotonically.
To construct the approximation of 𝐾, consider the following open cover of 𝐾:

𝒰𝜀 = {𝐵∞(𝑥, 𝜀) ∣ 𝑥 ∈ 𝐾}.

By compactness, there exists a finite sub cover ̃𝒰𝜀 ⊆ 𝒰𝜀. Further, we have𝒰𝜀 ⊆ 𝐾 +𝐵∞[0, 𝜀]
by construction.
Now, the set 𝐾𝜀 ∶= ⋃𝑈∈ ̃𝒰𝜀

𝑈, which is the closure of the union of all open cuboids in
̃𝒰𝜀, consists of finitely many hypercubes, and there exists a partition into cuboids. With the

chain of inclusions
𝐾 + 𝐵[0, 𝜀] ⊆ 𝐾𝜀 ⊆ ̃𝒰𝜀,

the convergence
𝜆𝑛(𝐾𝜀)⟶ 𝜆𝑛(𝐾) for 𝜀 → 0

follows by monotonicity of the volume functional.

This approximation lemma is the crucial ingredient of the following proof. We show that
the Brunn–Minkowski inequality holds for sets that are unions of finitely many cuboids.
Since we can approximate any compact set by such elementary sets, the Brunn–Minkowski
inequality extends to all compact sets.
Further, with the inner regularity of the Hausdorff measure in mind, we can approx-

imate a measurable subset 𝐴 ⊆ ℝ𝑛 by compact subsets. This implies especially that the
Brunn–Minkowski inequality holds for all measurable sets when it holds for compact subsets.
This decomposition is clearly not unique, e. g. consider any 𝑛-dimensional cuboid 𝐴1.

Furthermore, the cuboids do not need to be almost disjoint, i. e. they only intersect on
their boundaries. That this restriction is not necessary and we can assume without loss of
generality that there exists such almost disjoint decomposition, follows from the fact, that
the intersection of two cuboids is either empty, a point, or a cuboid. Therefore, let denote
𝑛(𝐴) the minimum number of almost disjoint cuboids necessary to construct the elementary
set 𝐴 ⊆ ℝ𝑛.

Lemma 3.10. Let 𝐾 be an 𝑛-dimensional elementary set with 𝑛(𝐾) > 1. Then, there exists a
decomposition of 𝐾 into 𝑛(𝐾) cuboids and a hyperplane𝐻 parallel to the coordinate axes such
that

𝑛(𝐾 ∩ 𝐻+) < 𝑛(𝐾) and 𝑛(𝐾 ∩ 𝐻−) < 𝑛(𝐾).

Proof. Let 𝐾 be an elementary set as above and set𝑚 ∶= 𝑛(𝐾). Further, let 𝐾1, … , 𝐾𝑚 ⊆ ℝ𝑛

be almost disjoint compact cuboids that are a decomposition of 𝐾, i. e. 𝐾 = ⋃𝑚
𝑖=1𝐾𝑖.
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3 The Brunn–Minkowski theory

𝐾+𝐾−

𝐿+𝐿−

𝐻

Figure 3.1: Partition of sets 𝐾, 𝐿 that are unions of cuboids by a hyperplane𝐻.

If 𝐾 is not connected, it is trivial to choose the hyperplane𝐻. Therefore, we suppose that
𝐾 is connected. Then, there are two cuboids 𝐾𝑖, 𝐾𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑚, 𝑖 ≠ 𝑗, such that 𝐾𝑖 ∩𝐾𝑗 lies
in the interior of 𝐾 and has non-zero (𝑛 − 1)-dimensional volume.
Since 𝐾𝑖, 𝐾𝑗 are compact cuboids, 𝐾𝑖 ∩𝐾𝑗 lies in a hyperplane parallel to some coordinate

axis. Thus, choose this (𝑛 − 1)-dimensional hyperplane𝐻 with 𝐾𝑖 ∩ 𝐾𝑗 ⊆ 𝐻.
Now, let 𝐶 be any 𝑛-dimensional compact cuboid. The section of 𝐻 through 𝐶 decomposes

𝐶 into two cuboids 𝐶+ = 𝐻+ ∩ 𝐶 and 𝐶− = 𝐻− ∩ 𝐶, where𝐻+, 𝐻− denote the closed half
spaces associated with𝐻.
Therefore, the hyperplane𝐻 satisfies the asserted properties.

Second proof of Theorem 3.1. Let 𝐾, 𝐿 be cuboids with side lengths 𝑘1, … , 𝑘𝑛 > 0, 𝑙1, … , 𝑙𝑛 >
0. Then their volumes are given by

V(𝐾) =
𝑛
∏
𝑖=1

𝑘𝑖 and V(𝐿) =
𝑛
∏
𝑖=1

𝑙𝑖.

Further, their Minkowski sum 𝐾+𝐿 is also a cuboid with side lengths 𝑘1+ 𝑙1, … , 𝑘𝑛+ 𝑙𝑛 > 0.
Thus, it has the volume

V(𝐾 + 𝐿) =
𝑛
∏
𝑖=1

𝑘𝑖 + 𝑙𝑖.

Now, let 𝑚 ∈ ℕ such that an Brunn–Minkowski inequality holds for any two sets 𝐾, 𝐿
that are unions of at most 𝑚 closed cuboids 𝐾1, … , 𝐾𝑚 ⊆ 𝐾, 𝐿1, … , 𝐿𝑚 ⊆ 𝐿. Then, extend
these sets by two cuboids 𝐾𝑚+1, 𝐿𝑚+1, i. e.

𝐾 =
𝑚+1

⋃
𝑖=1

𝐾𝑖, 𝐿 =
𝑚+1

⋃
𝑖=1

𝐿𝑖.
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3.1 Brunn–Minkowski inequality

We shall denote the sets that are unions of these (𝑚 + 1) cuboids hereafter by 𝐾 and 𝐿.
Let𝐻 be a hyperplane such that𝐾+ ∶= 𝐾∩𝐻+,𝐾− ∶= 𝐾∩𝐻− contain at most𝑚 cuboids.

This hyperplane𝐻 exists by Lemma 3.10.
Furthermore, with the translation invariance of the volume functional, we can translate

𝐿 such that 𝐿+ ∶= 𝐿 ∩ 𝐻+, 𝐿− ∶= 𝐿 ∩ 𝐻− contain at most𝑚 cuboids.
Without loss of generality, we can further assume that 𝐿 is translated such such that

V(𝐾+)
V(𝐾) =

V(𝐿+)
V(𝐿) and V(𝐾−)

V(𝐾) = V(𝐿−)
V(𝐿)

hold.
To clarify the idea of this process of partition, it is depicted in Figure 3.1.
Now, 𝐾+ + 𝐿+ ⊆ 𝐻+ and 𝐾− + 𝐿− ⊆ 𝐻−, and further (𝐾+ + 𝐿+) ∪ (𝐾− + 𝐿−) ⊆ 𝐾 + 𝐿.

Thus, we have

V(𝐾 + 𝐿) ≥ V(𝐾+ + 𝐿+) + V(𝐾− + 𝐿−)
≥ (V(𝐾+)1/𝑛 + V(𝐿+)1/𝑛)𝑛 + (V(𝐾−)1/𝑛 + V(𝐿−)1/𝑛)𝑛,

where we applied the induction hypothesis in the second step.
Now, let 𝐾, 𝐿 ⊆ ℝ𝑛 be compact sets that we approximate by elementary sets (𝐾𝑖)𝑖∈ℕ,

(𝐿𝑖)𝑖∈ℕ. Then,
V(𝐾𝑖)1/𝑛 → V(𝐾)1/𝑛 and V(𝐿𝑖)1/𝑛 → V(𝐿)1/𝑛

as 𝑖 → ∞. On the other side,

V(𝐾𝑖 + 𝐿𝑖)1/𝑛 → V(𝐾 + 𝐿)1/𝑛 for 𝑖 → ∞,

since 𝐾𝑖 + 𝐿𝑖 is an approximation of 𝐾 + 𝐿. Hence,

V(𝐾 + 𝐿)1/𝑛 ≥ V(𝐾)1/𝑛 + V(𝐿)1/𝑛.

Thus, the inequality also holds for compact sets. For measurable sets 𝐾 and 𝐿, we have

V(𝐾) = sup{V(𝐹) ∣ 𝐹 ⊆ 𝐾 compact },
V(𝐿) = sup{V(𝐹) ∣ 𝐹 ⊆ 𝐾 compact },

by the inner regularity of the volume functional. This directly yields the inequality for all
measurable sets.
To obtain the standard form, we replace 𝐾 and 𝐿 by the dilates (1 − 𝜆)𝐾 and 𝜆𝐿, for 𝜆 > 0,

and use the positive homogeneity of the volume functional.

In the last two proofs of the Brunn–Minkowski inequality, we have encountered several
variants of the same inequality. That these variants are all equivalent, i. e. if one of themholds
for all measurable subsets 𝐾, 𝐿 ⊆ ℝ and 𝜆 > 0 if applicable, is trivial for most implications.
The following lemma establishes theses equivalences. Further, it finishes the proof of the

Brunn–Minkowski inequality using the Prékopa–Leindler inequality by proving the last
ingredient that we have deferred.
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3 The Brunn–Minkowski theory

Lemma 3.11. The following variants of the general Brunn–Minkowski inequality are equiva-
lent:

(i) V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅V(𝐾)1/𝑛 + 𝜆 ⋅V(𝐿)1/𝑛 for all measurable 𝐾, 𝐿 ⊆ ℝ𝑛 and
𝜆 ∈ [0, 1],

(ii) V((1 − 𝜆)𝐾 + 𝜆𝐿) ≥ V(𝐾)1−𝜆 ⋅ V(𝐿)𝜆 for all measurable 𝐾, 𝐿 ⊆ ℝ𝑛 and 𝜆 ∈ [0, 1].

(iii) V(𝐾) = V(𝐿) = 1 ⟹ V(𝐾 + 𝐿)1/𝑛 ≥ 1 for all measurable 𝐾, 𝐿 ⊆ ℝ𝑛,

(iv) V(𝐾 + 𝐿)1/𝑛 ≥ V(𝐾)1/𝑛 + (V(𝐿)1/𝑛 for all measurable 𝐾, 𝐿 ⊆ ℝ𝑛,

Proof. (i) ⟹ (ii): This follows from the arithmetic-geometricmean inequality (Lemma 3.7).
(ii) ⟹ (iii): Let 𝐾, 𝐿 ⊆ ℝ𝑛 measurable such that V(𝐾) = V(𝐿) = 1. Further, choose

𝜆 = 1
2
. Then,

V (12𝐾 + 1
2𝐿) =

1
2𝑛 V(𝐾 + 𝐿) ≥ 1,

and consequently
V(𝐾 + 𝐿)1/𝑛 ≥ 1

2 > 1.

(iii) ⟹ (iv): Let

𝜆′ ∶= V(𝐾)1/𝑛

V(𝐾)1/𝑛 + V(𝐿)1/𝑛

and 𝐾′ = V(𝐾)−1/𝑛𝐾, 𝐿′ = V(𝐿)−1/𝑛𝐿. Now, V(𝐾′) = 1, V(𝐿′) = 1 by the positive homogene-
ity of the volume functional.
Thus,

1 ≤ V((1 − 𝜆′)𝐾′ + 𝜆′𝐿′) = V ( V(𝐿)1/𝑛

V(𝐾)1/𝑛 + V(𝐿)1/𝑛
V(𝐾)−1/𝑛𝐾 + V(𝐾)1/𝑛

V(𝐾)1/𝑛 + V(𝐿)1/𝑛
V(𝐿)−1/𝑛𝐿)

= V ( 1
V(𝐾)1/𝑛 + V(𝐿)1/𝑛

(𝐾 + 𝐿))

= V(𝐾 + 𝐿)
(V(𝐿)1/𝑛 + V(𝐾)1/𝑛)𝑛

,

which implies (iv) when replacing 𝐾 by (1 − 𝜆)𝐾 and 𝐿 by 𝜆𝐿.
(iv) ⟹ (i): This follows from the positive homogeneity of the volume functional.

We are at a point where we have collected enough evidence to conclude that the general
Brunn–Minkowski inequality for measurable sets holds. Its classical variant is a direct
implication, since convex bodies are measurable.

Proof of the classical Brunn–Minkowski inequality (Theorem 3.3). Let𝐾, 𝐿 ∈ 𝒦𝑛 be two con-
vex bodies and 𝜆 ∈ [0, 1]. Then, the sets 𝐾 and 𝐿 are measurable and further, the set
(1 − 𝜆)𝐾 + 𝜆𝐿 is measurable.
Thus, we can apply the general Brunn–Minkowski inequality (Theorem 3.1), and obtain

the inequality

V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅ V(𝐾)1/𝑛 + 𝜆 ⋅ V(𝐿)1/𝑛.
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3.1 Brunn–Minkowski inequality

Incidentally, we obtain the Brunn–Minkowski inequality for all convex subsets, since
these are measurable by Lemma 2.31.
A remarkable and important result is, that the Brunn–Minkowski inequality is sharp, i. e.

the equality cases of the inequality are well-known. These equality cases are important for
applications of the inequality, where they give rise to equality cases of other inequalities,
e. g. Minkowski’s first inequality (Theorem 3.18), which we shall discuss in the next section.
One may try to obtain these equality cases by discovering the equality cases of the

Prékopa–Leindler inequality. While the equality cases for this inequality are known for
the one-dimensional case, they are largely unknown for the general case, cf. [].
Another way to obtain these equality cases is to suppose that we are in the setting of the

last proof of the Brunn–Minkowski inequality, i. e. the proof by approximation through
cuboids. Then, we note that equality holds precisely when there holds equality in all given
intermediate inequalities.
Although this only yields the equality cases for finite unions of cuboids, it is possible to

extend this result to all compact sets, giving a much stronger formulation of equality cases
than that that we shall prove. The process to obtain such stronger equality cases is given in
[BZ88].
We will chose another direction to obtain the equality cases, and use a classical proof

method to obtain these.

Theorem 3.12. Let 𝐾, 𝐿 ∈ 𝒦𝑛 be two convex bodies. Then

V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 = (1 − 𝜆) ⋅ V(𝐾)1/𝑛 + 𝜆 ⋅ V(𝐿)1/𝑛

for some 𝜆 ∈ (0, 1) if and only if 𝐾 and 𝐿 are homothetic.

Lemma 3.13. Let 𝐾, 𝐿 ∈ 𝒦𝑛 homothetic convex bodies, i. e. there is a translation vector
𝑣 ∈ ℝ𝑛 and a dilation factor 𝛼 > 0 such that 𝐾 = 𝑣 + 𝛼𝐿. Then,

V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 = (1 − 𝜆)V(𝐾)1/𝑛 + 𝜆V(𝐿)1/𝑛

for all 𝜆 ∈ [0, 1].

Proof. This follows directly from the homtheticity of 𝐾 and 𝐿:

V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 = V((1 − 𝜆)(𝑣 + 𝛼𝐿) + 𝜆𝐿)1/𝑛

= V((1 − 𝜆)𝑣 + (1 − 𝜆)𝛼𝐿 + 𝜆𝐿)1/𝑛

= V(((1 − 𝜆)𝛼 + 𝜆)𝐿)1/𝑛

= (1 − 𝜆)𝛼V(𝐿)1/𝑛 + 𝜆V(𝐿)1/𝑛

= (1 − 𝜆)V(𝐾)1/𝑛 + 𝜆V(𝐿)1/𝑛

by the translation invariance and the homogenity of the volume functional.
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3 The Brunn–Minkowski theory

The last proof that we shall discuss is the geometric proof that is due to Kneser and Süss,
which has been reproduced in [Sch14] and [BF34]. We mostly follow the reasoning from
[Sch14].
In contrast to the preceding proofs, i. e. using Prékopa–Leindler and approximation by

cuboids, this proof directly establishes equality cases for the Brunn–Minkowski inequality.

Proof of Theorem 3.3. Let 𝑛 = 1. Then 𝐾 and 𝐿 are closed intervals with non-empty interior
and therefore homothetic. Thus, equality and especially the inequality hold.
Now, suppose that the Brunn–Minkowski inequality holds for some 𝑛 ∈ ℕ and let

𝐾, 𝐿 ∈ 𝒦𝑛+1 be (𝑛 + 1)-dimensional convex body. We assume without loss of generality that
V(𝐾) = V(𝐿) = 1, i. e. 𝐾, 𝐿 have the same volume despite of their shape.
Choose an unit vector 𝑢 ∈ 𝑆𝑛 ⊆ ℝ𝑛+1; this choice may be arbitrary. Then, we define the

functions

𝑣𝑀∶ ℝ → [0,∞], 𝑤𝑀∶ ℝ → [0,∞],
𝑡 ↦ V𝑛−1(𝑀 ∩ 𝐻ᵆ,𝑡), 𝑡 ↦ V𝑛(𝑀 ∩ 𝐻−

ᵆ,𝑡),

for a convex body𝑀 ∈ 𝒦𝑛+1. We write 𝐻(𝑡) ∶= 𝐻ᵆ,𝑡 for the hyperplane with outer unit
normal 𝑢 and affinity 𝑡, and𝐻−(𝑡) ∶= 𝐻−

ᵆ,𝑡 for its negative half-space.
While the function 𝑣𝑀 measures the 𝑛-dimensional volume of the section of 𝑀 with the

affine hyperplane𝐻(𝑡), the function 𝑤𝑀 measures the (𝑛 + 1)-dimensional volume of the
intersection𝑀 ∩𝐻(𝑡)−. Therefore, there are 𝑠𝑀, 𝑡𝑀 ∈ ℝ such that

V(𝑀) = ∫
𝑡𝑀

𝑠𝑀

𝑑𝑡 = V(𝑀).

Hence, the function 𝑤𝑀 is differentiable with derivative 𝑣𝑀, i. e.

𝑑
𝑑𝑡𝑤𝑀(𝑡) = 𝑣𝑀(𝑡).

Furthermore, the function 𝑣𝑀 is continuous by the continuity of the volume functional.
Thus, we have

𝑤𝑀(𝑡) = ∫
𝑡𝑀

𝑠𝑀

𝑣𝑀(𝑡) 𝑑𝑡

and its derivative is strictly positive for 𝑠𝑀 < 𝑡 < 𝑡𝑀. Thus, the function 𝑤𝑀 is injective and
the derivative of its inverse function 𝑧𝑀 ∶= 𝑤−1

𝑖 is given by

𝑧′𝑀(𝑡) = (𝑤−1
𝑀 )′(𝑡) = (𝑣𝑀(𝑤−1

𝑀 (𝑡))) for all 𝑠𝑀 < 𝑡 < 𝑡𝑀.

For brevity, we set 𝐾𝜆 ∶= (1 − 𝜆)𝐾 + 𝜆𝐿 for 𝜆 ∈ [0, 1], 𝑧𝜆(𝑡) ∶= 𝑧𝐾𝜆(𝑡), 𝑠𝜆 ∶= 𝑠𝐾𝜆 and
𝑡𝜆 ∶= 𝑡𝐾𝜆. Further, we write 𝐾(𝑡) ∶= 𝐾 ∩ 𝐻(𝑧𝐾(𝑡)) and 𝐿(𝑡) ∶= 𝐿 ∩ 𝐻(𝑧𝐿(𝑡)).
Then, we have the relation

(1 − 𝜆)𝐾(𝑡) + 𝜆𝐿(𝑡) ⊆ 𝐾𝜆 ∩ 𝐻(𝑧𝜆(𝑡)),

30



3.1 Brunn–Minkowski inequality

and therefore,

V(𝐾𝜆) = ∫
𝑡𝜆

𝑠𝜆

V𝑛(𝐾𝜆 ∩ 𝐻(𝑡)) 𝑑𝑡

= ∫
1

0
V𝑛(𝐾𝜆 ∩ 𝐻(𝑧𝜆(𝑡)))𝑧′𝜆(𝑡) 𝑑𝑡

≥ ∫
1

0
V𝑛((1 − 𝜆)𝐾(𝑡) + 𝜆𝐿(𝑡))( 1 − 𝜆

𝑣𝐾(𝑧𝐾(𝑡))
+ 𝜆
𝑣𝐿(𝑧𝐿(𝑡))

) 𝑑𝑡

≥ ∫
1

0
((1 − 𝜆)V(𝐾(𝑡))𝑛 + 𝜆V(𝐿(𝑡))𝑛)1/𝑛( 1 − 𝜆

𝑣𝐾(𝑧𝐾(𝑡))
+ 𝜆
𝑣𝐿(𝑧𝐿(𝑡))

) 𝑑𝑡,

where we used the induction hypothesis in the last step. With the inequality

((1 − 𝜆)V(𝐾(𝑡))𝑛 + 𝜆V(𝐿(𝑡))𝑛)( 1 − 𝜆
𝑣𝐾(𝑧𝐾(𝑡))

+ 𝜆
𝑣𝐿(𝑧𝐾(𝑡))

) ≥ 1,

which follows from the concavity andmonotonicity of the logarithm, the assertionV𝑛+1(𝐾𝜆) ≥
1 follows.
For the equality conditions, suppose that V(𝐾𝜆) = 1 holds for some 𝜆 ∈ (0, 1). Then, we

have 𝑣𝐾(𝑧𝐾(𝑡)) = 𝑣𝐿(𝑧𝐿(𝑡)) for all 𝑡 ∈ 0, 1]. Without loss of generality, we assume that 𝐾
and 𝐿 have their centre at the origin. Then

0∫
𝐾
⟨𝑥, 𝑢⟩𝑑𝑥 = ∫

𝑡𝐾

𝑠𝐾

V(𝐾 ∩ 𝐻(𝑡))𝑡 𝑑𝑡 = ∫
1

0
𝑧𝐾(𝑡) 𝑑𝑡 = ∫

1

0
𝑧𝐿(𝑡) 𝑑𝑡,

since 𝑡 ↦ 𝑧𝐾(𝑡) − 𝑧𝐿(𝑡) is constant for 𝑡 ∈ [0, 1]. Therefore 𝑧𝐾 = 𝑧𝐿, and since 𝑢 ∈ 𝑆𝑛−1 was
arbitrary, the bodies must be homothetic.

A convenient interpretation of the Brunn–Minkowski inequality is given by the concavity
of certain functions.

Remark. Consider the function

𝑔∶ [0, 1]⟶ ℝ,
𝜆⟼ V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛.

For 𝛼, 𝛽, 𝜆 ∈ [0, 1], we have

𝑔((1 − 𝜆)𝛼 + 𝜆𝛽) = V((1 − (1 − 𝜆)𝛼 − 𝜆𝛽)𝐾 + (1 − 𝜆)𝛼𝐿 + 𝜆𝛽𝐿)1/𝑛

= V((1 − 𝜆)(1 − 𝛼)𝐾 + (1 − 𝜆)𝛼𝐿 + 𝜆(1 − 𝛽)𝐾 + 𝜆𝛽𝐿)1/𝑛

≤ (1 − 𝜆)V((1 − 𝛼)𝐾 + 𝛼𝐿)1/𝑛 + 𝜆V((1 − 𝛽)𝐾 + 𝛽𝐿)1/𝑛

= (1 − 𝜆)𝑔(𝛼) + 𝜆𝑔(𝛽).

Hence, the function 𝑔 is concave.
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3 The Brunn–Minkowski theory

Furthermore, this concavity is equivalent to the Brunn–Minkowski inequality and there-
fore a crucial property of that inequality.
In a similar fashion, the function

ℎ∶ [0, 1]⟶ ℝ,
𝜆⟼ V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 − (1 − 𝜆)V(𝐾)1/𝑛 − 𝜆V(𝐿)1/𝑛,

is concave, too. Further, this function ℎ is positive by the Brunn–Minkowski inequality.

3.2 Mixed volumes and quermassintegrals

Mixed volumes and the related quermassintegrals are an intrinsic extension of classical
volumes. In this section, we introduce mixed volumes for polytopes and, more generally,
convex bodies. Furthermore, we develop the necessary tools to answer the Minkowski
problem in Section 3.3.
Before discussing the geometric notion of certainmixed volumes, we will establish a result

that is sometimes calledMinkowski’s theorem. It characterises the volume of a Minkowski
combination 𝜆1𝐾1 +⋯+ 𝜆𝑠𝐾𝑠 as a polynomial in 𝑠 variables.
We shall use the proof idea from [Ale05, pp. 36] to define the mixed volume on polytopes,

and we use an approximation result to extend this mixed volume to all convex bodies.
Two polytopes 𝑃1, 𝑃2 ⊆ ℝ𝑛 are called strongly isomorphic, if the faces in direction 𝑢 ∈

𝑆𝑛−1 of 𝑃1 and 𝑃2 have the same dimension, i. e. dim(𝐹(𝑃1, 𝑢)) = dim(𝐹(𝑃2, 𝑢)) for all
𝑢 ∈ 𝑆𝑛−1, where 𝐹(𝑃𝑖, 𝑢) denotes the (unique) face of 𝑃𝑖 in direction 𝑢. Clearly, this defines
an equivalence relation on polytopes.
The following approximation result is necessary to extend the mixed volume, which we

will define on polytopes, to all convex bodies. It is given in [Sch14, Theorem 2.4.15] and is
an extension of the approximation result of Theorem 2.22.

Lemma 3.14. Let 𝐾1, … , 𝐾𝑠 ∈ 𝒦𝑛 and 𝜀 > 0 Then, there are strongly isomorphic polytopes
𝑃1, … , 𝑃𝑠 such that 𝛿(𝐾𝑖, 𝑃𝑖) ≤ 𝜀 for 𝑖 = 1, … , 𝑠.

Proof. See [Sch14, Theorem 2.4.15].

Theorem 3.15 (Minkowski, cf. [BZ88, p. 136]). Let 𝐾1, … , 𝐾𝑠 ∈ 𝒦𝑛 be convex bodies. Then,
the volume of the sum body 𝜆1𝐾1 +⋯+ 𝜆𝑠𝐾𝑠, where 𝜆1, … , 𝜆𝑠 ∈ [0,∞), is a polynomial in 𝑠
variables of degree 𝑛 with respect to the variables 𝜆1, … , 𝜆𝑠.
That is, the volume of the body∑𝑠

𝑖=1 𝜆𝑖𝐾𝑖 is determined by

V (
𝑠
∑
𝑖=1

𝜆𝑖𝐾𝑖) = ∑
𝑚∈[𝑠]𝑛

V(𝐾𝑚1, … , 𝐾𝑚𝑛)𝜆𝑚1 ⋯𝜆𝑚𝑛,

where V(𝐾𝑚1, … , 𝐾𝑚𝑛) are the coefficients of the polynomial.
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3.2 Mixed volumes and quermassintegrals

Proof. We proof the statement for polytopes and extend it to convex bodies by the preceding
approximation lemma. For the approximation, let (𝑃(1)𝑛 , … , 𝑃(𝑠)𝑛 )𝑛∈ℕ be a sequence of 𝑠-tuples
of strongly isomorphic polytopes that approximate (𝐾1, … , 𝐾𝑠) in each component. This
sequence exists as per Lemma 3.14.
Then, consider the sequence (V(𝜆1𝑃

(1)
𝑛 +⋯+ 𝜆𝑠𝑃

(𝑠)
𝑛 ))𝑛∈ℕ of polynomials. Since these all

have degree 𝑛, and the volume functional is continuous, these must converge point-wise to
an polynomial of degree 𝑛.
The remaining proof is by induction. The base case 𝑛 = 1 follows from the result, that all

bounded polytopes in ℝ are intervals. Therefore, all polytopes are homothetic, and from the
Brunn–Minkowski theorem (Theorem 3.3), we obtain

V (
𝑠
∑
𝑖=1

𝜆𝑖𝑃𝑖) =
𝑠
∑
𝑖=1

𝜆𝑖 V(𝑃𝑖)

for polytopes 𝑃1, … , 𝑃𝑠 ⊆ ℝ.
This is clearly a polynomial of degree 1 in the variables 𝜆1, … , 𝜆𝑠.
For the induction step, we suppose that the result holds for polytopes of dimension (𝑛−1).

Let 𝑃1, … , 𝑃𝑠 ⊆ ℝ𝑛 be polytopes of dimension 𝑛. Further, let ℎ1, … , ℎ𝑠∶ 𝑆𝑛−1 → ℝ denote
the support functions of 𝑃1, … , 𝑃𝑠.
Then, the volume of 𝑃 ∶= 𝜆1𝑃1 +⋯+ 𝜆𝑠𝑃𝑠 is by

V (
𝑠
∑
𝑖=1

𝜆𝑠𝑃𝑠) =
1
𝑛 ∑
ᵆ∈𝐹(𝑃)

(
𝑠
∑
𝑖=1

𝜆𝑠ℎ𝑠(𝑢))V𝑛−1(𝐹(𝑃, 𝑢)),

where 𝐹(𝑃) denotes the set of unit normals of the facets of 𝑃.
With the assumption that the facets of 𝑃 are linear combinations of facets in 𝑃1, … , 𝑃𝑠, a

result that we shall not prove here, it is evident by induction hypothesis, that their volume
is a polynomial of degree (𝑛 − 1). Hence, the volume of 𝑃 is a polynomial of degree 𝑛.

The coefficients V(𝐾1, … , 𝐾𝑛) in the preceding theorem are called mixed volumes, and
only depend on the choice of convex bodies 𝐾1, … , 𝐾𝑛 ∈ 𝒦𝑛. This follows directly from the
result that the volume V(∑𝑁

𝑖=1 𝜆𝑖𝐾𝑖) is a polynomial for all 𝐾1, … , 𝐾𝑁 ∈ 𝒦𝑛. We write

𝑉(𝐾[𝑛 − 𝑘], 𝐿[𝑘]) ∶= 𝑉( 𝐾,… ,𝐾,⏟⎵⏟⎵⏟
(𝑛−𝑘) times

𝐿,… , 𝐿⏟⎵⏟⎵⏟
𝑘 times

)

to denote that we take the mixed volume of (𝑛 − 𝑘)-times 𝐾 and 𝑘-times L.
With this result, it is evident that the function

𝑓∶ [0, 1]⟶ ℝ,
𝜆⟼ V((1 − 𝜆)𝐾 + 𝜆𝐿),

is differentiable and therefore continuous. This is an extension of the trivial differentiability
of 𝜆 ↦ V(𝜆𝐾) for a convex body 𝐾, which is essentially the positive homogenity of the
volume functional.
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3 The Brunn–Minkowski theory

+ =

Figure 3.2: Minkowski sum of a cuboid and a disc in ℝ2

Example 3.16. Let 𝐵 denote the 2-dimensional unit disc and let 𝑄 denote the unit square
in the plane that has side lengths 𝑞1, 𝑞2 = 2.
Then, the convex body 𝑄 + 𝜀𝐵 consists of the original body 𝑄, four rectangles with side

lengths (2, 𝜀) and the body 𝜀𝐵 that is split and positioned to round the corners of 𝑄. The
situation is illustrated in figure 3.2.
Thus, the volume is given by

V(𝑄 + 𝜀𝐵) = V(𝑄) + 8𝜀 + V(𝜀𝐵).

From this result, we can deduce that the mixed volumes of 𝑄 and 𝐵 are given by

V(𝑄, 𝑄) = V(𝑄),
V(𝑄, 𝐵) = 4,
V(𝐵, 𝑄) = 4 and
V(𝐵, 𝐵) = V(𝐵).

The mixed volume on polytopes, and therefore the mixed volume on convex bodies,
satisfies several properties that are crucial for its applications. All of them are relatively
straightforward to verify by using the formula from Theorem 3.15.

Theorem 3.17. Let 𝐾1, … , 𝐾𝑛 ∈ 𝒦𝑛. Then, the mixed volume functional V∶ (𝒦𝑛)𝑛 → ℝ
fulfils the following properties:

(i) V(𝐾,… , 𝐾) = V(𝐾).

(ii) The mixed volume is order-invariant, i. e. V(𝐾𝜍(1), … , 𝐾𝜍(𝑛)) for all permutations 𝜎 ∈ 𝑆𝑛.

(iii) V(𝛼𝐾1, 𝐾2, …𝐾𝑛) = 𝛼V(𝐾1, … , 𝐾𝑛) for 𝛼 > 0, i. e. it is positive homogeneous.

(iv) V(𝐾1+𝐿1, 𝐾2, … , 𝐾𝑛) = V(𝐾1, 𝐾2, … , 𝐾𝑛)+V(𝐿1, 𝐾2, … , 𝐾𝑛) for 𝐿1 ∈ 𝒦𝑛, i. e. it is linear
with respect to the Minkowski addition.

Now, consider the volume V((1 − 𝜆)𝐾 + 𝜆𝐿) of two convex bodies 𝐾, 𝐿 ∈ 𝒦𝑛. With
Theorem 3.15, the map (𝑠, 𝑡) ↦ V(𝑠𝐾 + 𝑡𝐿) is a polynomial of degree 𝑛 and is determined
by all mixed volumes of 𝐾, 𝐿.
This leads to the idea to replace the volume on the left side of the Brunn–Minkowski in-

equality (Theorem 3.3) by this polynomial expression, and motivates the following theorem.
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Theorem 3.18 (Minkowski’s first inequality). Let 𝐾, 𝐿 ∈ 𝒦𝑛. Then

V(𝐾[𝑛 − 1], 𝐿) ≥ V(𝐾)(𝑛−1)/𝑛 V(𝐿)1/𝑛,

where equality holds precisely when 𝐾 and 𝐿 are homothetic.

Proof. Let 𝜆 ∈ [0, 1] and consider the function

𝑓∶ ℝ⟶ [0,∞],
𝑡⟼ (V((1 − 𝑡)𝐾 + 𝑡𝐿))1/𝑛 − (1 − 𝑡)V(𝐾)1/𝑛 − 𝑡V(𝐿)1/𝑛.

By the Brunn–Minkowski inequality, this function is concave and positive. Further, we have

V((1 − 𝑡)𝐾 + 𝑡𝐿) =
𝑛
∑
𝑘=0

(
𝑛
𝑘
)(1 − 𝑡)𝑛−𝑘𝑡𝑘 V(𝐾[𝑛 − 𝑘], 𝐿[𝑘]).

Thus, the function 𝑓 is differentiable everywhere, and 𝑓′(0) ≥ 0. If 𝐾, 𝐿 are homothetic,
then 𝑓 is constant and 𝑓 = 0.
By applying differentiation rules, we obtain

𝑓′(0) = (V(𝐾))(𝑛−1)/𝑛(V(𝐾, 𝐿, … , 𝐿) − (V(𝐾))(𝑛−1)/𝑛(V(𝐿))1/𝑛).

Because 𝑓′(0) is positive, the right multiplicand must be positive. Thus,

(V(𝐾[𝑛 − 1], 𝐿))𝑛 ≥ V(𝐾)𝑛−1 V(𝐿).

The equality cases are harder to establish. Therefore, we refer to [Sch14, Theorem 7.6.19]
for a full proof of these equality conditions.

Remark. Minkowski’s first inequality and the Brunn–Minkowski inequality are equivalent.
This was conjectured by Minkowski and proved in Bol [Bol43].

Now, let 𝐾, 𝐿 ∈ 𝒦𝑛. Then, the following formula follows from the general mixed-volume
equality:

V(𝛼𝐾 + 𝛽𝐿) =
𝑛
∑
𝑖=0

(
𝑛
𝑘
)𝛼𝑛−𝑘𝛽𝑘 V(𝐾[𝑛 − 𝑘], 𝐿[𝑘]).

This purely algebraic computation motivates the so-called Steiner formula, which in turn
defines the quermassintegrals.

Theorem 3.19 (Steiner formula). Let 𝐾 ∈ 𝒦𝑛 be a convex body. Then, the Steiner formula
holds, which is given by

V(𝐾 + 𝜀𝐵) =
𝑛
∑
𝑘=0

(
𝑛
𝑘
)𝜀𝑘𝑊𝑘(𝐾),

where 𝜀 ∈ ℝ and 𝐵 is the 𝑛-dimensional unit ball.

Definition3.20 (Quermassintegral). For a convex body𝐾 ∈ 𝒦𝑛, the factors𝑊0(𝐾)… ,𝑊𝑛(𝐾)
in the Steiner formula are called the quermassintegrals of 𝐾.
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3 The Brunn–Minkowski theory

Remark. Minkowski’s definition for the surface area of a convex body is as follows: Let
𝐾 ∈ 𝒦𝑛 be a convex body. Then, the surface area is given by

𝑆(𝐾) = lim
𝜀→0+

V(𝐾 + 𝜀𝐵) − V(𝐾)
𝜀 ,

where 𝐵 denotes the 𝑛-dimensional unit ball.
With the Steiner formula, we have

𝑆(𝐾) = lim
𝜀→0+

∑𝑛
𝑘=0 (

𝑛
𝑘)𝜀

𝑘𝑊𝑖(𝐾) − V(𝐾)
𝜀

= lim
𝜀→0+

𝑛
∑
𝑘=1

(
𝑛
𝑘
)𝜀𝑘−1𝑊𝑖(𝐾) = 𝑛𝑊1(𝐾),

since𝑊𝑛(𝐾) = V(𝐾).
Thus, the Minkowski surface area of a convex body 𝐾 is the determined by the first

quermassintegral𝑊1(𝐾), or the mixed volume V(𝐾, 𝐵, …𝐵).

That the Minkowski surface area equals the surface area measure follows by approxi-
mation through polytopes. For elementary bodies, i. e. circles and rectangles, this result is
simple to verify.

Example 3.21. Let 𝑄 be the 2-dimensional unit square with side lengths 2, as in Exam-
ple 3.16. Then, by the previous remark, we have 𝑆𝑄 = 2𝑊1(𝑄) = 8.
This coincides with our intuitive perception that the circumference of 𝑄 equals to 8.

Example 3.22. Let 𝐵 be the 2-dimensional unit ball, i. e. the set

𝐵 = {(𝑥1, 𝑥2) ∈ ℝ2 ∣ 𝑥21 + 𝑥22 ≤ 1}.

Now,𝑊0(𝐵) = 𝑊1(𝐵) = 𝑊2(𝐵) = V(𝐵), as 𝑉(𝐵,… , 𝐵) = V(𝐵). Thus, the surface area of
𝐵 is given by 𝑆𝐵 = 2V(𝐵) = 2𝜋.
If we lift the restriction that 𝐵 is 2-dimensional, this further generalises to 𝑆𝐵 = 𝑛V(𝐵).

3.3 Minkowski problem

.
The classical Minkowski problem is one of the most important applications of the Brunn–

Minkowski theorem and the Minkowski theorem and asks for uniqueness and existence of
a convex body with given surface area measure.
For that, let 𝜇 be a Borel measure on 𝑆𝑛−1. Then, the existence question of the Minkowski

problem asks under which conditions there exists a convex body with surface area measure
𝜇. Furthermore, the uniqueness question asks for the conditions under which the surface
area measure of two convex bodies is the same.
Those questions were posed and solved byMinkowski andwemostly follow the exposition

in [Sch14, Chapter 8].
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3.3 Minkowski problem

Both questions also arise in the following discrete settings: For the existence question, let
𝑢1, … , 𝑢𝑘 ∈ 𝑆𝑛−1 be unit vectors and ℎ1, … , ℎ𝑘 ∈ [0,∞). Then, the existence questions asks
for an 𝑛-dimensional polytope 𝑃 ∈ 𝒦𝑛 with 𝑘 facets and support numbers ℎ𝑃(𝑢1), … , ℎ𝑃(𝑢𝑘)
in directions 𝑢1, … , 𝑢𝑘. The uniqueness questions asks for the conditions under which two
polytopes have same support numbers and facet unit normals.
Especially the first question, i. e. the existence question, is of fundamental importance, as

it motivates the extension to general surface area measures and convex bodies by approxi-
mation. But this approximation process is quite complex and requires crucial effort.

Theorem 3.23 (Minkowki’s existence theorem, discrete setting). Let 𝑢1, … , 𝑢𝑘 ∈ 𝑆𝑛−1 be
unit normal vectors that span theℝ𝑛. Further, let 𝛼1, … , 𝛼𝑘 ∈ ℝ+ such that

𝑘
∑
𝑖=0

𝛼𝑖𝑢𝑖 = 0.

Then there exists a polytope 𝑃 ∈ 𝒦𝑛 with outer unit normals 𝑢1, … , 𝑢𝑘 and support function
ℎ𝑃(𝑢𝑖) = 𝛼𝑖 for 𝑖 = 1, … , 𝑘.

Theorem 3.24 (Minkowski’s existence theorem). Let 𝜇 be a Borel measure on 𝑆𝑛−1 with

∫
𝑆𝑛−1

𝑢 𝑑𝜇(𝑢) = 0

and 𝜇(𝜎) < 𝜇(𝑆𝑛−1) for each closed hemisphere 𝜎 ⊆ 𝑆𝑛−1.
Then, there is a convex body 𝐾 ∈ 𝒦𝑛 with surface area measure 𝜇, i. e. 𝑆𝐾 = 𝜇.

Since these two results are not further related to the Brunn–Minkowski inequality, we
refer for the proofs of them briefly to [Sch14].
The interesting problem is clearly the uniqueness question: An approximation through

polytopes does not solve the general problem. The usual proof uses theMinkowski inequality
(Theorem 3.18), where the equality conditions are of special importance.

Theorem 3.25 (Minkowski’s uniqueness theorem). Let 𝜇 be a Borel measure on 𝑆𝑛−1. Sup-
pose that two convex bodies 𝐾, 𝐿 ∈ 𝒦𝑛 have surface area measure 𝜇, i. e. 𝑆𝐾 = 𝑆𝐿 = 𝜇. Then,
𝐾, 𝐿 are translates.

Proof. Suppose that 𝑆𝐾(𝜔) = 𝑆𝐿(𝜔) for all Borel sets 𝜔 ⊆ 𝑆𝑛−1. Then

V(𝐾) = 1
𝑛 ∫𝑆𝑛−1

ℎ𝐾(𝑢) 𝑑𝑆𝐾(𝑢) =
1
𝑛 ∫𝑆𝑛−1

ℎ𝐾(𝑢) 𝑑𝑆𝐿(𝑢).

Therefore,
V(𝐾)𝑛 = V(𝐾, 𝐿, … , 𝐿)𝑛 ≥ V(𝐾)V(𝐿)𝑛−1

by the Minkowski inequality (Theorem 3.18). From this inequality, we deduce V(𝐾) ≥ V(𝐿).
Analogously, we obtain V(𝐿) ≥ V(𝐾), and therefore we have the equality

V(𝐾, 𝐿, … , 𝐿)𝑛 = V(𝐾)V(𝐿)𝑛−1.

With the equality conditions of the Minkowski inequality, the bodies must be homothetic.
Since V(𝐾) = V(𝐿), 𝐾 and 𝐿must be translates.
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4 𝐿𝑝-Brunn–Minkowski theory

The 𝐿𝑝-Brunn–Minkowski theory is a branch of convex geometry, that was motivated by
the classical Brunn–Minkowski theory, which we introduced in the previous chapters. It is
a generalisation of the classical theory, where we replace the usual Minkowski sum 𝐾 + 𝐿
by a 𝑝-weighted variant 𝐾+𝑝 𝐿, for 𝑝 ≥ 0. This operation is called Firey addition and is
supplemented by a Firey multiplication, resulting in an analogue of the classical Minkowski
combination.
From this chapter on, 𝑝 will always be a non-negative real number, i. e. 𝑝 ≥ 0.
The notion of 𝑝-sums, i. e. Firey sums of convex bodies with parameter 𝑝, was introduced

by Firey in [Fir62]. For this reason, they are also called Firey sums, a term coined by Erwin
Lutwak in [Lut93].

Definition 4.1 (Firey combinations). Let 𝐾, 𝐿 ∈ 𝒦𝑛
0 , in other words two convex bodies that

contain the origin in their interior. Further, let 𝑝 > 0. Then, the 𝑝-sum of 𝐾 and 𝐿, which is
denoted by 𝐾+𝑝 𝐿, is the Aleksandrov body of the function

ℎ∶ 𝑆𝑛−1 ⟶ℝ,

𝑢⟼ (ℎ𝑝𝐾(𝑢) + ℎ𝑝𝐿(𝑢))
1/𝑝,

where ℎ𝐾, ℎ𝐿∶ 𝑆𝑛−1 → ℝ are the support functions of 𝐾 and 𝐿, respectively.
Further, the 𝑝-scalar multiplication of 𝐾 ∈ 𝒦𝑛

0 , 𝑠 ≥ 0, is given by 𝑠 ⋅ 𝐾 = 𝑠1/𝑝𝐾, where the
right side is the traditional Minkowski scalar multiplication of 𝑠 and 𝐾.

This definition directly motivates the construction of Firey combinations 𝑠 ⋅ 𝐾+𝑝 𝑡 ⋅ 𝐿 for
𝐾, 𝐿 ∈ 𝒦𝑛

0 , 𝑠, 𝑡 ≥ 0. By definition of the Aleskandrov body, this combination is given by

𝑠 ⋅ 𝐾+𝑝 𝑡 ⋅ 𝐿 = {𝑥 ∈ ℝ𝑛 ∣ ⟨𝑥, 𝑢⟩ ≤ (𝑠ℎ𝐾(𝑢)𝑝 + 𝑡ℎ𝐿(𝑢)𝑝)
1/𝑝}.

The aim of the 𝐿𝑝-Brunn–Minkowski theory is to investigate these combinations and
find an inequality for these combinations that is similar to the classical Brunn–Minkowski
inequality.
That the 𝐿𝑝-Brunn–Minkowski theory is an generalisation of the classical theory fol-

lows from the evident result, that the Firey combination with parameter 𝑝 = 1 is just the
Minkowski combination. That is, it holds

V((1 − 𝜆) ⋅ 𝐾+1 𝜆 ⋅ 𝐿),

and the Brunn–Minkowski inequality follows for this case, as we have proven in Theo-
rem 3.3.We shall call the generalisation of the Brunn–Minkowski inequality to general Firey
combinations

39



4 𝐿𝑝-Brunn–Minkowski theory

With the following monotonicity result, which is similar to the well-known monotonicity
property of 𝐿𝑝-spaces, the 𝐿𝑝-Brunn–Minkowski inequality follows for the case that 𝑝 ≥ 1.
The following result is a specialisation of a result obtained by Firey in [Fir62], where the
author proved that the Firey combinations (1−𝜆)⋅𝐾+𝜆 ⋅𝐿depend continuously on𝐾, 𝐿 ∈ 𝒦𝑛

0 ,
𝑝 > 0 and 𝜆 ≥ 0.

Lemma 4.2 (Monotonicity of Firey combinations). Suppose that 𝐾, 𝐿 ∈ 𝒦𝑛
0 and 𝜆 ∈ [0, 1].

For 1 ≤ 𝑝 < 𝑞 < ∞, it holds

(1 − 𝜆) ⋅ 𝐾+𝑝 𝜆 ⋅ 𝐿 ⊆ (1 − 𝜆) ⋅ 𝐾+𝑞 𝜆 ⋅ 𝐿,

i. e. the Firey sum depends monotonic on the chosen parameter.

Proof. Suppose that ℎ𝐾, ℎ𝐿∶ 𝑆𝑛−1 → ℝ are the support functions of 𝐾 and 𝐿, respectively.
Then, consider the functions

ℎ𝑝∶ 𝑆𝑛−1 ⟶ℝ, ℎ𝑞∶ 𝑆𝑛−1 ⟶ℝ,

𝑢⟼ ((1 − 𝜆)ℎ𝐾(𝑢)𝑝 + 𝜆ℎ𝐿(𝑢)𝑝)
1/𝑝, 𝑢⟼ ((1 − 𝜆)ℎ𝐾(𝑢)𝑞 + 𝜆ℎ𝐿(𝑢)𝑞)

1/𝑞.

By definition the body (1−𝜆)⋅𝐾+𝑝 𝜆 ⋅𝐿 is the Aleksandrov body of ℎ𝑝, and (1−𝜆)⋅𝐾+𝑞 𝜆 ⋅𝐿
is the Aleskandrov body of ℎ𝑞. Further, these bodies have support functions ℎ𝑝 and ℎ𝑞 almost
everywhere w.r.t. the (𝑛 − 1)-dimensional Hausdorff measure.
Our aim is to show that ℎ𝑝(𝑢) ≤ ℎ𝑞(𝑢) holds for all 𝑢 ∈ 𝑆𝑛−1. Then, by Lemma 2.20, we

have 𝑄ℎ𝑝 ⊆ 𝑄ℎ𝑞 and therefore

(1 − 𝜆) ⋅ 𝐾+𝑝 𝜆 ⋅ 𝐿 ⊆ (1 − 𝜆) ⋅ 𝐾+𝑞 𝜆 ⋅ 𝐿.

This is equivalent to the result that the function

𝑓ᵆ∶ [1,∞)⟶ ℝ𝑛,
𝑝⟼ ((1 − 𝜆)ℎ𝐾(𝑢)𝑝 + 𝜆ℎ𝐿(𝑢)𝑝)1/𝑝,

is monotonic, for each 𝑢 ∈ 𝑆𝑛−1. Since 𝐾, 𝐿 contain the origin in their interior, the support
functions ℎ𝐾, ℎ𝐿 are strictly positive. Thus,

𝑓ᵆ(𝑝) = ((1 − 𝜆)ℎ𝐾(𝑢)𝑝 + 𝜆ℎ𝐿(𝑢)𝑝)1/𝑝 ≤ ((1 − 𝜆)ℎ𝐾(𝑢)𝑞 + 𝜆ℎ𝐿(𝑢)𝑞)1/𝑞.

Now, let 𝐾, 𝐿 ∈ 𝒦𝑛
0 , 𝜆 > 0. Then, the Brunn–Minkowski inequality (Theorem 3.3) states

that
V((1 − 𝜆)𝐾 + 𝜆𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅ V(𝐾)1/𝑛 + 𝜆 ⋅ V(𝐿)1/𝑛.

Since (1 − 𝜆)𝐾 + 𝜆𝐿 = (1 − 𝜆) ⋅ 𝐾+1 𝜆 ⋅ 𝐿, where the scalar multiplication is with respect
to the parameter 1, we have

V((1 − 𝜆) ⋅ 𝐾+1 𝜆 ⋅ 𝐿)1/𝑛 ≥ (1 − 𝜆)V(𝐾)1/𝑛 + 𝜆V(𝐿)1/𝑛.
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Now, let 𝑝 ≥ 1. Then, by monotonicity of the volume functional and by the preceding
monotonicity result, we have

V((1 − 𝜆) ⋅ 𝐾+𝑝 𝜆 ⋅ 𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅ V(𝐾)1/𝑛 + 𝜆 ⋅ V(𝐿)1/𝑛,

where the scalar multiplication is with respect to the chosen parameter 𝑝 ≥ 1.
This proves the following theorem, a generalisation of the Brunn–Minkowski inequality

to Firey combinations of bodies.

Theorem4.3 (𝐿𝑝-Brunn–Minkowski inequality,𝑝 ≥ 1). Suppose𝐾, 𝐿 ∈ 𝒦𝑛
0 and𝑝 ≥ 1 < ∞.

Then,
V((1 − 𝜆) ⋅ 𝐾+𝑝 𝜆 ⋅ 𝐿)1/𝑛 ≥ (1 − 𝜆) ⋅ V(𝐾)1/𝑛 + 𝜆 ⋅ V(𝐿)1/𝑛.

This result is a special case of a more general result, which states a Brunn–Minkowski
type inequality on 𝑝-quermassintegrals. This approach is taken in [Lut93].
In general, one is interested for a similar inequality of Brunn–Minkowski type for the

general case 0 ≤ 𝑝. This turns out to be hard to prove, since this would on the one side
imply a stronger Brunn–Minkowski inequality than the classical version. Furthermore, the
support function of (1−𝜆) ⋅𝐾+𝑝 𝜆 ⋅ 𝐿 is, in general, not given by ((1−𝜆)ℎ

𝑝
𝐾+𝜆ℎ

𝑝
𝐿)1/𝑝, when

considering factors 0 < 𝑝 < 1.
One step in this direction has been taken in [Bör+12], where the authors have proven

such stronger inequality for the planar case.
We shall not track this path further down, but we are interested in the limit case as 𝑝 → 0.

This leads to the so-called logarithmic Firey combinations, which have some interesting
applications that are similar to the classical Minkowski problem.

Definition 4.4 (Logarithmic Firey combination). Let 𝐾, 𝐿 ∈ 𝒦𝑛
0 , 𝜆 ∈ [0, 1]. Then the

logarithmic Firey combination (1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿 is the Aleksandrov body of the function

ℎ∶ 𝑆𝑛−1 ⟶ℝ,

𝑢⟼ ℎ1−𝜆𝐾 ℎ𝜆𝐿,

where ℎ𝐾, ℎ𝐿∶ 𝑆𝑛−1 → ℝ are the support functions of 𝐾 and 𝐿, respectively.
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5 The log-Brunn–Minkowski inequality

The log-Brunn–Minkowski inequality is the logarithmic analogue of the 𝐿𝑝-Brunn–Minkow-
ski inequality. It arises naturally in the investigation of the logarithmic Minkowski problem
and has been introduced in Böröczky et al. [Bör+12].
Our aim is to show that the log-Brunn–Minkowski inequality is equivalent to the log-

Minkowski inequality and to present the proof idea of the log-Brunn–Minkowski inequality
for the 2-dimensional case, a result that was established in [Bör+12].
Furthermore, we will discuss the log-Minkowski problem, which asks for the existence

and uniqueness of a convex body with given cone-volume measure, a problem that is treated
in [Bör+12; Bör+13].
The log-Brunn–Minkowski inequality arises when one replaces the Firey combination in

the usual 𝐿𝑝-Brunn–Minkowski inequality by a logarithmic Firey combination.
In classical theory, there is a strong relationship between the Brunn–Minkowski-type

inequality and a Minkowski-type inequality, cf. Theorem 3.18. This phenomenon also ap-
pears in a similar way for the logarithmic Brunn–Minkowski inequality. While it is hard to
establish the inequality, the equivalence with an inequality of Minkowski-type is known.

Lemma 5.1 (Böröczky et al. [Bör+12, Lemma 3.2]). The log-Brunn–Minkowski inequality,
which is given by

V((1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿) ≥ V(𝐾)1−𝜆 V(𝐿)𝜆,

holds for all origin symmetric convex bodies𝐾, 𝐿 ∈ 𝒦𝑛
0 , 𝜆 > 0, if and only if the log-Minkowski

inequality, which is given by

∫
𝑆𝑛−1

log (
ℎ𝐿(𝑢)
ℎ𝐾(𝑢)

) 𝑑�̄�𝐾(𝑢) ≥
1
𝑛 log (

V(𝐿)
V(𝐾)),

holds for all 𝐾, 𝐿 ∈ 𝒦𝑛
0 , 𝜆 > 0.

Proof. Let 𝐾, 𝐿 ∈ 𝒦𝑛
0 be origin-symmetric convex bodies and suppose that the logarithmic

Minkowski inequality holds. Further, let

𝑄𝜆 = (1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿,

the Aleksandrov body of 𝑢 ↦ ℎ1−𝜆𝐾 (𝑢) ⋅ ℎ𝜆𝐿(𝑢), for 𝜆 ∈ [0, 1], and denote by ℎ𝜆∶ 𝑆𝑛−1 → ℝ
the support function of 𝑄𝜆.
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5 The log-Brunn–Minkowski inequality

Then,

1
𝑛V(𝑄𝜆)

∫
𝑆𝑛−1

ℎ𝜆 log (
ℎ1−𝜆𝐾 (𝑢)ℎ𝜆𝐿(𝑢)

ℎ𝜆(𝑢)
) 𝑑𝑆𝑄𝜆(𝑢)

= 1
𝑛V(𝑄𝜆)

((1 − 𝜆)∫
𝑆𝑛−1

log (
ℎ𝐾(𝑢)
ℎ𝜆(𝑢)

)ℎ𝜆(𝑢) 𝑑𝑆𝑄𝜆(𝑢) + 𝜆∫
𝑆𝑛−1

log (
ℎ𝐿(𝑢)
ℎ𝜆(𝑢)

)ℎ𝜆(𝑢) 𝑑𝑆𝑄𝜆(𝑢))

= (1 − 𝜆)∫
𝑆𝑛−1

log (
ℎ𝐾(𝑢)
ℎ𝜆(𝑢)

) 𝑑�̄�𝑄𝜆(𝑢) + 𝜆∫
𝑆𝑛−1

log (
ℎ𝐿(𝑢)
ℎ𝜆(𝑢)

) 𝑑�̄�𝑄𝜆(𝑢),

where 𝑑𝑉𝐾 = (1/𝑛)ℎ𝐾 𝑑𝑆𝐾 has been used in the second equality, cf. [Bör+12]. Now, it follows

(1 − 𝜆)∫
𝑆𝑛−1

log (
ℎ𝐾(𝑢)
ℎ𝜆(𝑢)

) 𝑑�̄�𝑄𝜆(𝑢) + 𝜆∫
𝑆𝑛−1

log (
ℎ𝐿(𝑢)
ℎ𝜆(𝑢)

) 𝑑�̄�𝑄𝜆(𝑢)

≥ (1 − 𝜆) 1𝑛 log (
V(𝐾)
V(𝑄𝜆)

) + 𝜆1𝑛 log (
V(𝐿)
V(𝑄𝜆)

)

= 1
𝑛( log(V(𝐾)

1−𝜆 V(𝐿)𝜆) − log(V(𝑄𝜆)))

from the logarithmic Minkowski inequality.
Since ℎ𝜆(𝑢) = ℎ1−𝜆𝐾 (𝑢)ℎ𝜆𝐿(𝑢) for almost all 𝑢 ∈ 𝑆𝑛−1 with respect to the surface-area

measure 𝑆𝑄𝜆 of 𝑄𝜆, we have

ℎ𝜆(𝑢) log (
ℎ1−𝜆𝐾 (𝑢)ℎ𝜆𝐿(𝑢)

ℎ𝜆(𝑢)
) = 0

for almost all 𝑢 ∈ 𝑆𝑛−1. Therefore,

1
𝑛V(𝑄𝜆)

∫
𝑆𝑛−1

ℎ𝜆(𝑢) log (
ℎ1−𝜆𝐾 (𝑢)ℎ𝜆𝐿(𝑢)

ℎ𝜆(𝑢)
) 𝑑𝑆𝑄𝜆(𝑢) = 0,

and the logarithmic Brunn–Minkowski inequality follows.
For the reverse direction, suppose that the log-Brunn–Minkowski inequality holds for 𝐾

and 𝐿. Then, consider the function

𝑓∶ [0, 1]⟶ (0,∞),
𝜆⟼ log(V(𝑄𝜆)).

Our aim is to show that 𝑓 is concave.
For given 𝜎, 𝜏 ∈ [0, 1], let

𝐾𝜍 = (1 − 𝜎) ⋅ 𝐾+0 𝜎 ⋅ 𝐿, 𝐾𝜏 = (1 − 𝜏) ⋅ 𝐾+0 𝜏 ⋅ 𝐿.

Since 𝐾𝜍 is the Aleksandrov body of 𝑢 ↦ ℎ1−𝜍𝐾 (𝑢)ℎ𝜍𝐿(𝑢) for 𝑢 ∈ 𝑆𝑛−1, we have ℎ𝐾𝜍(𝑢) ≤
ℎ1−𝜍𝐾 (𝑢)ℎ𝜍𝐿(𝑢) for all 𝑢 ∈ 𝑆𝑛−1.
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Let 𝛼 ∶= (1 − 𝜆)𝜎 + 𝜆𝜏 for 𝜆 ∈ [0, 1]. Then,

ℎ1−𝜆𝐾𝜍
ℎ𝜆𝐾𝜏

≤ (ℎ1−𝜍𝐾 ℎ𝜍𝐿)1−𝜆(ℎ1−𝜏𝐾 ℎ𝜏𝐿)𝜆

= ℎ(1−𝜍)⋅(1−𝜆)𝐾 ℎ𝜍⋅(1−𝜆)𝐿 ℎ𝜆⋅(1−𝜏)𝐾 ℎ𝜆⋅𝜏𝐿

= ℎ1−𝛼𝐾 ℎ𝛼𝐿 ,

and therefore
(1 − 𝜆) ⋅ 𝐾𝜍+0 𝜆 ⋅ 𝐾𝜏 ⊆ (1 − 𝛼) ⋅ 𝐾+0 𝛼 ⋅ 𝐿.

Thus,

𝑓((1 − 𝜆)𝜎 + 𝜆𝜏) = log (V(1 − 𝛼) ⋅ 𝐾+0 𝛼𝐿)
≥ log (V((1 − 𝜆) ⋅ 𝐾𝜍+0 𝜆 ⋅ 𝐾𝜏))
≥ (1 − 𝜆) log(V(𝐾𝜍)) + 𝜆 log(V(𝐾𝑡𝑎𝑢))
= (1 − 𝜆)𝑓(𝜎) + 𝜆𝑓(𝜏)

by the log-Brunn–Minkowski inequality. Hence, 𝑓∶ [0, 1] → (0,∞) is concave.
By the technical result [Bör+12, Lemma 2.1], it holds

𝑑
𝑑𝜆𝑄𝜆

|||𝜆=0
= ∫

𝑆𝑛−1
ℎ𝐾(𝑢) log (

ℎ𝐿(𝑢)
ℎ𝐾(𝑢)

) 𝑑𝑆𝐾(𝑢).

Since 𝑓 is concave, we further have

V(𝑄0)−1
𝑑
𝑑𝜆𝑄𝜆

|||𝜆=0
≥ V(𝑄1) − V(𝑄0) = log (V(𝐿)V(𝐾)).

Since 𝑑�̄�𝐾 = V(𝐾)−1(1/𝑛)ℎ𝐾 𝑑𝑆𝐾 holds for all origin-symmetric convex bodies 𝐾 ∈ 𝒦𝑛
0 ,

we have

𝑛V(𝐾)∫
𝑆𝑛−1

log (
ℎ𝐿(𝑢)
ℎ𝐾(𝑢)

) 1
𝑛V(𝐾)ℎ𝐾(𝑢) 𝑑𝑆𝐾(𝑢) = 𝑛V(𝐾)∫

𝑆𝑛−1
log (

ℎ𝐿(𝑢)
ℎ𝐾(𝑢)

) 𝑑�̄�𝐾(𝑢).

This implies the logarithmic Minkowski inequality:

∫
𝑆𝑛−1

log (
ℎ𝐿(𝑢)
ℎ𝐾(𝑢)

) 𝑑�̄�𝐾(𝑢) =
1

𝑛V(𝐾)
𝑑
𝑑𝜆𝑄𝜆

|||𝜆=0
≥ 1
𝑛 log (

V(𝐿)
V(𝐾)).

In this sense, the log-Brunn–Minkowski and log-Minkowski inequalities are equivalent.
A similar result holds with similar arguments for the 𝐿𝑝-Brunn–Minkowski and an 𝐿𝑝-
Minkowski inequality, cf. [Bör+12, Lemma 3.1].
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5 The log-Brunn–Minkowski inequality

5.1 Established cases

The logarithmic Brunn–Minkowski and its equality cases are still unknown for the general
case. The trivial case in ℝ1 is almost trivial.

Theorem5.2 (log-Brunn–Minkowski for 𝑛 = 1). Let𝐾, 𝐿 ∈ 𝒦1
0 be compact origin-symmetric

intervals. Then,

V((1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿) = V(𝐾)1−𝜆 V(𝐿)𝜆 for all 𝜆 ∈ [0, 1].

Proof. Since 𝐾, 𝐿 are compact origin-symmetric intervals, there are 𝑎, 𝑏 ∈ (0,∞) such that
𝐾 = [−𝑎, 𝑎], 𝐿 = [−𝑏, 𝑏].
The support functions of 𝐾 and 𝐿 are given by

ℎ𝐾∶ {−1, +1}⟶ ℝ, ℎ𝐿∶ {−1, +1}⟶ ℝ,
𝑠⟼ 𝑎, 𝑠⟼ 𝑏,

i. e. they are constant maps. Thus, (1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿 is the Aleksandrov body of

ℎ∶ {−1,+1}⟶ ℝ,
𝑠⟼ ℎ𝐾(𝑠)1−𝜆ℎ𝐿(𝑠)𝜆 = 𝑎1−𝜆𝑏𝜆.

Therefore, with 𝑐 ∶= 𝑎1−𝜆𝑏𝜆, we have

(1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿 = [−𝑐, 𝑐],

and we have V((1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿) = 2𝑎1−𝜆𝑏𝜆.
On the other side, we have V(𝐾)1−𝜆 = (2𝑎)1−𝜆 and V(𝐿)𝜆 = (2𝑏)𝜆, thus the equality

holds.

For this case, the questions regarding the equality cases vanish, since all convex bodies on
ℝ are homothetic, and thus have a particular relation under volumes.
Furthermore, with Lemma 5.1, the log-Minkowski inequality for ℝ is established, i. e. it

holds

∫
𝑆0
log (

ℎ𝐾(𝑢)
ℎ𝐿(𝑢)

) 𝑑�̄�𝐾(𝑢) ≥ log (V(𝐾)V(𝐿) ) = log(𝑎) − log(𝑏)

for all compact origin-symmetric intervals 𝐾 = [−𝑎, 𝑎], 𝐿 = [−𝑏, 𝑏] ∈ 𝒦1
0.

On the left side, we have

∫
𝑆0
log (

ℎ𝐾(𝑢)
ℎ𝐿(𝑢)

) 𝑑�̄�𝐾(𝑢) = (�̄�𝐾(−1) + �̄�𝐾(1)) ⋅ log (
ℎ𝐾(−1)
ℎ𝐿(−1)

) = log(𝑎) − log(𝑏)

by the origin-symmetry of 𝐾 and 𝐿. Hence, equality also holds for the log-Minkowski
inequality in ℝ.
In Böröczky et al. [Bör+12], the authors established the planar case of the logarithmic

Brunn–Minkowski inequality.
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5.2 Application to the logarithmic Minkowski problem

Theorem 5.3 (log-Minkowski inequality in the plane). Let 𝐾, 𝐿 ∈ 𝒦2
0 be two planar origin-

symmetric convex bodies in the Euclidean space, and 𝜆 > 0. Then

∫
𝑆1
log (

ℎ𝐿(𝑢)
ℎ𝐾(𝑢)

) 𝑑�̄�𝐾(𝑢) ≥
1
2 log (

V(𝐿)
V(𝐾)).

Equality in the inequality holds if and only if 𝐾 and 𝐿 are dilates or parallelograms with
parallel sides.

Theorem 5.4 (log-Brunn–Minkowski inequality in the plane). Let 𝐾, 𝐿 ∈ 𝒦2
0 be two planar

origin-symmetric convex bodies in the Euclidean spaceℝ𝑛, and 𝜆 > 0. Then,

V((1 − 𝜆) ⋅ 𝐾+𝑜 𝜆𝐿) ≥ V(𝐾)1−𝜆 V(𝐿)𝜆.

Proof. This follows directly from the equivalence in Lemma 5.1.

Another proof of the planar case of the log-Brunn–Minkowski inequality is given in Ma
[Ma15], where the authors use an integral-geometric approach.
It is conjectured that a general version of the log-Brunn–Minkowski inequality holds,

cf. [Bör+13; YZ18; Ma15]. By Lemma 5.1, this conjecture is connected with a general version
of the log-Minkowski inequality. If one of these conjectures is established, the other follows.
Despite the inequality, the equality cases are necessary for important applications of the

logarithmic Brunn–Minkowski inequality, as we see in Section 5.2.
In Yang and Zhang [YZ18], the authors established a 3-dimensional version of the log-

Brunn–Minkowski inequality.

Theorem 5.5 (log-Brunn–Minkowski inequality for 𝑛 = 3, Yang and Zhang [YZ18]). Let
𝐾, 𝐿 ∈ 𝒦3

0 be origin-symmetric convex bodies inℝ3, and 𝜆 > 0. Then,

V((1 − 𝜆) ⋅ 𝐾+0 𝜆 ⋅ 𝐿) ≥ V(𝐾)1−𝜆)V(𝐿)𝜆

with equality precisely when𝐾 and 𝐿 are dilates, i. e. there is a number 𝛼 > 0 such that𝐾 = 𝛼𝐿
holds.

By Lemma 5.1, this clearly implies the logarithmic Minkowski inequality for ℝ3:

Theorem 5.6 (log-Minkowski inequality for 𝑛 = 3). Let 𝐾, 𝐿 ∈ 𝒦3
0 be origin-symmetric

convex bodies inℝ3, 𝜆 > 0. Then,

∫
𝑆2
log (

ℎ𝐿(𝑢)
ℎ𝐾(𝑢)

) 𝑑�̄�𝐾(𝑢) ≥
1
3 log (

V(𝐿)
V(𝐾)).

5.2 Application to the logarithmic Minkowski problem

Remember the classical Minkowski problem: Let 𝜇 be a Borel measure on the unit sphere
𝑆𝑛−1. Under which conditions does a convex body with surface area measure 𝜇 exists and
under which conditions this convex body is unique with that property?
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5 The log-Brunn–Minkowski inequality

While both the uniqueness and existence questions are established, as we have seen in
Theorem 3.24 and Theorem 3.25, this result gives rise to the question what happens when we
ask for a convex bodywith given cone-volumemeasure instead of given surface areameasure.
This problem is called logarithmic Minkowski problem, or short log-Minkowski problem, and
is of special interest, since its aim is to characterise convex bodies by an associated measure.
We mostly follow [Bör+12, Section 5] and [Bör+13], where the theory of the logarithmic

Minkowski problem is established as an application of the log-Brunn–Minkowski inequality.
The logarithmic Minkowski problem is divided into two subproblems: First, the existence

question asks for the conditions under which a convex body𝐾 ∈ 𝒦𝑛 with given cone-volume
measure 𝜇 exists. Secondly, the uniqueness question asks for the conditions under which
there is exactly one convex body 𝐾 ∈ 𝒦𝑛 with cone-volume measure 𝜇.
Since progress is slow, only the existence question of the so-called even logarithmic

Minkowski problem has been solved in Böröczky et al. [Bör+13]. For that, a Borel measure
𝜇 on 𝑆𝑛−1 is called even if 𝜇(𝜔) = 𝜇(−𝜔) for a Borel set 𝜔 ⊆ 𝑆𝑛−1. It is clear that a body
𝐾 ∈ 𝒦𝑛

0 whose cone-volume measure is even, must be symmetric. Thus, the even log-
Minkowski problem asks for the existence and uniqueness of symmetric convex bodies with
given cone-volume measure.
This existence question is linked to the subspace concentration condition. A Borelmeasure

𝜇 as above is said to satisfy the subspace concentration condition if, for every proper and
non-trivial subspace 𝑈 ⊆ ℝ𝑛,

𝜇(𝑈 ∩ 𝑆𝑛−1) = 1
𝑛𝜇(𝑆

𝑛−1) dim(𝑈),

and there exists a complementary subspace 𝑈′ ⊆ ℝ𝑛 to some subspace 𝑈 ⊆ ℝ𝑛 with

𝜇(𝑈′ ∩ 𝑆𝑛−1) = 1
𝑛𝜇(𝑆

𝑛−1) dim(𝑈′).

Here, a subspace 𝑈 ⊆ ℝ𝑛 is proper and non-trivial if 0 < dim(𝑈) < 𝑛. Further, a subspace
𝑈′ ⊆ ℝ𝑛 is said to be complementary to 𝑈 ⊆ ℝ𝑛 if 𝑈 +𝑈′ = ℝ𝑛.
The subspace concentration condition is a necessary and sufficient condition for ameasure

𝜇 to be the cone-volumemeasure of o-symmetric body𝐾 ∈ 𝒦𝑛
0 . This result was established in

Böröczky et al. [Bör+13] and answers the existence question of the log-Minkowski problem
for o-symmetric convex bodies.

Theorem 5.7 (Böröczky et al. [Bör+13, Theorem 1.1]). Let 𝜇 be a even Borel measure on
𝑆𝑛−1. Then, there exists a symmetric convex body 𝐾 ∈ 𝒦𝑛

0 with cone-volume measure 𝜇 if and
only if 𝜇 satisfies the subspace concentration condition.

Regarding the uniqueness question of the even log-Minkowski problem, there is substan-
tial progress in its solution for the planar case. The solution, in the general case, depends on
the logarithmic Minkowski inequality and its equality cases. While the inequality satisfies
some independence of dimensions, the equality cases of the cases 𝑛 = 2 and 𝑛 = 3 differ in
subtle ways.
Furthermore, the equality cases do not come with the usual equivalence of log-Minkowski

and log-Brunn–Minkowski (Lemma 5.1). For these reasons, the equality cases are a harder
problem than the inequality alone.
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5.2 Application to the logarithmic Minkowski problem

The following technical lemma, whose inequality has been proved in [Gag93] and whose
equality cases were established in [Bör+12], is necessary to establish the equality cases of
the log-Minkowski inequality for the planar case.

Lemma 5.8 (Böröczky et al. [Bör+12, Lemma 5.1]). Let 𝐾, 𝐿 ∈ 𝒦2
0 be origin-symmetric

convex bodies. Then

∫
𝑆1

ℎ𝐾(𝑢)2

ℎ𝐿(𝑢)
𝑑𝑆𝐾(𝑢) ≤

V(𝐾)
V(𝐿)

∫
𝑆1
ℎ𝐿(𝑢) 𝑑𝑆𝐾(𝑢),

where ℎ𝐾, ℎ𝐿∶ 𝑆1 → ℝ are the support functions of 𝐾 and 𝐿, respectively.
Furthermore, equality holds precisely when 𝐾 and 𝐿 are dilates or parallelograms with

parallel sides.

Proof. See [Bör+12, Lemma 5.1] for a proof of the inequality and the equality cases.

Theorem 5.9 (Böröczky et al. [Bör+12, Theorem 5.2]). Let 𝐾, 𝐿 ∈ 𝒦2
0 be origin-symmetric

convex bodies with 𝑉𝐾 = 𝑉𝐿, i. e. their cone-volume measures coincide. Then either 𝐾 = 𝐿 or 𝐾
and 𝐿 are parallelograms with parallel sides.

Proof. Assume that 𝐾 ≠ 𝐿. Since the volumes of 𝐾 and 𝐿 coincide by the relation

V(𝐾) = 𝑉𝐾(𝑆1) = 𝑉𝐿(𝑆1) = V(𝐿),

they cannot be dilates by the homogenity of the volume functional.

Corollary 5.10. Let 𝐾, 𝐿 ∈ 𝒦2
0 be origin-symmetric convex bodies. Then their cone-volume

measures coincide if and only if 𝐾 = 𝐿 or 𝐾 and 𝐿 are parallelograms with parallel sides.
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6 Conclusions and outlook

The Brunn–Minkowski inequality is a well-studied geometric inequality. Most of the proofs
make use of more general cases of the same inequality, and therefore give insights inmeasure
theory and analysis. Yet, there are important questions linked with the Brunn–Minkowski
inequality.
One of them are inequality conditions for the Prékopa–Leindler inequality. These are still

unknown for the general case, i. e. for integrable functions 𝑓∶ ℝ𝑛 → [−∞,∞], and seem to
be quite complicated even for the one-dimensional case.
Furthermore, while the equality conditions of the Brunn–Minkowski inequality are

known, their proofs are mostly technical and use non-trivial properties of the volume
functional. An elementary and accessible method for these proofs is desirable, and is given
in parts in Klain [Kla11]. Although this question is not of great importance, more elementary
proofs of the equality conditions are to be expected.
Other questions arise when one replaces the usual volume functional, i. e. the Lebesgue

or Hausdorff measure, by another measure. For example, one asks for the conditions under
which the Brunn–Minkowski inequality holds for other measures, a problem that seems
similar to the Minkowski problem. Further, one could ask for the equality conditions and
their dependence on the chosen measure, under the assumption that the conditions for
inequality are known. This branch is, in combination with the non-classical theory, very
active and regularly yields new results.
While these problems are open in the classical Brunn–Minkowski theory, there are dozens

of problems that are open in the 𝐿𝑝-Brunn–Minkowski theory, a theory that we investigated
in Chapter 4.
Under these problems, the most prominent is the 𝐿𝑝-Minkowski problem, where we

discussed the cases 𝑝 = 0, 1. Considering the importance of the posed problems, there is
continuous progress in this branch of convex and differential geometry. While the discrete
version of the logarithmic Minkowski problem was solved in Böröczky, Hegedus, and Zhu
[BHZ16], the general continuous version of the problem is still a conjecture for arbitrary
dimensions.
With regards to this problem, the log-Brunn–Minkowski and 𝐿𝑝-Brunn–Minkowski in-

equalities, where we investigated the former one in Chapter 5, are of fundamental impor-
tance, as the proof of the logarithmic Minkowski problem for 𝑛 = 2 shows.
Thus, although the Brunn–Minkowski theory is well-known in its traditional exposition,

there are still open questions, which are linked with important applications in geometry
and analysis.

51





Bibliography

[Ale05] A. D. Alexandrov. Convex polyhedra. Springer, 2005.
[BF34] T. Bonnesen andW. Fenchel. Theorie der konvexen Körper. Ergebnisse der Math-

ematik und ihrer Grenzgebiete. Springer, 1934.
[BHZ16] Károly jun. Böröczky, Pál Hegedus, and Guangxian Zhu. “On the discrete loga-

rithmic Minkowski problem”. In: Int. Math. Res. Not. 2016.6 (2016), pp. 1807–
1838. doi: 10.1093/imrn/rnv189.

[Bol43] G. Bol. “Beweis einer Vermutung von H. Minkowski.” In: Abh. Math. Semin.
Univ. Hamb. 15 (1943), pp. 37–56.

[Bör+12] Károly jun. Böröczky, Erwin Lutwak, Deane Yang, and Gaoyong Zhang. “The
log-Brunn-Minkowski inequality”. In: Adv. Math. 231.3-4 (2012), pp. 1974–1997.
doi: 10.1016/j.aim.2012.07.015.

[Bör+13] Károly jun. Böröczky, Erwin Lutwak, Deane Yang, and Gaoyong Zhang. “The
logarithmic Minkowski problem”. In: J. Am. Math. Soc. 26.3 (2013), pp. 831–852.
doi: 10.1090/S0894-0347-2012-00741-3.

[BZ88] Yu D. Burago and V. A. Zalgaller. Geometric Inequalities. Grundlehren der ma-
thematischenWissenschaften. Springer, 1988.

[Els18] Jürgen Elstrodt.Maß- und Integrationstheorie. 8th ed. Springer, 2018.
[Fir62] William J. Firey. “p-means of convex bodies”. In:Math. Scand. 10 (1962), pp. 17–

24.
[Gag93] Michael E. Gage. “Evolving plane curves by curvature in relative geometries.”

In: Duke Math. J. 72.2 (1993), pp. 441–466.
[Gar02] R. J. Gardner. “The Brunn-Minkowski inequality”. In: Bull. Am. Math. Soc., New

Ser. 39.3 (2002), pp. 355–405.
[HO56] Hugo Hadwiger and D. Ohmann. “Brunn-Minkowskischer Satz und Isoperime-

trie.” In:Math. Z. 66 (1956), pp. 1–8.
[Kla11] Daniel A. Klain. “On the equality conditions of the Brunn-Minkowski theorem.”

In: Proc. Am. Math. Soc. 139.10 (2011), pp. 3719–3726.
[Lan86] Robert Lang. “A note on the measurability of convex sets”. In: Archiv der Mathe-

matik 47.1 (1986), pp. 90–92.
[Lut93] Erwin Lutwak. “The Brunn-Minkowski-Firey theory. I: Mixed volumes and the

Minkowski problem.” In: J. Differ. Geom. 38.1 (1993), pp. 131–150.
[Lut96] Erwin Lutwak. “The Brunn-Minkowski-Firey theory. II: Affine and geominimal

surface areas.” In: Adv. Math. 2 (1996), pp. 244–294.

53

https://doi.org/10.1093/imrn/rnv189
https://doi.org/10.1016/j.aim.2012.07.015
https://doi.org/10.1090/S0894-0347-2012-00741-3


Bibliography

[Ma15] Lei Ma. “A new proof of the log-Brunn-Minkowski inequality”. In: Geom. Dedi-
cata 177 (2015), pp. 75–82. doi: 10.1007/s10711-014-9979-x.

[Mun00] James R. Munkres. Topology. 2nd ed. Prentice Hall, 2000.

[Sch14] Rolf Schneider.Convex bodies: the Brunn-Minkowski theory. 2nd expanded edition.
Cambridge, 2014.

[YZ18] Yunlong Yang and Deyan Zhang. The log-Brunn-Minkowski inequality in ℝ3.
Version 1. Oct. 13, 2018. arXiv: 1810.05775v1 [math.DG].

54

https://doi.org/10.1007/s10711-014-9979-x
https://arxiv.org/abs/1810.05775v1


Notation

⟨𝑥, 𝑦⟩ Scalar product of 𝑥, 𝑦
𝐾 Closure of 𝐾
𝜕𝐾 Boundary of 𝐾
int𝐾 Interior of 𝐾
[𝑛] Set of integers 0, … , 𝑛
𝐵 Unit ball
𝐵[𝑥, 𝑟] Closed ball with centre 𝑥 and radius 𝑟
𝐵(𝑥, 𝑟) Open ball with centre 𝑥 and radius 𝑟
𝐹(𝑃) Outer unit normals of the facets of a polytope 𝑃
𝐹(𝑃, 𝑢) Facet of 𝑃 with outer unit normal 𝑢
ℋ𝑛 𝑛-dimensional Hausdorff measure
ℎ𝐾 Support function of 𝐾 ∈ 𝒦𝑛

𝒦𝑛 Set of 𝑛-dimensional convex bodies
𝒦𝑛

0 Set of 𝑛-dimensional convex bodies that contain the origin in their interior
𝜈𝐾 Gauss map of 𝐾
+𝑝 Firey combination for 𝑝 > 0
+0 logarithmic Firey combination
𝑆𝑛−1 (𝑛 − 1)-dimensional unit sphere in ℝ𝑛

𝑆(𝐾) Surface area of 𝐾
𝑆𝐾 Surface area measure of 𝐾
V(𝐾) Volume of the measurable set 𝐾
V𝑘(𝐾) 𝑘-dimensional volume of the measurable set 𝐾
𝑉(𝐾1, … , 𝐾𝑛) Mixed volume of 𝐾1, … , 𝐾𝑛
𝑉𝐾 Cone-volume measure of 𝐾
�̄�𝐾 Normalised cone-volume measure of 𝐾
𝑊𝑘(𝐾) 𝑘-th quermassintegral of 𝐾
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